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Abstract 
This paper proposed a robust output feedback controller of 
an atomic force microscope (AFM) device for the purpose 
of high rate date sampling. The AFM device is modeled as a 
cantilever-sample system in which the interactive forces 
between the cantilever and the sample consists of a long 
range attractive force and short range repulsive force. By 
using the feedback linearization and the singular perturba- 
tion technique, an output high-gain feedback controller is 
designed such that the cantilever tip can track the surface of 
the sample at a high rate of date sampling even though the 
topology of the surface is arbitrary and not given a priori. 
By adopting the controller developed here, the signals to be 
measured are the deflection of the cantilever. Finally a 
computer simulation is provided to demonstrate the effec- 
tiveness of the proposed controller. 

1. Introduction 
The surface topology can be probed with good atomic level 
accuracy using the atomic force microscope (AFM) device 
which was invented in 1986 [ I ] .  A typical AFM consists of 
a microcantilever, a sample positioning sample system, a 
detection system and a control system. Sample position is 
provided by a piezoelectric acNator which can position the 
sample in two lateral directions and one vertical direction. 
As the sample is brought near the cantilever tip, the influ- 
ence of the sample on the cantilever becomes significant 
enough to be registered by the detection system. A popular 
detection technique is based on the optical lever method 
where the laser incident on the top surface of the cantilever 
is deflected into a split photodiode sensor. The general con- 

ther linear with respect to the distance between the cantile- 
ver beam and the sample. Ashhab et al. [4] have, theoreti- 
cally, studied the modeling and control of the AFM tip. 

This paper is concerned with the robust output feed- 
back control of an atomic forces microscope (AFM) device 
in the operation for high rate data sampling. In such a de- 
vice, the cantilever-sample forces are composed of a long 
range attractive force and a short range repulsive force. 
Applying the feedback linearization and the singular permr- 
bation technique, we guarantee that the proposed an output 
feedback high-gain controller can drive the cantilever tip to 
track the surface of the sample at a high data sample rate. 
Despite that the topology of the surface is arbitrary and is 
not known a priori, the cantilever tip can succeed in track- 
ing task subject to only very little error. During the opera- 
tion, all what we need to measure is just the deflection of 
the cantilever. Finally, a computer simulation is made to 
illustrate the controller performance. 

2. Problem Statement 
The interaction potential for the cantilever-sample system is 
derived in [ 5 ] .  According to the tip specification in Table I ,  
the potential formula is found as follows 

where the values of A and B are 1.667 x IO-“ Kg m’/sec‘ 
and 2.381 x IO-” Kg m’lsec’, respectively, d,, is the distance 
between the cantilever tip and the surface of the sample. 
The cantilever-samvle forces are comvosed of a lone ranee 

snuction is shown d Fig. 1. What is crucial in the operation 
described above is the cantilever. which lareelv determines 

attractive force and a short range repulsive force, k d  tKe 
resultine force-distance diamam is shown in Fie 2. 

the achievable sensitivity and resolution of tce AFM. Due to 
the nonlinear interactive force between the cantilever and 
the sample, the dynamic model of the AFM becomes non- 
linear one. It has been experimentally observed that the 
motion of the cantilever can be chaotic under certain physi- 
cal condition [2]. This type of irregular motion is highly 
undesirable for the AFM performance since it results in 
inaccurate measurements. Salapaka et al. [3] showed that 
the amplitude and sine of the phase of the orbit appear ra- 

- ” - -  
The coordinate of the cantilever-sample system is 

shown in Fig. 3. Let 4$(x), i = 1, Z,.. ., be the assumed mode 
shape functions pertaining to the cantilever beam. Let the 
cantilever beam be of length L with a uniform density p, 
and constant flexural rigidity El. Let the sample be of mass 
MD- Here, the cantilever beam is considered as a single-link 
flexible manipulator. Generally, it is difficult to find the 
natural modes of the beam. However, we can use some 
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appropriate assumed mode shapes to estimate the beam 
behavior [SI. In our case here, the cantilever beam is an 
Euler-Bernoulli beam subject to a clamped-free boundary 
condition. After calculating the total kinetic energy and the 
potential energy of the cantilever-sample system, we estab- 
lish the dynamic model by substituting the Lagrangian, the 
total kinetic energy minus the total potential energy, into the 
Lagrangian equations. The total kinetic energy consists of 
the kinetic energy of the cantilever beam and the kinetic 
energy of the sample. On the other hand, the total potential 
energy consists of both the elastic strain energy in the beam 
and the cantilever-sample potential. Now, if only first mode 
is considered, the dynamic model can be derived as follows 
x, =x2  

