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Abstract—In this paper, we consider performance evaluation of a system which shares K servers (or resources) among N
heterogeneous classes of workloads, where server allocation and deallocation for class i is dictated by a class specific threshold-
based policy with hysteresis control. In particular, the server activation time for class i is noninstantaneous. There are many systems
and applications where a multiclass threshold-based queueing system can be of great use. One important utility of using threshold-
based approaches is in situations where applications may incur server usage costs. In these cases, one needs to consider not only the
performance aspects but also the resulting cost/performance ratio. The motivation for using hysteresis control is to reduce the
unnecessary cost of server setup (or activation) and server removal (or deactivation) whenever there are momentary fluctuations in
workload. Moreover, servers in such systems and applications are often needed by multiple classes of workloads and, hence, it is
desirable to find good approaches to sharing server resources among the different classes of workloads, preferably without statically
partitioning the server pool among these classes. An important and distinguishing characteristic of our work is that we consider the
modeling and analysis of a multiclass system with noninstantaneous server activation. The main contributions of this work are 1) in
developing an efficient approximation method for solving such models, 2) in verifying the convergence of our iterative method, and 3) in
evaluating the resulting accuracy of the technique for computing performance measures of interest, which can subsequently be used in
making system design choices.

Index Terms—Multiclass multiserver queueing system, hysteresis control, performance, evaluation, system design.

Ç

1 INTRODUCTION

IN this paper, we consider performance evaluation of a
multiclass multiserver system, in which K servers are

shared among N heterogeneous classes of workloads and
K � N . In this multiclass multiserver system, servers
(resources) are needed by multiple classes of workloads
(applications) and we also note that not all classes of requests
are operating at high load at the same time. That is, when the
traffic loading of class i is low, it is not desirable to operate
unnecessarily many servers for that class, due to the incurred
usage costs as well as due to the performance consequences of
that class under-utilizing the servers while other classes are
(possibly) experiencing high traffic workloads. On the other
hand, it is also not desirable for a system to exhibit very long
delays, which can result from lack of servers under heavy
loads. Therefore, it is an important issue for the system to
figure out a good approach to use few resources to serve those
requests from all N classes and still attain a good cost/
performance ratio instead of statically partitioning the server
pool among the classes. To deal with the above issue and

efficiently utilize system resources for such multiclass multi-
server system, we propose a threshold-based approach to
dynamically assign servers to services of different class
requests, i.e., how to allocate or deallocate servers to different
classes is governed by a set of thresholds.

The motivation for using a threshold-based approach in a
system is that applications may incur server usage costs.
Thus, one not only needs to consider the performance but also
the cost/performance ratio. In this work, we use “multiclass
multiserver threshold-based system” to refer to our proposed
threshold-based system, which is able to adaptively share the
servers among different workloads without statically parti-
tioning the server pool among the classes. Note that in many
cases, a “simple” threshold-based system may not suffice
since it is prone to workload oscillations. Such workload
oscillations coupled with nonnegligible server setup and
removal costs can result in a poor cost/performance ratio of a
system. Therefore, hysteresis control is used to reduce the
unnecessary cost by such oscillation behavior. The goal of this
work is to look for efficient analysis techniques of threshold-
based queueing systems with hysteresis control.

There are many applications where threshold-based
resource management policies can be employed and, thus,
performance evaluation of such systems through analysis of
multiclass threshold-based queueing systems with hysteresis
control can be of great use. For example, the Novell file server
maintains a memory pool wherein a fraction of it is used for
communication buffers and a fraction is used for file buffers,
where threshold-based policies are implemented in order to
make decisions about when to increase the number of
network buffers and when to decrease it; the threshold values
are based on perceived packet losses due to increases in
network traffic activity. Similarly, OS design has been moving
toward maintaining a common buffer space pool that can be
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dynamically managed between the various I/O processes.
Another example application is server replication for
different classes of Internet services for an overlay network.
As the number of requests for a particular class of service
increases, the number of servers needed to maintain an
acceptable level of quality-of-service guarantees also in-
creases. The use of a threshold-based approach can result in a
cost-controlled creation/deletion of servers based on the
changes in the workload for a particular class of request.
Thus, the model presented in this paper and its efficient
solution will be beneficial for many systems and applications.

1.1 Overview of the Problem

Now, we begin to give an overview of the multiclass
multiserver threshold-based system, which has a total of
K servers. In particular, the number of servers employed for
servicing class i customers, i 2 f1; . . . ; Ng, is governed by a
forward threshold vector FFi ¼ ½Fið1Þ; Fið2Þ; . . . ; FiðKi � 1Þ�
(where Fið1Þ < Fið2Þ < � � � < FiðKi � 1Þ) and a reverse thresh-
old vector RRi ¼ ½Rið1Þ; Rið2Þ; . . . ; RiðKi � 1Þ� (where Rið1Þ <
Rið2Þ < � � � < RiðKi � 1ÞÞ, whereKi is the maximum number
of servers that can be allocated to serve class i customers (i.e.,
the system includes hysteresis control). The service time of
class i customers is represented by an exponential random
variable with mean��1

i . The server activation time for class i is
noninstantaneous, and it is represented by an exponential
random variable with mean ��1

i . In general, �i 6¼ �j and �i 6¼
�j for i; j 2 f1; . . . ; Ng. Next, we explain how to allocate or
deallocate servers to classes in the system as follows. Initially,
each class is allocated a minimum of one server.

When a class i customer arrives to an empty system (i.e.,
when there are no other class i customers), this newly
arrived class i request is served by a single server. Arrival of
a class i customer when there are already FiðjÞ class i
customers in the system (with j servers already allocated to
serve class i), causes an attempt to allocate one additional
server to class i, where j ¼ 1; . . . ; Ki � 1. Departure of a
class i customer which leaves behind RiðjÞ class i customers
(with jþ 1 servers already allocated to this class prior to
this departure event), causes a deallocation of a server from
class i, where j ¼ 1; . . . ; Ki � 1. In other words, this forces
the return of a server, which was earlier allocated to class i,
back to the pool of “free” servers which are available for
allocation to all classes of customers. Therefore, all N classes
of applications share a common pool of K servers, with
dynamic allocation of servers to classes governed by a set of
thresholds with hysteresis behavior.

Note that when
PN

i¼1 Ki � K, then the classes do not
“interfere” with each other since the total peak resource
demand is less than or equal to the total number of
resources in the system. Of course, a more interesting and
challenging case is when

PN
i¼1 Ki > K. In other words, we

want to investigate the performance of each class of
workload when the number of common servers is less than
the total peak resource demand of all classes. By taking
advantage of the fact that not all classes are operating at
high load at the same time, one may use fewer resources
(than with static resource partitioning) to serve requests
from all N classes and still achieve a good cost/perfor-
mance ratio.

1.2 Related Work and Our Contribution

Given the above motivation for the use of threshold-based
systems with hysteresis control, we present an efficient

technique for solving the corresponding analytical models
and computing various performance measures of interest, in
the context of noninstantaneous server activation. We begin
with a very brief survey of some of the existing literature on
the topic. A two-server system is considered in [13], [14], [20].
An approximate solution for solving a degenerate form of this
problem (where all thresholds are set to zero) is presented in
[7], [9]; an approximate solution for a system that employs
(nonzero) thresholds is presented in [21] (but without
hysteresis). In [8], the authors solve a multiserver threshold-
based queueing system with hysteresis, using the Green’s
function method [6], [10], [11]. In [16], we give a solution of
several forms of the single class, multiserver threshold-based
queueing system with hysteresis using stochastic comple-
mentation [17]. Techniques for computation of bounds for
performance measures of single class, multiserver threshold-
based queueing systems with hysteresis and noninstanta-
neous server activation are given in [3]. Last, [4] provides a
solution technique for multiclass, multiserver threshold-
based system with hysteresis and instantaneous server
activation. In this paper, we extend and generalize that work
to noninstantaneous server activation; the noninstantaneous
server activation can have a significant impact on the system
performance (as will be illustrated in Section 5) and, hence, is
an important model characteristic to consider. Specifically, in
this work we consider and solve a multiclass, multiserver
threshold-based queueing system with hysteresis control and
noninstantaneous server activation.

