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Abstract:

Wormhole switching has become the most widely used switching technique for multicomputers. However, the
main drawback of wormhole switching is that blocked messages remain in the network, prohibiting other
messages from using the occupied links and buffers. To address the deadlock problem without compromising
communication latency and the incremental expansion capability that irregular networks can offer, we propose
asimpletopology called Incremental Triangular Mesh (ITM) for switch-based networks. ITM is highly
scalable, alows incremental expansion of systems, has guaranteed deadlock freedom, and can support
contention-free multicast. First, we show that on alTM, any shortest path routing method will not deadlock,
thereforeit isideal to be used as the escape paths in adaptive routing networks. Secondly, we show that it is
possible to arrange the nodes of an ITM in acircular order so that two messages from independent parts of the
circular order will not interfere with each other, and we can define a circular order for every ITM that has this
contention-free property. Thisis extremely useful for implementing contention-free multicast and other
collective communication operations. Our initial experimental results demonstrate that ITM provides better

throughput than up-down routing.

Keywords: Network topology, deadlock free routing, contention free routing, wormhole routing.
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We describe the properties of incremental triangular mesh (ITM). Thefirst property isthat ITM guarantees freedom
from deadlock for any shortest path routing. This property allows ITM to provide maximum bandwidth without the risk
of adeadlock. The second property is that we can partition a special subset of ITM so that the messages traveling in
different partitions will not interfere with one another. Kesavan et. al. have shown that for some irregular graphs this
contention-free ordering does not exist. We show that ITM, which can be very irregular, does provide this ordering. The
next two sections describe these two propertiesin details.

Before we introduce the concept of incremental triangular mesh (ITM) we need to define an operation called AddNode.
Let G'=(V’, E') bean undirected graph and € isin E’. Toadd anodev into G’ at edge € = (x, y) means that we add v
into V' and connect v to the two endpoints of € . The edge €' is called the corresponding edge of v. Formally we have
the following.

AddNode(G', v; (x,y)) = (V' EV; E E {(v; X), (v; \)})

The incremental triangular mesh (ITM) is defined recursively asfollows. First the clique of three nodesisan ITM. A
graph Gisan ITM if and only if there exists another ITM (denoted by G’) of n —1 nodes such that G = AddNode (G, v,
€), where € isthe corresponding edge of the newly added node v.

Lemma 1 AnITM G = (V; E) hasthe following properties.

[ Gisplanar.

[ Ghas2 |V |- 3 edges.

[ For al cycles C in agraph G, there exists an edge e in E such that e connects two nodes in C that are of distance
2.

Theorem 2 Any routing discipline that takes the shortest path is deadlock-freein ITM.

Deadlock can be avoided by providing some escape paths without restricting routing [5]. ITM's deadlock-free property
and incremental expansion capability make it a suitable choice for building the escape paths. Since we would like to use
ITM as the escape path for the two layer routing approach in [5], we would like to know what kind of graph has ITM as
its subgraph, so that part of the links can be used as ITM edges. The following theorem answers this question.

Theorem 3 A graph G = (V; E) hasan ITM subgraph that contains all the nodesin V if and only if:

° G is Hamiltonian.

[ There exists a Hamiltonian cycle for which Gistotally triangulated. A graph G istotally triangulated for a
Hamiltonian cycle C if and only if when the vertices of G are around a circle according to the order they appear in C, no
edge can be added without intersecting an edge of G.

Itisquitelikely for areal world network topology to contain an ITM subgraph since both the construction of ITM and
switching network are incremental. We only need to be certain that when we add a node, there are at least two neighbors
of this newly added node that are already connected. Then we can split those ITM edges into two virtual channels, one
for each layer, and deadlock-free routing can be easily and effectively achieved.

This section describes the contention-free property of ITM. We assume that each link in the network is bi-directional and
two messages are contention-free as long as they do not go through the same link in the same direction. We also
emphasize that each added node of the ITM will have a unique corresponding edge. We further classify the edges of

ITM into interior and exterior edges. First al three edges in the kernel three-node-clique are marked as exterior edges.




When anodev isadded into an ITM G = (V; E), it can only use an exterior edge (x; y) asits corresponding edge, and
then (x; y) becomes an interior edge, and (v; X) and (v; y) are added into AddNode (G; v; (X; y)) astwo new exterior
edges. It is easy to see from Figure 3 that the exterior edges of an ITM G form a\boundary" around G. The key
properties of ITM are summarized in the following lemma.

Lemma 4 For any ITM G = (V; E), we have the following properties.

[ AnnnodelTM has n exterior edges, n-3 interior edges and, n — 2 facets.

[ The exterior edges of G form asimple cycleC

[ Every nodeinV isinC

In switch-based network routing it is desirable to have an ordering among all the nodes in a network such that two
messages involving processors from different sectors of this ordering do not interfere with each other. That is, suppose
we can define atotal order < among processors such that when w < x <y < z, then any message-passing between w and
x will not interfere with those between y and z. Using this property we can design simple contention-free recursive
algorithms for broadcast and multicast, i.e. the source processor first sends the message to the processor in the middle of
thelist, and repeats the process on the two sub-lists. Despite that this property can be obtained for some regular graphs, it
isshown in [17] that there exists irregular graphs for which an ordering isimpossible Nevertheless, we will show that
for ITM we can define asimilar order that has this nice non-interfering property, despite the irregularity of ITM. We
now define a circular order among the nodesinan ITM G = (V, E). From Lemma4 we know that al the nodesin G
form asimple cyclein G. We then enumerate al the nodesin G clockwise or counterclockwise to define a circular order.
We also definew < x <y if anode w appears before another node x, which appears before the other nodey in the
circular order.

Consider two messages m and m O . The message m goes from w to x, and m 0 goes from y to z. The two messages m
and m O areindependent if and only if w < x <y < zin thecircular order defined earlier. In the following theorem we
show that al the shortest paths of two independent messages will not share a communication link in the same direction.
That is, a shortest path going from w to y will not share a directed edge with any shortest path going fromy to z.
Theorem 5 Two independent messages will not traverse the same edge in the same direction in an ITM under any

shortest path routing discipline.
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