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Abstract: Since computerized tomography (CT) images have general structures consisting of an approximately 
elliptical region containing almost all of the image energy and are bounded by a region i n  which the image intensity 
is essential zero, the property must be introduced into the source model for performing transform coding analysis. 

For 3-D CT image data sets, in order to take advantage of the time-domain correlation between contiguous 
images, the difference between consecutive images is encoded instead of the original one. 

In this paper, energy compaction capabilities of DCT and DHT using 2-D source model (for spatial dependence) 
and difference model (for time dependence) with boundary constraints, both separable and non-separable, arc 
explored. Experiments are performed to verify that DHT is suitable to be used in transform coding for CT data. 

1. INTRODUCTION 
Transform coding involvcs linear transformation in 
which the statistically dependent signals will be 
mapped into a set of more independent coefficients, 
where the transformed coefficients are then quantized 
and compressed. The function of the transformation is 
to make the transformed coefficients more 
independent than the original signal so that the 
subsequent operations of quantization and entropy 
encoding can be done more efficiently. 

A considerable amount of researches have shown 
that the discrete cosine transform (DCT) is the best 
way to encode digital image information. For a highly 
correlated image (correlation coefficient p 2 0.5) with 
a 1 st-order Markov model, DCT approaches the 
optimum performance of the KLT [9]. 

However, for CT image compression, which have 
a roughly elliptical region of non-zero intensity 
bounded by a region with zcro intensity, DCT loses its 
advantages over DFT [ I  I .  It implies that, for CT 
images, DFT may get inore compression gain than 
DCT does. But DFT maps real signal into complex 
spectrum, even though the symmetries of DFT of a 
real signal can be explored to reduce both the storage 
and computation, a transform that can directly map 
real signal into real spectrum and still preserve most 
of the useful properties of DFT is preferred. One such 
transform, closely related to DFT, is the discrete 
Hartley transform (DHT) [h].  

In  [ I ] ,  I-D source model and 2-D non-separable 
source model have been discussed. It was shown that 
the energy compaction efficiency of DFT is better 
than that of the DCT. 

For 3-D CT image data sets, the main differences 
between consecutive images are due to motion and 
changes in body anatomy. In  order to take advantage 

of the correlation between contiguous images, the 
difference image between the current image and the 
previous one is generated and encoded. 

As compared to full-frame transformation, block 
transform coding requires less computation and 
memory, i.e., i t  is more suitable for those applications 
with bandwidth and real-time constraints. However, 
the blocking defect is visible and is unacceptable for 
medical applications [ 1 I ] .  The full-frame discrelc 
cosine transform [ lo]  has been developed to remedy 
this artifacts. Thus, we use the full-frame transform 
coding instead of the block one. In order to reduce thc 
computational load, the fast algorithms for DCT, DHT 
and DFT [2]-[4] must be exploited. 

In what follows, the energy compaction of 1 -D and 
2-D transform coding will be reviewed. Next, i n  Sec. 
3 and 4 both I-D and 2-D source models and 
difference models with CT image constraints will be 
discussed and used to compare the energy compaction 
ability of DCT, DHT and DFT. In Sec. 5, the 
experiments for compressing real CT images will bc 
used to verify the validity of our models. 

2. ENERGY COMPACTION 
2.1. 1-D Transformation 
Let x(n) be a vector of length N,  and the transformcd 

vector y (k )  is given by: y ( k )  =c T(k,  n ) x ( n )  . 
,v-I 

, i=o 

For DCT, DFT and DHT, T(k,n) are as follows: 
DCT: T ( k , n )  = f i c ( k ) / f i  cos(-) 

I/&, f k = O  
I ,  otlzenvise 

where c( k )  = 

0-7803-4137-6/97/$10.00@1977 IEEE DSP 97 - 345 



Then, the variance of y (k )  can be expressed as 

~ : ( k )  =cc T ( k , / l ) r ~ / 7 , / z ’ ) T ‘ j k , / ~ ’ ) ,  
N - !  >\,-I 

n=l ,  a’=0 

where rjn,n’) is the covariance between . ~ ( n )  and x(n’). 
We shall model x by a 1 st-order Markov process 

with correlation p; therefore, vjn, 11’) = p’””’’ 
2.2. 2-D Transformation 

and both .x(m,n) and y(k , l )  x e  N 
Now, let n(nz,n) be a 2-D 1st-order Markov process, 

N images, then 

,,,LO , i = o  

The variance or the transforined coefficients is 
ci I ’ ( n z ,  n )  = T( IC , I ,  111, n)r(ni, n, in’, n’)T’ ( k ,  I ,  nz’, n’) 

where I’ is the covariance between x(nz,n) and x(“,n‘). 
If the covariance is separable, the same p is 

assumed for both vertical and horizontal directions. In 
this case, r (m,  n, m’, n’) = p 