The contributions of this work are as follows: To the best
of our knowledge, none of the works described above give
an efficient analytical solution technique for analyzing this
model. Since, in many applications, different types of
workloads compete for a pool of resources where server
activation time is nonnegligible (e.g., it takes a nonzero time
to replicate and activate a video server in an overlay
network), we consider it an important and distinguishing
characteristic of our work. In this paper, we present an
iterative solution technique which solves the multiclass
model by “breaking” it up into N single class models,
“coupled” through a set of model parameters which capture
the interaction between classes. We also illustrate the
accuracy of our approach, which efficiently computes
performance measures of interest, through a set of numer-
ical results. Furthermore, we give an proof and discussion
about the convergence of our iterative method to solve the
approximate model. This is important since we can get
further understanding of our analytic model such that we
could construct more precise and efficient analytic model
for the multiclass multiserver system. We also believe that
the efficiency and accuracy of our iterative approach
provides an important step in finding optimal threshold
values1 for a multiclass, multiserver threshold based system
with hysteresis and noninstantaneous server activation.
Finally, we note that a variety of iterative approaches have
been used in numerous approximation techniques (e.g.,
refer to [2]). For instance, an iterative technique for a
somewhat different control scheme for dynamic resource
sharing between multiple classes is employed in [18], [19].
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1. In general, the question of optimal values for the forward and reverse
threshold vectors is a difficult problem and is outside the scope of this
paper. This is because the “good” threshold values are a function of many
factors, such as the server setup, usage, and removal costs, characteristics of
the arrival process and the service rates, as well as the possible “interaction”
between the different classes of workloads.
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The remainder of this paper is organized as follows: In
Section 2, we give a detailed description of our model.
Section 3 describes our iterative solution approach for this
model. The convergence of the iterative method to solve the
approximate model is presented in Section 4. The quality of
this approach, i.e., its accuracy and utility in system design
and evaluation is discussed in Section 5 through the use of
numerical results. Finally, our conclusions are given in
Section 6.

2 SYSTEM MODEL

The Markovian model for our multiclass, multiserver threshold-
based queueing system with hysteresis control has an infinite
state space which can be described as follows. There are
K servers in the system with K � N where N is the total
number of classes of customers. The service time of different
classes can be different, and the service time requirements of a
class i customer are exponentially distributed with parameter
�i. The customer arrival process is Poisson with rate �, where
with probability �i an arriving customer is of class i andPN

i¼1 �i ¼ 1 and 1 � i � N . The addition and removal of
servers for serving customers of class i is governed by the
forward and the reverse threshold vectors FFi¼½Fið1Þ;
Fið2Þ;� � �; FiðKi � 1Þ� and RRi¼½Rið1Þ; Rið2Þ;� � �; RiðKi � 1Þ�,
where FiðjÞ < Fiðjþ 1Þ for 1 � j � Ki � 2, RiðjÞ < Riðjþ 1Þ
for 1 � j � Ki � 2, andRiðjÞ < FiðjÞ for 1 � j � Ki � 1. Note
that, unlike in [4], [5], the activation of a server for class i is
noninstantaneous where the server activation time is exponen-
tially distributed with mean ��1

i . As mentioned in Section 1,
this in motivated by the fact that in many applications
addition of a new server takes a nonnegligible amount of time.

Each of these K servers is able to serve a customer of any
class. Each class i starts out with one server and may attempt
to obtain at most Ki servers. These servers are allocated for
service of class i customers and returned to the pool of
available servers based on the number of class i customers
currently in the system (as stated more formally below). In
general,

PN
i¼1 Ki may be greater than, equal to, or less thanK;

although the more interesting and challenging case is wherePN
i¼1 Ki > K. We model this system as a Markovian process

M, using two different variations. In the first variation, we
constrain the number of class i customers when the number of
servers allocated to class i is less than Ki (we motivate this
variation below). The Markovian model for this variation is
referred to asMa. In the second variation, we do not use such
a constraint, and the Markovian model for this variation is
referred to asMn. We now give a more detailed description of
each of these models.

2.1 Ma with Constraint Vector a

The Markovian process Ma, with a constraint vector a, has
the following state space Sa:

Sa ¼ fðn1; s1; l1; . . . ; nN; sN; lNÞ jni � 0; li 2 f1; . . . ; Kig;XN
i¼1

li � K; li � si; FiðliÞ � ni � FiðliÞ þ aji ;

si 2 f1; 2; . . . ; Kig; i ¼ 1; . . . ; Ng;

where ni is the number of class i customers in the system, si
is the number of “busy” (or active) servers currently serving
class i customers, and li is the number of servers allocated
to class i, not all of which may currently be available for
service of class i customers since server activation process is

noninstantaneous. Upon an arrival of a class i customer, if
FiðjÞ � ni � FiðjÞ þ aji where aji � 0 and j ¼ li, the system
attempts to allocate an additional server for service of class i
customers, which is possible only when the system has
sufficient amount of resources, i.e., if

PN
i¼1 li < K. Note that

in a system where
PN

i¼1 Ki > K, it may not always be
possible to allocate another server since it is possible that all
K servers may have already been allocated. In this case, the
arriving class i customer joins the queue of class i requests
as long as FiðjÞ � ni < FiðjÞ þ aji (where aji � 0 and j ¼ li).
When ni ¼ FiðjÞ þ aji , the arriving class i customer is
rejected by the system if there is no server available for
allocation to class i (i.e., if

P
li ¼ K). For correctness, we

assume the following constraint on all aji :

FiðjÞ þ aji < Fiðjþ 1Þ þ ajþ1
i for i ¼ 1; 2; . . . ; N

and j ¼ 1; 2; . . . ; Ki � 1:

We also assume that aKi

i ¼ 1; hence, we have no restrictions
on queue length when the maximum number of servers that
may be needed by class i have been allocated (i.e., when
li ¼ Ki). The limitation on queue length when li < Ki can be
motivated by system design considerations. For example, if
the system reaches a point where its design dictates that
another server be allocated for class iworkload but a server is
not available, then one may assume that the system is
temporarily overloaded and rejection of customers is a
reasonable approach to dealing with overload conditions.
Of course, a “real” system will not also have an infinite queue
length, when the maximum number of servers (Ki) for class i
has been allocated. In this case, we may either 1) use a finite
queue length model (i.e., aKi

i is finite) and study the system’s
performance under a given queue size limitation, or 2) allow
an infinite queue length (i.e., aKi

i ¼ 1) and use the model to
study queue length requirements of the corresponding
system. Our solution methodology (refer to Section 3) allows
for either type of a model, but for simplicity of exposition, in
the remainder of the paper, we will focus our discussion on
the infinite queue version (i.e., where aji is finite, for
j ¼ 1; . . . ; Ki � 1, and aKi

i ¼ 1).
We now give a detailed description and formal structure

for the transitions ofMa. The transitions corresponding to an
arrival of a class i customer fall into one of the following
categories:

C1: no need to allocate another server to class i. The
conditions for this category could be 1) the number of
class i customers does not cross a corresponding forward
threshold, or 2) there are already Ki servers allocated to
class i, or 3) there are no available servers in the system
due to resource contention among the different classes.

