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Abstract— In multimedia networks, certain applications
(e.g., voice and video sessions) can tolerate some delay vi-
olations and packet losses. For these applications, in [2]
we proposed a novel, more flexible traffic characterization
approach—LP-sense constraint functions—as a generaliza-
tion of deterministic constraint function. Intuitively, feed-
ing more packets than provided resources will degrade the
Quality-of-Service (QoS) of multimedia applications. How-
ever, if we can control a multimedia application’s output to
conform to constraint functions in L? sense, then the por-
tion of time prone to performance-bound violations has a
normalized tail bound decaying with z=P.

With the notion of LP-sense traffic characterization, we
investigate algorithms to shape an arbitrary arrival trace to
conform to a given function f in L? sense, i.e., LP-sense reg-
ulation algorithms. It can be shown that under certain con-
ditions LP-sense regulation departure times converge to de-
terministic regulation departure times when p — cc. Hence
LP-sense regulators can be regarded as generalizations of the
continuous-time optimal deterministic regulators discussed
in [3]. By properly choosing p, more packets of a multimedia
source can pass through LP-sense regulators while its nor-
malized bound-violation ratio decays fast enough to meet its
QoS requirements. The basic “leaky bucket” type LP-sense
regulators are also studied as an illustration.

I. INTRODUCTION

Conventional deterministic regulators allow a packet to
pass through only if the resulting departure process con-
forms to the assigned constraint function f in deterministic
sense (see e.g., [4]). That is, if T[t — 7,t) (bits) denotes the
amount of departure from a deterministic regulator, then
Tt —7,t) < f(r) for all t,7 > 0. If sufficient network re-
sources corresponding to f are pre-allocated (see e.g., [5]),
this implies that deterministic regulators allow a packet
to pass through only if they can make sure this packet will
not violate the delay bound or be discarded at intermediate
network nodes. However, certain multimedia applications
(e.g., voice and video sessions) can tolerate some delay vi-
olations and packet losses. For these applications, in [2]
we proposed a novel, more flexible traffic characterization
approach—LP-sense constraint functions—as a generaliza-
tion of deterministic constraint functions. By definition in
[2] for 1 < p < oo we say a traffic source active in [0, ¢]
conforms to constraint function f in LP sense if
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for 0 < 7 < , where the notation | - | is Lebesgue mea-
sure defined on Lebesgue measurable subsets of R [1]. If a
regulator’s output conforms to constraint function f in L?
sense, it has been shown that for 0 <7 < ¢

el :T=-nt) > o fOH _ . [, 1
0, ] Smm{Lw}’

which is called the “normalized tail bound”. Intuitively,
feeding more packets than provided resources will degrade
the QoS of multimedia applications. However, as long as
we can guarantee the portion of time prone to delay vio-
lations or packet losses decays fast enough to satisfy the
application’s QoS requirements, we should try to let more
packets of a multimedia application to pass through the
regulator to increase transmission throughput and reduce
overall delay. This is exactly the primary motivation be-
hind our QoS dependent traffic regulators—ILP-sense traffic
regulators.

II. Basic FOrRM OF LP-SENSE REGULATORS

Throughout this paper, we have the following assump-
tions and notations:

e L,... (bits) is the maximal packet size of input sources
for regulation.

o For any t > 0, there are only finite number of packet
arrivals in [0,¢].

« Given a monotone increasing real function f: [0,00) —
[0,00). We define f~1(z) £inf{s >0:2 < f(s)}.

e The collection of monotone increasing and left-
continuous real functions f: [0,00) — [0, 00) with f(0) =0
is denoted as §.

o Areal function f: [0,00) — [0, 00)is sub-additive if f(z+
y) < f(@) + f(y) for all z,y > 0.

o Given a f € §, we define f(7) £ sup{g(r) : g€ F, g <
/. g is sub-additive}, which is called the mazimal sub-
additive function embedded in f. It has been shown in
[3] that a traffic source deterministically conforms to f € §
if and only if it deterministically conforms to f.

Given an arrival process, let R[t — 7,t) (bits) be the
amount of arrival in the interval [t — 7,t). For the con-
venience of our presentation, R[t — 7,t) and T[t — 7,t) are
often written as R, (t) and T-(t), respectively.

We also denote the arrival time and packet length of the
nt* packet by a, and L,, respectively, and an arrival pro-
cess is written as a sequence of ordered pairs {(an, Ln)}o32 ;.



Before giving the definition of LP-sense regulators, we need
the definition of continuous-time optimal deterministic reg-
ulators [3]. ’

Definition 1: Suppose the departure time of the nth
packet from a continuous-time deterministic regulator f €
§ with f(0+) > Lmay (where the 4+’ means the limit
from the right) is denoted by c,. Then ci = a1 and
¢n, = max{an, ¢}, where

n
¢n' = max ci+f_1 ZL]- :1<i<n—-1
=i

Now we can define a LP-sense regulator with constraint
function f as follows.