,,1 I, ,,< //’ 

~,,,-,,,‘~+~,~-d 

For non-separable case, the covariance function is 

vjnz,n,nz’,n’j= p ’ ! ,nnd d = y i ( n - m ~ ) ~  +(n-n’)’ 

2.3. Energy Compaction 
In most practical cases, tlie signal energy is unevenly 
distributed i n  the transforined domain. The DC 
coefficient and some low-frequency (y jk} ,  k 5 K) 
coefficients tend to concentrate most of the signal 
energy. Thus, many transfoi-in coefficients (y(k), k>K) 
can bc discarded without much loss of‘ information. 
The inore signal energy a transform can pack i n  the 
first K coefficients, tlie better choice it  is. For the 
highly correlated 1 st-order Markov model, DCT have 
been shown to be near optimal for decorrelating 
images. 

For dif‘fercnce images, adjacent pixels are much 
less correlated than those i n  the original images. Even 
though, i n  hybrid coders recommended in H.261 and 
MPEC, the transform coding is applied in both 
intraframe and interframe modes, and DCT was 
shown to be near optimal even for the motion 
compensated frame difference images [5 I .  

3. SOURCE MODEL FOR CT IMAGES 
CT images, which are characterized by a roughly 
elliptical region containing almost all tlic image data 
of interested, have a quite different structure with the 
other images [ I ] .  In the following, the source model 
with CT iinage constraints will be discussed. 
3.1. 1-D model 
Consider a vector x ( n )  of length N,  which is 1st-order 
Markov for M < n < N-I-M, and the first and the last 
M values are zero. Then, the covariance is 

, M < / z ,  /I.’< N - I - M  
0, orhe/-wise 

Using this covariance, the set of the variances 0 f j k )  

for the transform coefficients could be obtained. In 

order to get a more apparent comparison, the set of 
variances are evaluated numerically. 

Figure 1 shows the normalized variances of DCT, 
DHT and DHT for N=16 with M=l . For M=O, it is tlie 
same as the ordinary first-order Markov model, and 
DCT performs better. While for M=l ,  i.e. CT model, 
either DHT or DFT packs more signal energy than 
DCT, and DFT and DHT perform almost the same. 

Now, consider the relationships among DCT, DI-IT 
and DET. Let x,(rz) = x(n) + x ( 2 N  - 1 - n) be a 
symmetrical extension of xjn).  
One can find that 
DCT,(x(n)} = WLt . DFT,,(x,(n)} 

l + j  1 - j  
DHT,lx(n)}= -v(k)+-yjN - k ) ,  

2 2 
where yjlc) = DFT,{x(ri)}. 

Thus the DCT is seen to be a phase factor times the 
DFT of the double length symmetrical extension of 
x(n), while tlie DHT is applied to periodic x(n) with 
period N and its properties are similar to those of the 
D R .  Figure 2 shows the periodicity associated with 
DCT and DFT(or DHT). 

For nature images, placement ofx(0) next to x(N-J) 
will introduce discontinuity into the signal, and thus 
its high frequency energy will be spread into thc 
transforin domain, therefore the energy compaction 
capability will be decreased. For these signals, the 
DCT which is applied to the smoother extended 
signals can have a better energy compaction 
efficiency. However, for the CT images, let x(iz} be 
one line of the CT images, Fig. 2 shows that tlie 
discontinuities of the DFT(or DHT) and the DCT 
periodic signals are almost the same. From Fig. 1 ,  the 
DFT and DHT now have the better energy coinpaction 
capability than DCT does. 
3.2. 2-D source model (separable covariance) 
Now consider the 2-D separable case, the 1-D model 
is used both for the vertical and horizontal directioiis. 
Therefore, the covariance function is 

, otherwise 
r( in, n, nil, i z ’ }  = 

where D is the elliptical region. 
Fig. 3 shows tlie normalized variances 0 ( k ,  1 )  of 2-D 

DCT, 2-D DHT and 2-D DFT for 16 16 iinage with 
elliptical region. 
3.3.2-D source model (non-separable covariance) 
For the non-separable model, 

0, (in, n )  01- (nz‘, n’) outside I) 
r(nz,n,ni/,n‘) = { p d ,  

oti7erwise 

d = J(m - ni’) + ( n  - 12’)  rind D is lhe elliptical region. 

Similarly to the I-D case, the 2-D DCT is seen to 
2N 2-D DFT of the 

The simulation result is similar as separable case. 

be the phase factors time the 2N 
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periodic symmetric extension of x(nz,ri), while the 2-D 
DHT is applied to periodic image x(nz,n) of N N and 
its properties are similar to those of the 2-D DFT. 

From Fig. 3, either DHT or DFT gets better 
perlormancc for compressing CT images, with 
boundary constraints. 