C2: a need to allocate another server to class i. The condition
for this category is that the number of allocated server for
class i is less than Ki and there is an available server in
the system and the number of class i customers crosses a
forward threshold.
The formal structure for these arrival transitions is as

follows:

ðn1; s1; l1; . . . ; ni; si; li; . . . ; nN; sN; lNÞ �!
��i

ðn1; s1; l1; . . . ; ni þ 1; si; li; . . . ; nN; sN; lNÞ if C1 ð1Þ

ðn1; s1; l1; . . . ; ni; si; li; . . . ; nN; sN; lNÞ �!
��i

ðn1; s1; . . . ; ni þ 1; si; li þ 1 . . . ; nN; sN; lNÞ if C2; ð2Þ
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where conditions C1 and C2 are

C1 ¼
 
ðli < KiÞ ^ ðni < FiðliÞÞ

!
_
 
li ¼ Ki

!

_
 
ðli < KiÞ ^

XN
j¼1

lj ¼ K
 !

^ ðFiðliÞ � ni

< FiðliÞ þ alii Þ
!

C2 ¼
 
li < Ki

!
^

XN
j¼1

li < K

 !
^

 
FiðliÞ � ni � FiðliÞ þ alii

!
:

The transitions corresponding to a departure of a class i
customer fall into one of the following categories:

C3: no need to deactivate a server. The conditions for this
category are either 1) only one server is allocated to
class i or 2) the number of class i customers does not
drop below a reverse threshold.

C4: a need to deactivate a server. The condition for this
category is that more than one server is allocated to
class i and the number of class i customers drops
below a corresponding reverse threshold.

The formal structure for these departure transition is as
follows:

ðn1; s1; l1; . . . ; ni; si; li; . . . ; nN; sN; lNÞ �!
si�i

ðn1; s1; l1; . . . ; ni � 1; si; li; . . . ; nN; sN; lNÞ if C3 ð3Þ

ðn1; s1; l1; . . . ; ni; si; li; . . . ; nN; sN; lNÞ �!
si�i

ðn1; s1; l1; . . . ; ni � 1;minðsi; li � 1Þ;
li � 1; . . . ; nN; sN; lNÞ if C4; ð4Þ

where conditions for C3 and C4 are

C3 ¼ ððni > 0Þ ^ ðli ¼ 1ÞÞ _ ððni > 0Þ ^ ðni � 1 > Riðli � 1ÞÞ
^ ðli > 1ÞÞ

C4 ¼ ððni > 0Þ ^ ðni � 1 ¼ Riðli � 1ÞÞ ^ ðli > 1ÞÞ:

Last, there are transitions corresponding to class i server
activations. The condition for these transitions is that the
number of active servers is less than the number of
allocated servers. The formal structure for these activation
transitions is as follows:

ðn1; s1; l1; . . . ; ni; si; li; . . . ; nN; sN; lNÞ �!
ðli�siÞ�i

ðn1; s1; l1; . . . ; ni; s1 þ 1; li; . . . ; nN; sN; lNÞ if C5;
ð5Þ

where condition C5 ¼ ðli > siÞ.

2.2 Mn without Constraint a

The second model variation is Mn, which represents a
Markovian process without constraints on the number of
class i customers. It has the following state space, Sn:

Sn ¼ fðn1; s1; l1; . . . ; nN; sN; lNÞjni � 0; li 2 f1; . . . ; Kig;
li � si; si 2 f1; . . . ; Kig;

X
si � K; i ¼ 1; . . . ; Ng;

where ni is the number of class i customers in the system, si is
the number of “busy” (or active) servers currently servicing
class i customers, and li is the number of servers “expected” to
be allocated/activated for class i use—more specifically,
according to the threshold vectors, li servers should be in use
by class i customers but may not be, because 1) multiple
classes of customers are competing for these servers and 2) in
our model server activation is noninstantaneous. Hence, a
major difference between Ma and Mn is that we use a
constraint vector a to limit the queue length when li < Ki in
Ma while we do not limit the queue length inMn. We give a
comparison study between these two models in Section 5.

We now give a detailed description and formal structure
for the transitions of Mn. The transitions corresponding to
arrivals of class i customers fall into one of the following
categories:

C1: no need to increase the number of expected servers
(according to the forward threshold vector) for class i.
The conditions for this category could be 1) the number
of class i customers does not cross a corresponding
forward threshold or 2) the number of expected servers
is equal to Ki.

C2: a need to increase the number of expected servers for
class i. The condition for this category is that the number
of expected servers for class i is less than Ki and the
number of class i customers crosses a forward threshold.

The formal structure for these arrival transitions is as
follows:

ðn1; s1; l1; . . . ; ni; si; li; . . . ; nN; sN; lNÞ �!
��i

ðn1; s1; l1; . . . ; ni þ 1; si; li; . . . ; nN; sN; lNÞ if C1 ð6Þ

ðn1; s1; l1; . . . ; ni; si; li; . . . ; nN; sN; lNÞ �!
��i

ðn1; s1; . . . ; ni þ 1; si; li þ 1 . . . ; nN; sN; lNÞ if C2; ð7Þ

where conditions C1 and C2 are

C1 ¼ ðli < KiÞ ^ ðni < FiðliÞÞð Þ _ li ¼ Kið Þ

and

C2 ¼ li < Kið Þ ^ FiðliÞ ¼ nið Þ:

The transitions corresponding departures of class i custo-
mers fall into one of the following categories:

C3: no need to deactivate a server. The condition for this
category is that either 1) the system has only one server
for class i or 2) the number of class i customers does not
drop below a reverse threshold.

C4: a need to deactivate a server. The condition for this
category is that there is more than one server for class i
and the number of class i customers drops below a
corresponding reverse threshold.

The formal structure for these departure transitions is as
follows:

ðn1; s1; l1; . . . ; ni; si; li; . . . ; nN; sN; lNÞ �!
si�i

ðn1; s1; l1; . . . ; ni � 1; si; li; . . . ; nN; sN; lNÞ if C3 ð8Þ

ðn1; s1; l1; . . . ; ni; si; li; . . . ; nN; sN; lNÞ �!
si�i

ðn1; s1; l1; . . . ; ni � 1;minðsi; li � 1Þ;
li � 1; . . . ; nN; sN; lNÞ if C4; ð9Þ
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where conditions C3 and C4 are

C3 ¼ ððni > 0Þ ^ ðli ¼ 1ÞÞ _ ððni > 0Þ ^ ðni � 1 > Riðli � 1ÞÞ
^ ðli > 1ÞÞ

C4 ¼ ððni > 0Þ ^ ðni � 1 ¼ Riðli � 1ÞÞ ^ ðli > 1ÞÞ:

Last, there are the transitions corresponding to class i server

activation. The condition for these transitions is that 1) the

number of active servers is less than the number of

“expected” servers and 2) there is an available server in

the system. The formal structure for these server activation

transitions is as follows:

ðn1; s1; l1; . . . ; ni; si; li; . . . ; nN; sN; lNÞ �!
�i

ðn1; s1; l1; . . . ; ni; si þ 1; li; . . . ; nN; sN; lNÞ if C5;
ð10Þ

where the condition C5 ¼ ððli > siÞ ^ ð
PN

j¼1 lj < KÞÞ.

3 ITERATIVE METHOD

In this section, we describe an iterative approach to solving

the models presented in Section 2. As described in Section 2,

the corresponding Markov process,2 M, is infinite in

multiple dimensions. One can choose to solve this model

by 1) simulating the Markovian processM or 2) looking for

special structure, or 3) looking for efficient approximation

techniques. Because M appears to lack sufficient structure

for an efficient exact solution technique (e.g., such as the

matrix-geometric technique), we describe an approximate

iterative solution technique for solving this model. The use

of an approximation is motivated by the desire to construct

an efficient solution approach (and simulation can be

significantly slower than analytical solutions) as well as

an accurate one (and iterative techniques can often produce

fairly accurate results).