Definition 2: Given p € [1,00), a finite time interval
[0, ¢], and a monotone increasing real function f: [0,00) —
[0,00) with f(0+) > Lpaz. Let

s o
o= {f(T—)

Then g € § and g(0+) > Lynaz- Let ¢, be the nt* departure
times from the deterministic requlator with f.

For a fized s > 0 we denote by T'[t — 7,t) the amount of
departures of the output process

t=20,
t>0.

{(max{an,cn — (n — 1)s}, L) }n

in [t —7,t). We set sp, which is called the time advance
value corresponding to p, to the least upper bound of those
s satisfying

1/p
1T — 7.0l » Vo TE=707)
[0, ll7e pl/p

<fr) (1)

for all 0 < 7 < . Then the ntt departure time from this
LP-sense regulator f is defined as

by = a1

bn, = max{an,cn, — (n —1)sp}.
It can be seen from the definition that LP-sense regulation
departure times are always smaller than or equal to deter-
ministic regulation departure times. Also, as will be shown
later, these LP-sense regulators can be regarded as gener-
alizations of optimal continuous-time deterministic regula-
tors.

III. BasiCc PROPERTIES OF LP-SENSE REGULATORS

The next two theorems show some properties of LP-sense
regulators.

Theorem 1: Suppose 1 < p1 < pa < oo. If we denote by
b, and b,’ the nt* departure times from a LP-sense requ-
lator with constraint function f and a LP?-sense regulator
with constraint function f, respectively. Then b, < by,’.
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Proof: Fix a s > 0 satisfies

1/p2
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for all 0 < 7 < ¢. Since it is already known that
“T/{t -7 t)llpl < ”T/[t — T, t)”pz
[0,¢]"/pr = ][0, p}|1/P2
for 1 < p1 < p2 < 00, it follows that s also satisfies
1/;
My _ S0 T'It — 7, t)P
”T [t T>t)”:l71 - ( [0,¢] ) < f(T) (3)

10, 7o P

for all 0 < 7 < . This result implies that

{s > 0: s satisfles (2)} C {s > 0: s satisfies (3)},

and consequently s, 2 sup{s > 0 : s satisfies (3)} >
sup{s > 0 : s satisfies (2)} £ s,,. Therefore it can be seen
that for n € N

bp = max{an,cn — Sp, }
max{an,cy, — Sp, }

by’

lI> A

|

Theorem 2: Given sub-additive f € §F with f(0+) >

Lpnaz, and an arrival process {(an,Lyn)}. Let b, and c,

be the n** departure times from a LP-sense regulator with

constraint function f and a continuous-time deterministic
requlator with constraint function f, respectively. Then

bp — ¢ as p — 00.
Proof: From our assumptions, there are only a finite
number of arrivals in a finite interval, and we denote this
number by N. By definition, for a fixed p we have

cn—bp < (n—1)sp
< (N = 1)sp.

If we can prove s, — 0 as p — oo, the conclusion is proved
immediately.

To show s, — 0 as p — oo, first note that ¢, > a, for
1 < n < N. Suppose the At? packet is the first one that its
departure time from the deterministic regulator is strictly

larger than its arrival time, that is
chn=bp=a,for1<n<n
Ci > Qp

Suppose the A" packet departs at t = ¢; — € for a fixed

€ < cj — ap. There exists at least one m € {1,---,7 — 1}
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such that b,, = ¢, and

A
Cﬁ—E<Cﬁ_€/2<Cm+f_1 ZL]-

j=m

= by + 1 Lj| .

n
j=m

Therefore, it follows that

Tt — (ch — by — €/2),t) > i L; > fca —bm —€/2)
Jj=m

for t € (cp — €, ¢ — €/2) of positive measure. However, it
is known that
NT7[t — (ca — bm — €/2), t)lip
1[0, ¢]|*/7
— sup{T"[t — (cs — bm — €/2),t) : t € [0, ¢]}

> XR:LJ» > flea — bm —€/2)
J

—
for p — oco. Thus we can find A > 0 such that

1T}t = (ca — bm — €/2), t)[lp
1[0, ]|/

for p > A, which implies

> flen — b —€/2)

sp < € for p > A.

Consequently, we have shown s, — 0 as p — oo and proved
the theorem. ]

In summary, Theorem 1 means that packets depart ear-
lier from LP-sense regulators if p is smaller. The defini-
tion of LP-sense regulators implies packet departure times
from LP-sense regulators are always earlier than that from
deterministic regulators. However, Theorem 2 says that
for sub-additive f € § packet departure times from LP-
sense regulators increasingly converge to the corresponding
departure times from deterministic regulators as p — oo.
Consequently the proposed LP-sense regulators can be re-
garded as generalizations of continuous-time deterministic
regulators.