4. DIFFERENCE MODEL FOR CT IMAGES 
Now, since the difference image is generated based on 
the previous one, i t  is inodeled by mixing of a 
original first-order Markov process and a white noise 
process. Similarly, the CT image constraints will be 
included in this model. 
4.1. 1-D difference model 
Consider a difference vector sin) of length N,  which is 
mixed by a 1st-order Markov (with correlation p) and 
a white noise (with a llat power spectrum) for 
M<a<N-l -M,  and the first and the last M values are 
zero. Then, the covariance ofx(n) and x(n ' )  is 

j P &  'P'"" ' '~ +( I -  PtIU/ i.6(rz-n'b 
ri,, (12, a')  = (f M < n , n ' <  N - I - M '  

10, otherwise 

is the correlution of consecutiveframes. 
4.2. 2-D difference model (separable covariance) 
Now consider the 2-D separable model, the 1-D model 
(27) is used both for the vertical and horizontal 
directions. Therefore, the covariance function is 

where p 

0, (/72, n )  01' (n'l', /?') O U S i d e  D 
Y(/7?, / '2 , /12' , /2')  = P,e// ' P I  " + 1 ( 1  - p ) ,  6 ( m  -m') .6 (17 - n'),othevwise 

d i e r e  D is the ellipticul region 
and p 
Fig. 4 shows the normalized variances o i ( k ,  I )  for 

16 

is the correlation of consecutive images. 

both 2-D DCT, 2-D DHT and 2-D DFT, for 16 
images with p ,/,// = 0.5. 
4.3. 2-D difference model(non-separable covariance) 
For the non-separable case, 

0, ( in ,  I Z )  or (m', n ' )  outside D 

(1 - p ,/,// ) .6  (m - m') .6 ( / I  - n'), otherwise 

Fruit 

wliere d = J(m - in') + (n  - n') , LI is i/ie elliptical regio 

and p is the correlation of consecutive images. 
Figure 5 shows the normalized variances rs f ( k ,  1) for 

both 2-D DCT, 2-D DHT and 2-D DFT, for 16 16 
images with p rf,li = 0.5. 

5. EXPERIMENTAL VERIFICATION 
Three CT images (CTI-CT3) and a non-CT image 
(Fruit) have been used to verify our source models, 
and two difference images are applied to the 
difference model. The three CT image are picked out 

DCT 1 99976 99700 99446 08540 
DHT 1 99964 99907 99776 99180 
DCT l .99965 .99907 .99819 .99550 

of 64 CT images, and all the test images are of s i x  
256 256, 8 bitslpel. 

Table 2 and 3 show the energy compaction 
efficiency and tlie PSNR (peak signal-to-noise ratio) 
of the coefficient-discarded image and the original 
image, respectively. For CT images, DHT can obtain 
better compression performance than DCT either i n  
original image or difference image. While for thc 
Fruit image, DCT always performs better than DHT. 

Table 2. Energy compaction efficiency of threc real 
CT images(CT1-CT3) and one non-CT imagc. 

lDCT/ 1 I ,99936 I ,99700 I ,99446 1 ,08540 1 

Energy compaction efficiency of the first k parts of 
transform coefficients 

FruitIDHTI 1 I ,99964 1 ,99907 I .99736 1 ,99380 
1 .99965 I .99907 1 .99819 1 .99550 I DCT( l 

DI 

D2 

DHT I .96966 36844 .71263-/ .44445 I 
DCT I ,96816 ,86519 ,70735 ,43594 1 
DHT 1 .98822 .96080 .91286 .77067 I 
DCT I ,98782 ,95948 ,90999 ,76431 I 

Table 3. Energy compaction efficiency of differencc 
CT images (D1 and D2). 

I Energy compaction efficiency or the first k parts of 1 

I transform cocfficients 
k ]100%] 80% 1 60% 1 40% 1 20% 
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coding should be designed and combined into our 3-D 
CT model to construct a complete compression 
algorithm, and th is  will be i n  our future work. 
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1. 

Figure 1. Energy compaction capability of DCT, DHT 
and DFT with different correlation, where M=l. 

(a) (b) (c) 
Figure 2. Periodicity of DCT and DFT (DHT), (a) one 
line of an CT image, (b) the periodic extension of 
DET ( D E ) ,  (c) the periodic extension of DCT 

Figure 3. Energy compaction capability of 2-D DCT, 
2-D DHT and 2-D DFT on separable model with 
correlation 0.85 and OS, where D is an elliptical 
region. 

. l_l ..... ".. . 

Figure 4. Energy compaction capability of 2-D 
difference image on separable model with p ,,,,, = 0.5,  
where D is an elliptical region . 

Figure 5. Energy compaction capability of 2-D 
difference image on non-separable model with 
p(,,,, = 0 5 ,  where D is an elliptical region . 
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