3.1 Basic Approach

Let us first describe the basic approach to solving the above

defined Markovian model. We first break up the original

model M into N single class Markovian submodels,

namely, M1;M2; . . . ;MN (see Section 3.2 for a more

detailed description of the Mi’s). These N Markovian

models are “coupled” via a set of blocking probabilities.

Specifically, the interaction between classes occurs when

class i requires allocation of another server (due to the

crossing of a forward threshold), and no servers are

available in the system (i.e., all K servers have already

been allocated) due to the workload of other classes.

Therefore, in general, there is a nonzero probability that

class i, which has already 1) allocated si servers in the case

ofMa or 2) expected to be allocated/activated si servers in

the case ofMn, is not able to add a server upon the forward

threshold crossing. Let us refer to this as a “blocking”

probability Pi;si , which approximately captures this interac-

tion between classes. Note that, si ¼ l (number of allocated

servers for class i) in Ma while si ¼ l (number of expected

to be allocated/activated servers for class i) in Mn.

We now formally describe our iterative approach. Let

MðnÞ
i be the Markovian process corresponding to the

individual class i model at iteration n with a corresponding

steady state probability vector ~��
ðnÞ
i . The parameters of each

MðnÞ
i are computed as a function of blocking probabilities,

PP
ðnÞ
i ¼ fP

ðnÞ
i;1 ;P

ðnÞ
i;2 ; . . . ;PðnÞi;Ki

g, which are in turn computed as a

function of the steady state probability vector, ~��
ðn�1Þ
i ,

obtained during the previous iteration. (We give the details

of the construction of MðnÞ
i and the computation of ~��

ðnÞ
i

below.3) Then, a high level description of our iterative

approach is as follows (a more detailed and formal

description is given in Section 3.3):

1. Construct Mð0Þ
1 ;Mð0Þ

2 ; . . . ;Mð0Þ
N ; set n ¼ 0 (this is

iteration 0).

2. Solve MðnÞ
1 ;MðnÞ

2 ; . . . ;MðnÞ
N , i.e., compute the corre-

sponding steady state probabilities to obtain ~��
ðnÞ
1 , ~��

ðnÞ
2 ,

. . . , ~��
ðnÞ
N ; set n ¼ nþ 1.

3. Use these steady state probabilities to compute PP
ðnÞ
1 ,

PP
ðnÞ
2 , . . . , PP

ðnÞ
N .

4. Use these blocking probabilities to update the

individual class models, i.e., construct MðnÞ
1 , MðnÞ

2 ,

. . . ,MðnÞ
N , where for each i ¼ 1; . . . ; N , parameters of

MðnÞ
i are computed as functions of PP

ðnÞ
i (but not PP

ðnÞ
j

where j 6¼ i).
5. Continue the iterative process (i.e., go back to step 2)

until the values of all Pi’s converge.

3.2 Individual Class Model

Since our iterative approach involves solution of individual
class models (Mis), we now briefly describe the class imodel,
which can be defined as follows: We haveKi servers each with
an exponential servicerate�i. Customer arrivals are governed
by a Poisson process with rate �i ¼ �i�. The addition and
removal of servers is governed by the forward and the reverse
threshold vectors, namely, FFi ¼ ½Fið1Þ; Fið2Þ; . . . ; FiðKi � 1Þ�
and RRi ¼ ½Rið1Þ; Rið2Þ; . . . ; RiðKi � 1Þ�, where RiðjÞ < FiðjÞ
and 1 � j � Ki � 1. And, server activation time is exponen-
tially distributed with rate �i.

3.2.1 Individual Class Model for Ma

Given a Ki-server single class threshold-based queueing
system with hysteresis control and constraint vector ai, we
model it as a Markov process Mi with the following state
space Si:

Si ¼ fðk; j; lÞjk � 0; j; l 2 f1; 2; . . . ; Kig; l � j;
FiðlÞ � k < FiðlÞ þ ali; 1 � l < Kig;

where k is the number of customers in the class i queueing
system, j is the number of busy (active) servers, and l is the
number of allocated, not all of which may currently be
activated due to the noninstantaneous nature of server
activation in our model. Fig. 1 illustrates the state transition
diagram for such a system where Ki ¼ 2. Formally, the
transition structure of Mi can be specified as shown in
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2. In the remainder of the paper, we use M to represent either Ma or
Mn, for simplicity of exposition.

3. Note that there are multiple approaches to constructing Mð0Þ
i s, i.e.,

multiple ways to start the iteration; we give details of one such approach
below.
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Table 1,4 where all transitions are from state ðk; j; lÞ, with

the state description given above.

3.2.2 Individual Class Model for Mn

Given a Ki-server single class threshold-based queueing

system with hysteresis control, we model it as a Markov

process Mi with the following state space Si:

Si ¼ fðk; j; lÞjk � 0; j; l 2 f1; 2; . . . ; Kig; l � jg;

where k is the number of customers in the class i queueing

system, j is the number of busy (active) servers, and l is the

number of servers “expected” to be allocated and activated.
Fig. 2 illustrates the state transition diagram for such a
system where Ki ¼ 2. Formally, the transition structure of
Mi can be specified as follows, where all transitions are
from state ðk; j; lÞ, with the state description given in Table 1.

Let us now proceed to a more detailed description of the
iterative solution technique for the multiclass system. We do
this under the assumption that, given PPi, we know how to
construct Mi (using Tables 1 and 2) and compute ~��i, the
steady state probability vector corresponding to Mi. The
procedure for computing ~��i, is given in Section 3.5.

3.3 Iterative Computation

In this section, we describe the framework for the iterative
procedure. This iterative procedure is similar to our work in
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4. Note that the transition rates described here are a function of the
blocking probabilities, Pi;l, which change from iteration to iteration, as
outlined above; however, for simplicity of notation, we do not indicate the
iteration step number in the description of the transition structure of a class
i model.

Fig. 1. State transition diagram of Ma for a class i system with Ki ¼ 2.

TABLE 1
Description of State Transition for Ma

Fig. 2. State transition diagram of Mn for a class i system with Ki ¼ 2.
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[4] but we extend it to handle the case wherein the server
activation event is noninstantaneous. First, note that in
general, there are two cases to consider here:

Case 1:
PN

i¼1 Ki � K; that is, we have a “trivial” case, where
the classes do not interfere with each other, and we can
solve each individual class model once (i.e., no need for
iteration) using the procedure given in Section 3.5 with
Pi;si ¼ 0; 8i; si.

Case 2:
PN

i¼1 Ki > K, where it is possible that an attempt at
server allocation for class i may fail because all K servers
in the system are currently allocated. As described
above, in this case a form of blocking occurs and we
solve the model using the iterative approach outlined in
Section 3.1 whose details are now presented below.

Note also that the main difficulty in the iterative
technique outlined in Section 3.1 is in determining an
appropriate procedure for computing the blocking prob-
abilities which capture the class interaction, i.e., the
probabilities that, upon a forward threshold crossing, it is
not possible to allocate another server to class i. Recall that,
during the nth iteration (n � 0), PðnÞi;si is the blocking
probability of class i (1 � i � N) to which si servers already
have been 1) allocated in the case ofMa and 2) expected to
be allocated/activated in the case of Mn. Before we
proceed, let us state the following definitions.