However, in order to calculate time advance values and
departure times of LP-sense regulators, we need to know all
departure times from deterministic regulators in time inter-
val [0, ], which depend on all arrival times in time interval
[0, ¢]. Consequently, the nt* departure time from LP-sense
regulators depends on packet arrival times ag, k£ > n. This
implies LP-sense regulators are not causal regulators. In
order to use LP-sense regulators in real-time applications
which require causal traffic regulations, we can use a recur-
sive configuration illustrated in Figure 1.
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Fig. 1. The proposed recursive configuration of LP-sense regulators.

That is, the time axis is partitioned into segments of
length ¢. To estimate the time advance value s, of the
next segments, in every time segment the corresponding s,
is calculated, and the result is sent to the LP-sense regula-
tor. After receiving the time advance value of the previous
segment, the LP-sense regulator uses this value to regulate
incoming packets that arrive in this segment. If the value
of sp does not change too much between adjacent segments,
we believe the this recursive configuration can satisfacto-
rily produce the desirable regulation output conforming to
the constraint function f in LP sense.

IV. LP-SENSE REGULATORS OF LEAKY BUCKET TYPE

Since leaky bucket regulators are the most basic deter-
ministic regulators, in this section we study LP-sense reg-
ulators of leaky bucket type, i.e., f(7) = o + p7.

In order to calculate the time advance value in an inter-
val [0, ¢], the first step is to determine a range containing
it. From our assumptions, there are only a finite number of
arrivals in a finite interval [0, ¢], and we denote this number
by N. From the definition of continuous-time determinis-
tic regulator, it can be seen that for 1 < n < N the nth
departure time c,, is always larger than or equal to the nt®
arrival time. Consider the set of real numbers

{_c_"_:_a_”:gSnSN}.
n—1

If the this set equal to {0}, sp, is set to 0 and the calculation
is done. Otherwise, this set contains M distinct non-zero
numbers, where M < N. By arranging them in an increas-
ing order, we may denote them by ej,ea, -+, epn and also
let eg = 0. For each e, 0 < k < M, we check the validity
of (1) with time advance value s, = ek, and then it can be
found that

max{eg : (1) is valid, 0 <k < M} < 5p
< min{eg : (1) is invalid, 0 < k < M},

For convenience, we write

Sp 2 max{e; : (1) is valid, 0 < k < M}

35 = min{ey : (1) is invalid, 0 < k < M}.



For those packets with ¢, — a, < (n — 1)s,, it follows
b, = ap. For those packets with ¢, — a, > (E— 1)sp, we
have b, = ¢, — (n — 1)s,. o

If we let byy+1 = ¢, then given packet departure times
b1,...,bn, it can be seen that

JECE " ey

bQTE(t?+/l)bBT7’_’(t)+--~+/

x/bl bn-1

And each term can be written as

by
/ T2 (1)
br—1

=Ly ;- min{7, by — bg_1}+
(Lk-1+ Lg—2)? = LY _,)-
m'm{[v' — (bk—l — bk_g)]+, bk — bk—l}
+ P +

(5) -(5+))

min{[r — (bg—1 — b1)]", bk — be_1}

bn

bN+1
TP(t) + / TP(t).
bn

k=1 [ (k=1 P k-1 P
S -(F e
=1 i=j i=j+1

min{[r — (bg_1 — bj)]+, br — br—1}-

Consequently, it follows

@ N+1k-1 k-1 P k—1 P
/ TEW) =Y D {2 L] | D L
0 k=2 j=1 i=] i=j+1

min{[r — (bk—1 — b;)]", bk — br_1},

which is a piecewise-linear function of 7. Now consider
those 7 € [0,¢] such that 7 b; — b; for some i,j €
{1,...,N + 1} and i < j, it can be seen there are only
a finite number of such points. We arrange those 7 in an
increasing order, denote them by 71,...,7, and also let
70 = 0, 741 = . Apparently, these 7; are precisely the
turning points of the piecewise-linear function [ TP(t).
Hence, for 7 € (75,7j41), it can be seen that

d [
— TP(¢t
L0
N+tk=1 [ [k=1 \P k-1 P
=2 2 (L] —{ X L
k=2 j=1 i=j i=j+1
d . N
o ~min{[7 — (bg—1 — b;)] 7, bx — b1}
-
=Cl,j,
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where C1 ; is a constant depending only on j.