all + 0 2 ,  x2 = 
(x,4,1,; ,+dd,-x,-d,)z (x,4,1,=I + d , - x , - d J  

+ %XI 

x, = x, 

(2-3) 
In the model above, x ,  the first flexible mode of the cantile- 
ver, x, is the displacement of the sample, F is the force ap- 
plied on the sample from the piezoelectric actuator, do is the 
initial gap between the tip and the surface of the sample, 
and d, is the variation of the surface of the sample which is 
assumed to be smooth (i.e., C"). For convenience, we de- 
fine the errors e,, e, as 

e, = x,, e, = x, + d, (2-4) 
and rewrite the original dynamics as 

e, = e, 

e, =e ,  

(2-5) 
which is then termed as the error dynamics. Our goal is 
twofold to make the tip track the surface of the sample, and 
to suppress the vibration on the cantilever beam, i.e., to 
drive e, and e, to converge to zero. Form the error dynamics, 

it is apparent that the variation of the surface of the sample 
is just like a disturbance. When its amplitude is larger and 
its frequency is higher, the disturbance is stronger. In practi- 
cal applications, we can not know the disturbance apriori, 
and, furthermore as we mentioned in the introduction, the 
only signal we can measure is nothing else but the deflec- 
tion of the cantilever. Hence, in order to make e,  and e, 
converge, a robust output feedback controller has to be 
developed. In the next section, we will design such a con- 
troller and guarantee its stability property. 

3. Robust Output Feedback Controller 

3.1 Controller Design 
Consider a nonlinear single input, single output system of 
the form 

x = j ( x )  + g(x)u + p(x)w 

Y = h(x) 
(3-1) 

The fust equation of this system describes a plant with state 
x, defined over a neighborhood D, of the origin in I?, with 
control input ER', and subject to a disturbance wel l ' .  The 
second one defines a measured variableyell', which is a 
function of state plane x. The h c t i o n s  j ( x ) ,  g(x), p ( x )  are 
smooth mappings defmed over some neighborhood of the 
origin in I?. The control objective here is to develop 
provide a controller, which processes the measured variable 
y, generates the appropriate control input U, and bears the 
following structure 

(3-2) 
i = v(5. Y )  

= Q(5) 
in which 5 is defined over a neighborhood Dt of the origin 
io R' and v : Dc x R' --f R", 8 :  D, --f R' are C" functions, 
satisfying (0, 0) = 0, B(0) = 0. The following theorem 
states the conditions under which the hereby developed 
controller can stabilize the overall system. 

Theorem 3.1. If the system (3-1) satisfies the following 
condition: 

(i] L,L;h(x) = 0 for all x in a neighborhood o j x  = 0 
andjor all k = 0, 1. . ._ , ( n  -2). 

(ii) L#L?-'h(O) # 0 ,  

(ti!] L,L;h(x) = 0 for all x in a neighborhood of x = 0 
andfor allk = 0, 1, ... , ( n - 2 ) .  

(iv) L&'h(O) t 0 ,  

(v )  all the roots of thepolynomial equarions 

n ( s ) = s " - ' + ~ , ~ , s " - ~ + . . . + c , s '  +cg =O, (3-3) 

have negative real parrs, 
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then there exists a controller as described by 

U = -K[y'"~"(t)+c,,y'"~"(t)+...+c,y(t)] (3-4) 

which stabilizes the system (3-1). provided K is a suffi- 
ciently large constant with the same sign as that of 
L,L>-'h(O). 