Definition 1. Let X and Y be two nonnegative random variables
having values in f1; 2; . . .g and let ��X and ��Y be their
respective probability mass functions. Let Z be another
nonnegative random variable where Z ¼ X þ Y; then, ��Z ¼
��X � ��Y where � is the convolution operator.

Definition 2. Let X be a nonnegative random variable having
values in f1; 2; . . . ; g and let ��X be its probability mass
function. Let

X0 ¼ X if L1 � X � L2

0 otherwise:

�

Then, the probability mass function of X0, denoted by ��0X , is
equal to gð��X ; L1; L2Þ where function g is defined such that:

gð��X ; L1; L2Þ½k� ¼ �X0 ½k� ¼
�X ½k�PL2

m¼L1
�X ½m�

if L1 � k � L2

0 otherwise:

(

ð13Þ

Let ~�
ðnÞ
i ½k; j; l� be the steady state probability of class i having

k customers (k � 0) in the system with j activated servers and

l target server allocations (with 1 � j � l � Ki), computed

during the nth iteration. Let ��
ðnÞ
i denote the steady state

probability vector of the number of servers allocated to class i,

where �
ðnÞ
i ½l� denotes the steady state probability of l servers

having been target allocated to class i, as computed during the

nth iteration. Thus, we have:

�
ðnÞ
i ½l� ¼

XKi

j¼1

X
k

~�
ðnÞ
i ½k; j; l�: ð14Þ

Finally, let QQ
ðnÞ
i be the transition rate matrix corresponding

to the class i modelMðnÞ
i , during the nth iteration, which is

computed using the transition structure of MðnÞ
i given in

Table 1 and Pðn�1Þ
i;si

, where 1 � si � Ki � 1. Then, the
iterative procedure is as follows:

1. Initialization step: set n ¼ 0 and set Pð0Þi;si ¼ 0 for

1 � si < Ki. Given these initial values of blocking

probabilities, for each class i, we can construct QQ
ð0Þ
i

using the transition structure given in (11) and then

compute ~��
ð0Þ
i using the procedure given in Section 3.5.

Once we compute the steady state probability vector

~��
ð0Þ
i for each class i, we can then compute their

respective server allocation probability vectors, ��
ð0Þ
i s,

using (14). The ��
ð0Þ
i s are in turn needed in the

computation of the blocking probabilities,Pð1Þi;sis (step 2

below).
2. Updating of blocking probabilities step: n ¼ nþ 1, and

PðnÞi;si ¼
0 if K �

PN
j¼1 Kj

0 if K � si >PN
j¼1;j 6¼i Kj

�ði; si; nÞ otherwise:

8>><
>>: ð15Þ

The first condition in (15) indicates that the system
has a sufficient number of servers for all classes (we
include this for completeness). The second condition
indicates that the system has sufficient resources to
allocate at least one more server to class i without
affecting the maximum possible server allocation of
other classes. In the last condition, the � function is
used to compute the blocking probability, at itera-
tion n, for class i which has si servers already
1) allocated to it in the case of Ma or 2) expected to
be allocated/activated in the case of Mn.

�ði; si; nÞ can be computed as follows: Let
Amði; si; nÞ be the random variable, at iteration n,
denoting server allocation of class m, when class i
has been 1) allocated si servers in the case of Ma or
2) expected to be allocated/activated si servers in the

102 IEEE TRANSACTIONS ON PARALLEL AND DISTRIBUTED SYSTEMS, VOL. 18, NO. 1, JANUARY 2007

TABLE 2
Description of State Transition for Mn

Authorized licensed use limited to: National Taiwan University. Downloaded on March 13, 2009 at 03:25 from IEEE Xplore.  Restrictions apply.



case of Mn. Let �mði; si; nÞ be the probability mass
function of Amði; si; nÞ. Then, we have:

�mði; si; nÞ ¼ gð��ðn�1Þ
m ; 1; LmÞ ð16Þ

for m ¼ f1; 2; . . . ; i� 1; iþ 1; . . . ; Ng, where function
g is defined through (13) and Lm is as follows:

Lm ¼
Km if K � si � ðN � 2Þ � Km

K � si � ðN � 2Þ otherwise

�
ð17Þ

and ��ðn�1Þ
m in (16) is computed using (14). The normal-

ization in (16) is used to account for the fact that if we
know that the system already 1) allocated si servers to
class i in the case ofMa or 2) expected to be allocated/
activated si servers to class i in the case ofMn, then the
system only has ðK � siÞ servers remaining. Out of
these ðK � siÞ remaining servers, the system needs to
allocate ðN � 2Þ to customers that are neither in class i
nor in class m (i.e., the system allocates at least one
server to each class). Therefore, if the system poten-
tially has at leastKm available servers, thenAmði; si; nÞ
can have values in f1; . . . ; Kmg; otherwise, the random
variable Amði; si; nÞ can only take on values in
f1; 2; . . . ; K � si � ðN � 2Þg. Let Bði; si; nÞ be a non-
negative random variable, at iteration n, denoting the
server allocation of all classes except class i, where class
i already has si servers 1) allocated to it in the case of
Ma or 2) expected to be allocated/activated in the case
ofMn. Let �ði; si; nÞ be the probability mass function
of Bði; si; nÞ. Then, we have:

�ði; si; nÞ ¼ gðð�1ði; si; nÞ � � � � ��iþ1ði; si; nÞ
� � � ��Nði; si; nÞÞ; N � 1; K � siÞ:

ð18Þ

The normalization in (18) is used to account for the
fact that if the system has already 1) allocated
si servers to class i in the case ofMa, or 2) expected
to be allocated/activated si servers to class i in the
case of Mn, then the number of servers that have
been allocated to other classes can only range in
fN � 1; N; . . . ; K � sig.

Last, �ði; si; nÞ, the function used to compute
blocking probabilities, at iteration n, corresponding
to class i with 1) si allocated servers in the case of
Ma or 2) si expected to be allocated/activated
servers in the case of Mn is:

�ði; si; nÞ ¼ �ði; si; n;K � siÞ; ð19Þ

where �ði; si; n;K � siÞ ¼ Prob½Bði; si; nÞ ¼ K � si�
and �ði; si; nÞ is computed using (18).

3. Updating of individual class models step: Given the
blocking probabilities PðnÞi;si of class i in (15), we can
compute the new rate matrix QQ

ðnÞ
i (based on the

transition structure given in Table 1) and then
compute the corresponding steady state probabil-
ities ~��

ðnÞ
i (using the procedure given in Section 3.5) as

well as ��
ðnÞ
i , the probability vector of server alloca-

tion of class i (using (14)). (The ��
ðnÞ
i s will in turn be

needed in the updating of the blocking probabilities,
Pðnþ1Þ
i;si

’s (step 2 above).)

4. Test of convergence step: If jPðnÞi;si �P
ðn�1Þ
i;si
j � � for each

class i, 1 � i � N , and each si, 1 � si � Ki � 1, then
stop. Otherwise, go to step 2 and continue iterating.

3.4 Computation of Performance Measures

In this section, we briefly discuss computation of perfor-
mance measures. Due to lack of space, we only present the
derivation for model Ma and we could use the same
approach for the derivation for modelMn. Given the steady
state probabilities ~��i; i ¼ 1; . . . ; N , computed using the
iterative approach described above, we can compute
various performance measures of interest. More specifi-
cally, for each class i we can compute performance
measures which can be expressed in the form of a Markov
reward function, Ri, where

Ri ¼
X
k;j;l

~�i½k; j; l�Riðk; j; lÞ

and Riðk; j; lÞ is the reward for state ðk; j; lÞ of class i. Some
useful performance measures include:

1. expected number of customers of class i,
2. expected response time for customers of class i,
3. probability of dropping a customer of class i upon its

arrival,
4. throughput of class i customers, and so on.