Fix a j and consider those 7 € (7j,7j41). Then any
s < $p must satisfy
1 "4 » 1/p
5 ([ 00) <50,
or equivalently,
7]
[ o < e, (6)

for 0 < 7 < ¢. Using the technique of differentiation, we
need to check only the boundary points 7;, 7541 and those
T € (75, Tj+1) satisfying

([ -er0) <o

Suppose f is of leaky bucket type, ie., f() = 0 + pr.
The left hand side of the above equality can be written as

(7

Cr; —pp(o + pT)P~1,
which has a single zero at

(&)

In summary, given an arrival process {(a,, L,)})_; and
its deterministic regulator output process {(cn, Ln)}2_1,
the time advance value s, is determined step by step as
follows:

1. Compute s, and 5, according to (4) and (5), respec-
tively. -
2. Forl1<n<N,

|

3. With above settings of b;, and for each possible increas-
ing permutation of these turning points {7;}, find the max-
imal value of s such that (6) holds for all 7 = 7;, and

(a) check if this maximal value of s satisfies the corre-
sponding increasing permutation of {7;}.

(b) check if (6) holds for

(( )ﬁT_g),j:&”.¢

If both checks are passed, this maximal value of s is a
candidate of time advance value s, corresponding to this
increasing permutation of {7;}.

4. Finally time advance value s, is set to the largest one
of those candidate values s.

1

s (S

©pp

ifcn—ang(n—l)ie
cn—(n—1)s ifcy —an>(n—1)s,.

1
p

Ci
©pp
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V. NUMERICAL EXAMPLES

Suppose we have set up a multimedia connection with
a remote friend, and have been allocated sufficient net-
work resources corresponding to a leaky bucket function
f(r) = 10 + 27 bits (see [5]). We know this multimedia
application can tolerate some packet losses due to backlog-
bound violations in the form that “the portion of time with
backlog larger than M x [backlog bound] < max{1, +}w}”.

With this QoS requirements, we plan to use a Llévsense
regulator to reduce packet delay suffered in the regulation
stage to get more prompt interaction.

Suppose the ratio is checked every 15 seconds
(¢ = 15), and we have arrival process {(an,L )=
{(3,6), (5,10),(12,8), (13,7)}.

By feeding {(a,,L,)} into a continuous-time deter-
ministic regulator with constraint function f, we ob-
tain deterministic regulation output process {(cn, L)} =
{(3,6), (6,10), (12,8), (14.5,7)}.

In this example, our goal is to obtain the time advance
value s, of a L'%sense regulator with leaky-bucket type
constraint function f = 10 4+ 2r. From {(an,L,)} and
{(¢n,Ln)}, it follows that

fen) = {875 14513
:{{0.5,1}. ’ }

However, letting s, = 1 we find the inequality (6) is sat-
isfied for all 7; and those 7 satisfying (7). This implies
sp = 1. Since s, > sp, we must have b, = a, for
n = 1,2,3,4, and the LT sense regulator output process
is {(bn, Ln)} = {(3,6), (5,10),(12,8),(13,7)}. Because we
know {(bn, L,)} satisfies (6), it follows

o Tt nd 2ol o (K0)°)

1[0, ¢ y

We plot both sides of (8) for 2 < 7 < 3 in Figure 2. It shows
that there exist small subsets (in the form of intervals) of
[0, ¢] such that

Tit—1,t) > f(r)

for 2 < 7 < 3. However, the measures of these sets are ob-
viously smaller than the corresponding “tail bounds” pre-
dicted by (8). Hence, for this multimedia application re-
quiring the bound-violation “normalized tail bound” decay
with £710, the L'%-sense regulator demonstrated in this
example successfully achieves this QoS requirement while
letting packets pass through with less delay.

VI. CONCLUSIONS

With the notion of LP-sense traffic characterization in-
troduced in 2], we proposed an algorithm to shape an ar-
bitrary arrival trace to conform to a given function f in
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y and f(r)
Fig. 2. Tail bound and bound-violation ratio for 7 € [2, 3]._

LP-sense. The proposed algorithm has two desirable prop-
erties:

o convergence: for sub-additive, monotone increasing real
function f, LP-sense regulator departure times approach to
deterministic regulator departure times as p — oo.

« monotone: the smaller p is, the smaller LP-sense regula-
tor departure times become.

For the output process of a LP-sense regulator, the por-
tion of time prone to performance bound violations has
been shown to have a normalized tail bound decaying with
z~P. Consequently, the parameter p of a LP-sense reg-
ulator (1 < p < o0) can be regarded as a measure of
the strictness of regulation operation, and is very conve-
nient to adjust to match each specific multimedia appli-
cation’s characteristics and QoS requirements. Compared
to continuous-time deterministic regulators, LP-sense reg-
ulators let more multimedia applications’ packets to pass
through according to their characteristics and QoS require-
ments. Therefore, these advantages and flexibilities make
LP-sense regulation a very promising regulation mechanism
for future multimedia networks.
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