Proof According to the feedback linearization, with Condi- 
tion (i) - (iv), clearly there exists a coordinate transforma- 
tion z = O(x) as follows 

I, = O , ( x )  = h(x)  = y 
zI = OD,(x)  = L,h(x) = y"' 

zm = O n ( x )  = L;-'h(x) = y('-') 

such that the state-space description of the system (3-1) in 
this new coordinates will be as follows 

... (3-5) 

2, = z 2  

2, = 2) 

i, = L",o-'(z)I+ L,L;-'YQ-'(z)]u 

+ L p L ; - ' q ~ - '  (.)]w 

Suppose L,L";'h(O) > 0 (the other case can be dealt with in 
the same manner). Set K = I /& and substituting the control 
law into the system, the system becomes 

2 ,  = z 2  

i, = z ,  

(3-7) 
Z"., = 2" 
&in = SL>NO-'(Z)]- L , L ; - ' ~ [ w ' ( ~ ) ] ( ~ ,  +c,.,z,., 

+. . . + C,P, ) + &L,L>-'h[O-' (z)]w 

Since K is a sufficiently large constant, & is a sufficiently 
small constant and we can obtain the reduced subsystem 

zi = li 

i, = Z] 

(3-8) ... 
z"-, = Z" 

O=r ,+c"~ , r ,~ ,  + . " + C I Z ,  

and the boundary-layer subsystem 

(3-9) 

Since Condition (v) is valid, the reduced subsystem is as- 
ymptotically stable. On the other hand, the boundary-layer 
subsystem is obviously asymptotically stable. Therefore, 
according to the singular pembation theory [XI, for suffi- 
ciently small positive &, or sufficiently large K, the system 

_ = _  d y  (L8q- 'h[O- ' (z)])y  
d r  

is asymptotically stable. H 

Clearly the controller in Theorem 3.1 is not physically re- 
alizable, hut it is not difficult to replace it by a suitable 
physically realizable approximation, without impairing the 
stability property of the corresponding closed-loop system. 

Lemma 3.2.[9] Suppose the system 

(. = f ( x )  - g(x)k(x)K (3-10) 

is asymptotically stable at the equilibrium x = 0. Then, if T 
is a sufficiently small positive numb% also the system 

is asymptotically stable at (x, 9 = (0,O). 

Note that the system discussed in this lemma is nothing else 
than the system to he closed with a linear system described 
by the transfer function 

-K 
I + Ts H(s)  = ~ (3-12) 

Thus we may interpret this result as the fact that the intro- 
duction of a "small time constant" in a stable control loop 
does not impair (as least locally) its asymptotic stability 
Using this lemma r-l times, we can deduce that there exists 
a high-order filter without impairing the asymptotic stability 
of the original system. Hence, we obtain the following main 
theorem of this paper. 

Theorem 3.3. ,f the system (3-1) sarisfies the following 
conditions: 

( i )  L,L:h(x) = 0 for all x in a neighborhood of x = 0 
and for  all k = 0, 1, . . . , ( n  - Z), 

(it' L,L;-'h(O) f 0 ,  

(iii) L,,L;h(x) = 0 for all x in a neighborhood of x = 0 
andforallk = 0. I ,  ._. . (n-Z) ,  

(iv) L,L>-'h(O) t 0 ,  

(w) all the roots of the polynomial equation (3-3) have 
negative realparts, 

then a linear dynamic output feedback controller described 
by the following transferfunction 

-Kn(s) 
(1 + Ts)".' 

H(s)  = ~ (3-13) 

stabilizes rhe system, provided K is a suitably large constant 
with the same sign as that of L,LF'h(O) and T i s  a sun- 
ciently small positive constanr. 

Proof For Condition (i)-(iv), from Theorem 3.1, we know 
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that there exists a controller (3-4). Using Lemma 3.2, we 
can deduce that there exists a fmt-order filter which can be 
introduced to the controller (34)  without impairing the 
asymptotic stability of the original system, i.e., the follow- 
ing is a stabilizing controller sufficiently small T, 

-Kn(s)  
I + Ts 

H , ( s ) = -  (3-14) 

By repeating this lemma n - 1 times, there will then exist a 
high-order filter to be integrated with the controller (3-4) 
which do not impair the asymptotic stability of the original 
system 

-Kn(s) 
(1 + Ts)”“ 

H(s )  = ~ (3-15) 

for sufficiently small T. This completes the proof. 

The following C o r o l l q  3.4 is a formal statement of ap- 
plying the technique in Theorem 3.3 to our AFM robust 
output feedback control problem. 