For instance, let E½Ni� and E½Ti� denote the expected

number of customers and the expected response time,

respectively, of the class i model, corresponding to the

Markov process Mi. Then, E½Ni� can be expressed asP
k;j;l k~�i½k; j; l�. Of course, using Little’s result [15], we

have E½Ti� ¼ 1
��i
E½Ni�, where ��i is the class i throughput.

To compute ��i , we need to account for the customers that

are dropped from the system (see Section 2). Hence,

��i ¼ �ið1�
PKi

l¼1

Pl
j¼1 Pi;j~�i½FiðjÞ þ a

j
i ; j; l�Þ.

We believe that the more interesting performance mea-
sures are those computed on a per class basis, since a useful
part of studying performance of multiclass threshold-based
systems is to discover the effect that the various classes have
on one another. Therefore, we have concentrated on per class
performance measures here. However, we can also use these
to compute overall system performance measures, for
instance, as a weighted average of the individual class
performance measures. For example, we can compute the
expected system response time, E½T �, as follows:

E½T � ¼ �
�
1

��
E½T1� þ

��2
��
E½T2� þ � � � þ

��N
��
E½TN �;

where �� ¼
PN

i¼1 �
�
i .

3.5 Analysis of the Individual Class Model

In this section, we briefly summarize the solution technique
for the individual class model which was defined in
Section 3.2. Specifically, we use the single class solution
technique we derived in [16] with some modifications
needed to account for the structure of the multiclass model.
Since these modification are mostly straightforward, we
only summarize the solution technique in this section.

The general approach is as follows: As already stated, we
model the class i queueing system as a Markov process,Mi,
where: 1) the main goal is to compute the steady state
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probabilities of the Markov process and use these to compute
various performance metrics of interest and 2) the main
difficulty is that the Markov process is infinite (see Section 3.2)
and, thus, “difficult” to solve using a “direct” approach.5

As is often done in these cases, we need to look for
special structure that might exist in the Markov process;
specifically, we take advantage of the stochastic comple-
mentation technique [17]. The basic approach to computing
the steady state probabilities of the Markov process and the
corresponding performance measures is as follows: First,
we construct an upper bound model, Mu

i , for the original
Markov process Mi, while trying to satisfy the criteria that
the new model will: 1) provide (hopefully a tight) upper
bound on the desired performance measures and 2) be a
“simpler” model to solve. Therefore, the upper bound
model transitions that replace the original transition can be
specified as follows: In Tables 1 and 2, we replace ðk�
1;minðj; l� 1Þ; l� 1Þ with ðk� 1; 1; l� 1Þ, where the transi-
tion rate is j�i. Next, we partition the state space of the
original Markov process Mi

6 into disjoint sets. Using the
concept of stochastic complementation, for each set, we
compute the conditional steady state probability vector,
given that the original Markov processMi is in that set. (A
relatively simple construction of the stochastic complement
is possible due to the special structure that exists in the
individual class models; specifically, we exploit the “single
entry” structure as in [3].) By applying the state aggregation
technique [1], we aggregate each set into a single state and
then compute the steady state probabilities for the
aggregated process, i.e., the probabilities of the system
being in any given set. Last, we apply the disaggregation
technique [1] to compute the individual (unconditional)
steady state probabilities of the original Markov process
Mi. These can in turn be used to compute various
performance measures of interest.

4 CONVERGENCE OF THE ITERATIVE METHOD

As described in Section 3, we break up the original modelM
into N single class Markovian submodels, i.e., M1;M2;
. . . ;MN . We use a set of blocking probabilities to describe the
interaction among these N Markovian submodels. In
particular, the blocking probabilities PPi for class i are
functions of all steady state probabilities except the steady
state probability of class i, i.e., ~��i. Therefore, we could use
N groups of simultaneous equations to represent those
N Markovian submodels since the blocking probabilities
could be represented by the function of those steady state
probabilities. Note that for each class i, the number of
unknown variables is j~��ij and there are

PN
i¼0 j~��ij variables for

the whole system.
Let Ai be the transition rate matrix for the class i except

all the entries in the first column are equal to 1. In addition,
bi is a row vector, in which all the elements are 0 but the first
element is 1, and its size is the same as j~��ij. Thus, we can use
the following nonhomogeneous system of (nonlinear)
equations to represent the class i Markovian submodelMi:

~��iAi ¼ bi:

To use the iterative method to solve N groups of
simultaneous equations, we split the matrix Ai into two
submatrices Ai;n and Ai;b, where Ai;n is the initial
nonsingular, nonblocking matrix (with all blocking prob-
abilities are equal to 0) and Ai;b ¼ Ai �Ai;n. Given a
splitting with nonsingular Ai;n, we have

~��iðAi;n þAi;bÞ ¼ bi;

~��i ¼ biA�1
i;n � ~��iAi;bA�1

i;n ;
ð20Þ

which leads to our iterative procedure.

~��ki ¼ biA
�1
i;n � ~��kiA

k
i;bA

�1
i;n : ð21Þ

We note that Aki;b is updated based on the steady state
probabilities ~��k�1

j , where 1 � j � N and j 6¼ i, in the previous
k� 1 round. From the above discussion, one can compute the
error vector of class i, e.g., eki after the kth round, we have:

e0
i ¼ ~��0

i � ~��i ¼ biA�1
i;n � ðbiA

�1
i;n � ~��iAi;bA�1

i;nÞ
¼ �~��Ai;bA�1

i;n ; ð22Þ
e1
i ¼ ~��1

i � ~��i ¼ ~��1
iA

1
i;bA

�1
i;n � ~��iAi;bA�1

i;n ; ð23Þ
e2
i ¼ ~��2

i � ~��i ¼ ~��2
iA

2
i;bA

�1
i;n � ~��iAi;bA�1

i;n ; ð24Þ

..

.

eki ¼ ~��ki � ~��i ¼ ~��kiA
k
i;bA

�1
i;n � ~��iAi;bA�1

i;n : ð25Þ

If our iterative method is able to converge, the sufficient
condition is that ek becomes very close to 0 after finite
k iterations. Since both ~��ki and ~��i are stationary probability
vectors, we can see that asAki;b approaches to the actualAi;b, eki
will approach 0. To illustrate the above argument, we give the
proof of a 2-class system and show the convergence of the
proposed iterative method.

Example. Consider a 2-class, 3-server threshold-based system as
follows: K ¼ 3, K1 ¼ K2 ¼ 2, F1, R1, F2, a, and R2. We
assume that there exits a stationary distribution for this system.

Let ~��i;j be the steady state probability for class i with j
servers and then ~��1 ¼ ð~��1;1; ~��1;2Þ, and ~��2 ¼ ð~��2;1; ~��2;2Þ.
According to our method to compute the blocking probabilities,
we have P1;1 ¼ ~��2;2 and P2;1 ¼ ~��1;2. Therefore, the goal is to
solve two groups of nonhomogeneous of linear equations, i.e.,
~��1A1 ¼ b1 and ~��2A2 ¼ b2, where P1;1 ¼ ~��2;2 and P2;1 ¼ ~��1;2.

. Step 0: We set P0
1;1 ¼ 0 and P0

2;1 ¼ 0.
P0

1;1¼0 < P1;1 ! ~��0
1;2 > ~��1;2 ¼ P2;1 and ~��0

1;1 < ~��1;1:

P0
2;1 ¼ 0 < P2;1 ! ~��0

2;2 > ~��2;2 ¼ P1;1 and ~��0
2;1 < ~��2;1.

. Step 1: We set P1
1;1 ¼ ~��0

2;2 and P1
2;1 ¼ ~��0

1;2.

P1
1;1 > P1;1 ! ~��1

1;2 < ~��1;2 ¼ P2;1 and ~��1
1;1 > ~��1;1.

P1
2;1 > P2;1 ! ~��1

2;2 < ~��2;2 ¼ P1;1 and ~��1
2;1 > ~��2;1.

. Step 2: We set P2
1;1 ¼ ~��1

2;2 and P2
2;1 ¼ ~��1

1;2.

P2
1;1 < P1;1 ! ~��2

1;2 > ~��1;2 ¼ P2;1 and ~��2
1;1 < ~��1;1.

P2
2;1 < P2;1 ! ~��2

2;2 > ~��2;2 ¼ P1;1 and ~��2
2;1 < ~��2;1.

. Step 3: We set P3
1;1 ¼ ~��2

2;2 and P3
2;1 ¼ ~��2

1;2.

P3
1;1 > P1;1 ! ~��3

1;2 < ~��1;2 ¼ P2;1 and ~��3
1;1 > ~��1;1.

P3
2;1 > P2;1 ! ~��3

2;2 < ~��2;2 ¼ P1;1 and ~��3
2;1 > ~��2;1.

. Step 2k: We set P2k
1;1 ¼ ~��2k�1

2;2 and P2k
2;1 ¼ ~��2k�1

1;2 .

P2k
1;1 < P1;1 ! ~��2k

1;2 > ~��1;2 ¼ P2;1 and ~��2k
1;1 < ~��1;1.

P2k
2;1 < P2;1 ! ~��2k

2;2 > ~��2;2 ¼ P1;1 and ~��2k
2;1 < ~��2;1.
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5. We could consider finite versions of the model or truncation of the
infinite version [12]; however, in either case, the Markov process would still
be very large and the computational complexity of a direct solution for a
reasonable size system still high.

6. For simplicity, we use Mi instead of Mu
i in the rest of this paper.
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. Step 2k + 1: We set P2kþ1
1;1 ¼ ~��2k

2;2 and P2kþ1
2;1 ¼ ~��2k

1;2.

P2kþ1
1;1 >P1;1 ! ~��2kþ1

1;2 < ~��1;2 ¼ P2;1 and ~��2kþ1
1;1 > ~��1;1.

P2kþ1
2;1 >P2;1 ! ~��2kþ1

2;2 < ~��2;2 ¼ P1;1 and ~��2kþ1
2;1 > ~��2;1.

Next, we would like to prove the following inequality:

P2k
i;1 < P2kþ2

i;1 < Pi;1 < P2kþ3
i;1 < P2kþ1

i;1 ;

where i ¼ 1 or 2 and k � 0:
ð26Þ

One can use the mathematical induction to prove the above
inequality.

1. When k ¼ 0, it is trivial to verify the inequality is
correct for class 1 or class 2.

2. Assume k ¼ m, the inequality holds for class 1 and
class 2.

3. As k ¼ mþ 1, for class 1, we have

P2m�1
2;1 > P2mþ1

2;1 ! P2m
1;1 ¼ ~��2m�1

2;2 < ~��2mþ1
2;2 ¼ P2mþ2

1;1 ;

that is, we use the higher blocking probability for
class 2, we get lower state probability ~��2m�1

2;2 , which is
the blocking probability of class 1 for the next round.

Similarly, we can prove another side of the inequality for
class 1: P2m

2;1 < P2mþ2
2;1 ! P2mþ3

1;1 < P2mþ1
1;1 . Of course, the same

approach can be used to prove the inequality for class 2.
Once we show that (26) holds, it is not difficult to show

that Aki;b approaches Ai;b as k increases, i.e., eki is close to 0.
In the following, we give a proof of the convergence of

the iterative method for a 2-class multiserver system.

Lemma 1. Consider a 2-class, K-server threshold-based system
as follows: K, K1, K2, F1, R1, F2, a, and R2. Assume that
there exits a stationary state distribution for the system, the
proposed iterative method for solving this system will converge
to the steady state distribution.

Proof. Let ~��i;j be the steady state probability for class i with

allocated j servers, we have ~��1 ¼ ð~��1;1; ~��1;2; � � � ; ~��1;K1
Þ, and

~��2 ¼ ð~��2;1; ~��2;2; � � � ; ~��2;K2
Þ. According to our method to

compute the blocking probabilities, for class 1, we have

P1;1 ¼ � � � ¼ P1;K�K2�1 ¼ 0 and

P1;x ¼
~��2;K�xPK�x
m¼1 ~��2;m

;

where K �K2 � x � K � 2. Similarly, for class 2 we get
P2;1 ¼ � � � ¼ P2;K�K1�1 ¼ 0 and

P2;y ¼
~��1;K�yPK�y
m¼1 ~��1;m

;

where K �K1 � y � K � 2. Therefore, our goal is to
solve two groups of nonhomogeneous of linear equa-
tions, i.e., ~��1A1 ¼ b1 and ~��2A2 ¼ b2, where P1;x and P2;y

are defined above.
One can use the mathematical induction to prove the

following inequalities for both classes:

P2k
1;x < P2kþ2

1;x < P1;x < P2kþ3
1;x < P2kþ1

1;x ;

where K �K2 � x � K � 2 and k � 0; ð27Þ
P2k

2;y < P2kþ2
2;y < P2;y < P2kþ3

2;y < P2kþ1
2;y ;

where K �K1 � y � K � 2 and k � 0: ð28Þ

When the inequalities of (27) and (28) hold, it is
straightforward to show that Aki;b will approach to Ai;b as
k increases, i.e., eki is close to 0. tu

For the general N-class K-server system, we note that the

following inequality still holds for any blocking probability

Pi;j, i.e., P2k
i;j < P2kþ2

i;j < Pi;j < P2kþ3
i;j < P2kþ1

i;j , where k � 0. In

other words, the above equation still holds under the

operation of the convolution operator � and the function g

defined in Section 3. Due to the lack of space, we do not give

the detailed steps of the proof here. We note that the

convergence rate of our iterative method is still an open

question, which needs further study and is beyond the

scope of this work.

5 NUMERICAL EXAMPLES AND VALIDATION OF

APPROXIMATION

In this section, we present numerical results to illustrate

1. the accuracy of our iterative methodology as
compared with simulation,

2. the effect of server activation rate on performance
measures,

3. the benefits of resource sharing among heteroge-
neous workload classes, and

4. the effects of threshold values on performance
measures.

Since checking the accuracy of our iterative methods is done
by comparing them with simulations, all simulation results
are given with at least 95%	 5% confidence. In all experi-
ments presented here, our iterative approach uses � ¼
0:0000001 (refer to Section 3 for details). Moreover, the
computation time of our iterative methods is more than two
orders of magnitude faster than that of simulations. This
empirical evidence indicates our iterative method is fast and
fairly accurate.

5.1 Experiment A: Accuracy of the Iterative Method

To compare the accuracy of our iterative method in
computing performance measures of the Markovian system
M, we also simulate M, i.e., for the purpose of validating
the proposed solution technique. We use mean response
time for class i, 1 � i � N , as our main performance metric
of interest. Parameter settings for all test cases in Experi-
ment A are listed in Table 3.

For each test case under Experiment A, we assume all
classes have the same service rate � ¼ 1. The server
activation rate is the same for all classes, and we vary this
activation rate. In particular, we define R ¼ �=� (where we
drop the class notation for simplicity of exposition). Fig. 3
illustrates the mean response time under test case 1 for R ¼
1 and 10.0. It is easy to observe that the difference between
the two results is small (e.g., in the case of Fig. 3, the largest
difference is 
 7%). Since such small differences are difficult
to visualize using graphs, we present the remainder of the
accuracy related experiments using tables.