Corollary 3.4. Consider lhe AFMproblem depicted in Sec- 
tion 2. We definefie), d e ) ,  &) and h(e) as follows: 

e2 

+ a,+-, a2* + a21 

(e,& + d o  -e3)’ (ei4$=L +do -e,)* 
e4 f (4 = 

04, + 0 4 ,  

. ( e , 4 , ~ , = L + d o - e , ) z  ( ~ l & L + d o - e J 8  

lfall the roofs of the polynomial equation 

n(s)=s’+c,s~+c,s‘+c, = o  (3-17) 

have negative real parts and K is a sufficiently large con- 
stant with the same sign us that of L,L;h(O), then, with o 
sufficiently small positive constant I: there exists a linear 
+nomic output feedback with transfer funcrion 

-Kn(s) 
(1 + Ts)’ H ( s )  = ~ (3-18) 

which stabilizes the AFM device and achieves the tracking 
objeoive with small bounded error 

Proof Givenfie). d e ) ,  p (e)  and A(#), all conditions in Theo- 
rem 3.3 are satisfied and, hence, the proof is completed. H 

3.2 Simulation 
In order to illustrate the controller performance, we study a 
numerical case. For simulation, we want the tip to scan the 

sample at the speed of 1 Kbisec: that is, the tip should read 
a bit per millisecond. Now we, as shown in Fig. 3, consider 
the variation of the surface of the sample is following a 
sinusoidal wave. Its amplitude is 40 nm, and its ffequency is 
1KHz. As we have mentioned in Section 2, the variation of 
the surface of the sample is like a disturhance and its profile 
with respect to the tip is shown in Fig. 4, where the zero 
disturhance corresponds to the distance between the tip and 
the sample surface kept at do = 0.44nm. Table I, 11, and 111 
represent the specifications of the tip, cantilever beam, and 
sample, respectively. The cantilever is formed with the 
silicon and, therefore, its modulus of elasticity and density 
is 190 Gpa and 2330 Kglm’, respectively [9]. With the as- 
sumed modes, we can estimate the natural angular fiequen- 
cy of any mode shapes. After calculation, the natural angu- 
lar frequency of the fnst, the second, and the third mode 
shape are found to be about 18.7 kHz, 117 kHz, and 1330 
kHz, respectively. Because the first mode frequency is 
much higher than 1 kHq we can only consider the first 
mode and use the dynamic model in Section 2. Let the ini- 
tial distance kom the tip to the surface of the sample be do = 
0.44 nm and we want to regulate it at the same value even 
when there exists a disturbance. Figure 5 and 6 show the 
responses of e, and e,, respectively. Figure 7 and 8 show the 
responses of the cantilever beam and the sample, respec- 
tively Figure 9 shows the distance from the tip to the sur- 
face of the sample which is kept almost always about 0.44 
nm. Because the errors e,  and e, ffom Figs. 5 and 6 are so 
small relative to the motion range of the sample, the varia- 
tion of the sample surface can be accurately decoded 
through the response profile of the sample i?om Fig. 8. As a 
result, the AFM device indeed plays a role the same as a 
microscope which simultaneously samples the date at a high 
rate. 

4. Conclusion 
This paper is concerned with the robust output feedback 
controller for a atomic force microscope (AFM) device for 
a high rate date sampling. The device is modeled as a non- 
linear cantilever-sample system where the interactive forces 
are composed of a long range attractive force and a shon 
range repulsive force. By using the feedback linearization 
and the singular perturbation technique, an output high-gain 
feedback controller is designed such that the cantilever tip 
can track the surface of the sample at a high sampling rate 
even though the topology of the surface is arbitrary and not 
given a priori. To implement the controller, what we need 
to measure is nothing but the deflection of the cantilever 
heam. Finally, a computer simulation is provided to demon- 
strate the effectiveness of our proposed controller. 
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Table I 
Tip Specifications 

Parameters Values 

Radius at End 100 Angstroms 

Table I1 
Cantilever Specifications 

Parameters Values 

Width 40 micrometers 
Thickness 2.5 micrometers 

Shape Rectangular 

Table 111 
Sample Specifications 

Width 
Average thickness 

Shape Rectangular 

i ! i Y /  Controller 

Sample 

Piew- 43 actuator 

Figl. Concept diagram of the AFM device 

- 
Sample Moving 

Fig.3 Coordinate diagram 

1630 



0 0.5 1 1.5 * 2.5 , 
T.w !Sec1 Id 

Fig.7 Response of the cantilever beam 
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Fig.9 Distance 6om the tip to the surface 
of the sample Fig.6 Response of e, 
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