Tables 4, 5, 6, and 7 to illustrate several other experi-
ments of validating the accuracy of our technique. Due to
the large size of the tables, we only give the iterative result
and the percentage error. In all cases, the percentage error
(%E) is defined as:
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%E ¼ jsimulation result� iterative resultj
simulation result

� 100%:

As can be observed, in these experiments, we track the
performance metrics closely for all classes and the max-
imum error is around 10 percent.

As is probably expected, in our experiments, the higher
error cases corresponded to fairly high contention cases.
These are also the cases that likely corresponded to “poor”
designs where a reduction in contention for resources
between classes is needed in order to obtain a system with
good performance characteristics. In most of our experi-
ments (some of which are presented below), the perfor-
mance improvements that could be obtained, for instance,
through better threshold settings, were significantly higher
(percentage-wise) than the loss in accuracy due to our
approximation. Hence, this is a good indication that our

iterative technique is a useful tool for fast and fairly
accurate assessment of threshold-based designs that can be
used, for instance, for searching for good threshold settings.

Note that, we have performed extensive experiments and
those results are similar to the ones included here. In
general, the percentage error in most testing cases was
within 10 percent, but around 14 percent in a few cases.
Next, we illustrate some of the performance tradeoffs and
designs that can be studied using our technique.

5.2 Experiment B: Effect of Service Activation Rate
on System Performance

In this experiment, we consider how the server activation
rate may affect the average response time of different
classes of customers. Let us consider test case 6 in Table 3.
We vary the server activation ratio R from 0.1 to 100. In
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TABLE 3
Parameter Settings for Experiments

Fig. 3. Experiment A—accuracy testing (Case 1): Average response time of three classes under different server activation ratios, R. (a) Server
activation ratio R ¼ 1:0 (b) Server activation ratio R ¼ 10:0.
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other words, server activation rate can be 10 times slower

than the average service rate or up to 100 times faster than

the average service rate. Table 8 illustrates the average

response time for all classes of customers under different

traffic loadings. As we can observe, it is important to

consider server activation issues in the performance

analysis of dynamic resource management systems using

threshold-based techniques. In particular, when the system

is operating at a low server activation ratio (i.e., when R is

small), the average response time for all classes is higher
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TABLE 4
Experiment A—Accuracy Testing (Case 2): Average Response Time for Server Activation Ratio R ¼ 1

TABLE 5
Experiment A—Accuracy Testing (Case 3): Average Response Time for Server Activation Ratio R ¼ 1:0

TABLE 6
Experiment A—Accuracy Testing (Case 4): Average Response Time for Server Activation Ratio R ¼ 1:0

TABLE 7
Experiment A—Accuracy Testing (Case 5): Average Response Time for Server Activation Ratio R ¼ 1:0
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than in a situation where the system is operating at high

server activation ratios. The performance difference is more

prominent when we have moderate to high traffic loadings.

5.3 Experiment C: Benefits of Resource Sharing

In this experiment, we illustrate the benefits of resource

sharing. In particular, we consider the case wherein the

number of common resources, K, is less than the peak

resource demand
PN

i¼1 Ki. The reasons for using fewer

resources are to reduce the overall system operational cost

and to take advantage of the fact that the probability of all

classes being at their high workload demands simulta-

neously might be quite low. Of course, one needs to

quantify the above advantages, especially when hysteresis

control is used in threshold-based system. We consider test

case 5 in Table 3. In this test case, the total peak resource

demand is
P
Ki ¼ 14. We consider two cases, where we set

the values of K, the total amount of system resources, to be

11 and 14, respectively. Note that when K ¼ 14, we will not

have resource contention among classes. For this experi-

ment, we assume a homogeneous server activation ratio

R ¼ �=� ¼ 1:0. Fig. 4 illustrates the average response time

of three classes of workload, under both cases. As we can

observe, the difference in the average response time is not

significant, i.e., the maximum percentage error between

cases K ¼ 11 and K ¼ 14 is 6 percent. This implies that, in

this experiment, one can use fewer resources, with resource

saving of around 21 percent, while at the same time

providing comparable performance (i.e., comparable to the

case where the amount of resources is equal to the peak

workload demands of all classes).

5.4 Experiment D: Effects of Threshold Settings

As stated in Section 1, we believe that our solution

technique for this multiclass, multiserver threshold-based

queueing system with hysteresis behavior can be used as an

efficient tool for searching for good threshold values. In this

experiment, we illustrate that this is an important issue by

showing that different threshold values can result in vastly

different performance measures. Since our solution can

quickly generate corresponding performance results, it

should be a good tool for exploring proper threshold

settings. In particular, we consider a four servers systems

with two classes whose parameter settings are listed in

Table 3. Note that, in each test case, we have three

configurations A, B, and C, where each configuration has

different threshold settings. Fig. 5 depicts the corresponding

expected response time results, which illustrate that

changes in threshold values result in significant changes

in the expected response time of the different classes.

Therefore, one can use the proposed solution technique to

search for the proper threshold values such that the
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TABLE 8
Experiment B—Service Activation Rate Experiment (Case 6):

Average Response Time for all Classes under Different Server
Activation Ratios and Traffic Loadings

Fig. 4. Experiment C—Resource sharing experiment (Case 5): Average

response time for four classes of workload with K ¼ 11 and 14.

Fig. 5. Experiment D—Threshold setting experiment (Case 7 and Case 8): Average response time for two workload classes under different

thresholds FFi and RRi. (a) Case 7: Mean response time versus different FFi and RRi. (b) Case 8: Mean response time versus different FFi and RRi.
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expected response time of the different workloads is
satisfactory, within certain levels of system loadings.

5.5 Experiment E: Instantaneous Model versus
Noninstantaneous Model

The motivation for this experiment is to study the difference
between the instantaneous model and the noninstantaneous
model and when is important to take the server activation
ratio into consideration for design an efficient multiclass
multiserver system.

In Fig. 6a, the results show that as the activation ratio is
smaller than the service rate, the system performance is
mostly dominated by the server activation time. This is why
the curve of the instantaneous model deviates from the
simulation curve a lot (e.g., for class 1, the largest difference is

 100%) while the curve of the noninstantaneous model is
close to the simulation curve. That is, it is important to
consider the server activation ratio in order to construct an
precisely analytic model for the system. On the other hand, as
illustrated in Fig. 6b, when the service rate is much faster than
the server activation rate, both the results of instantaneous
and noninstantaneous models are similar with that of the
simulation. In other words, the instantaneous model is a good
approximation one as the server activation ratio is large.

6 CONCLUSIONS

In this paper, we considered efficient and accurate computa-
tion of a multiclass multiserver threshold-based system with
noninstantaneous server activation, which is of use in studying
performance characteristics of many important applications.
We presented an efficient iterative approximation technique
for solving such models and illustrated through numerical
results that this technique is reasonably accurate (in the
presented experiments the deviation from the exact solution
is within 
 10%) and fast (with more than two orders of
magnitude improvement in computation time compared to
simulations). Moreover, our numerical results also illustrated
that 1) server activation characteristics have a significant
effect on the system’s performance, 2) dynamic resource
sharing, through the use of threshold-based techniques, can
result in significant cost savings (i.e., through sharing of a
pool of resources among heterogeneous workload classes)

without detrimental effects on the class’ performance, and

3) proper threshold settings can have a significant effect on

the class’ performance characteristics. Consequently, all these

results indicate that efficient solution techniques for models

of such dynamic resource management systems are critical

for proper design and performance studies of these systems.

And, we believe that the technique presented in this paper is

one such approach which will lead to better system designs.
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