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Abstract – “Writing on Dirty Paper” is a paper written by M. 

Costa in 1983 that dealt with the channel capacity when the 
interference is known only to the transmitter. The conclusion of that 
paper was that when one wants to write a message on a dirty paper, 
because the dirt spots are known, one could find a special way to 
write and convey the message as if the message was written on a 
clean paper. In information-theoretic terminology, the capacity of a 
channel with interference known to the transmitter is the same as the 
clean channel capacity. 

Recently, with the new developments in applications such as 
high speed downlink broadcast (for wireless systems, as well as for 
digital subscriber lines) and multi-media information hiding and 
watermarking, there has been a resurgence of interest in Costa’s 
“Dirty Paper Coding (DPC)”. The general view is that DPC allows 
interference cancellation at transmitter which resembles decision-
feedback detection at receiver. Thus, conventional detection 
techniques at receiver can be moved to the transmitter if interference 
and channel side information are known to it. The advantages of 
doing so are prevention of error propagation in detection and, in the 
case of practical downlink broadcast, relieving the mobile receivers 
of complicated detection. 

Practical approaches to the design of DPC, however, were not 
available until 2000 when Erez, Shamai and Zamir established the 
connection between DPC and Tomlinson-Harashima precoding 
(THP) for channels with intersymbol interference. In their work, 
Erez et al showed that there is a “shaping loss” in capacity 
associated with the conventional THP approach. To recover the 
shaping loss, higher dimensional equivalent of the THP can be used, 
but the coding complexity is usually high. In addition, THP applies 
only to cubic constellations which incur a further shaping loss. In 
this paper, we consider the design of DPC for wireless broadcast 
channels. In order to reduce the high dimensional precoding and 
shaping complexity, Eyuboglu and Forney’s trellis precoding and 
shaping approach will be adopted. It will be shown that combined 
trellis DPC and shaping is feasible and indeed retains the clean 
channel performance. 

Keywords: Dirty paper coding, Tomlinson-Harashima 
precoding, equalization, broadcast channel, information 
hiding, watermarking. 

I. BACKGROUND 

In a communication channel with interference, if the 
interference is known to the receiver, the interference can be 
subtracted from the received signal before detection, and the 
full channel capacity can be achieved as if the interference 
was absent. On the other hand, if the interference is known 
only to the transmitter, it may not be clear what the channel 
capacity is. One might be tempted to subtract the interference 
at the transmitter before transmission, but this would result in 
increased transmission power (e.g., sum of the desired signal 
power and the interference power, if the two signals are 
independent of each other). In many situations, the 

interference may actually be useful signals from the same 
transmitter (e.g., downlink signal to another user). Thus pre-
cancellation of the interference may not be desirable. 
 
Costa studied the channel with interference known only to the 
transmitter, and showed that, with the interference and 
receiver thermal noise being Gaussian, the capacity of this 
channel is the same as that of a clean channel without 
interference [1]. With the random coding arguments, he also 
showed that the capacity-achieving transmitter should adapt 
its signal to the direction of the interference signal rather than 
attempting to cancel it. Costa’s paper was titled “Writing on 
Dirty Paper” for the analogy to this problem. 
 
At the time of Costa’s work, there were few known 
applications which resembled the channel considered by 
Costa. As a result, there were very few attempts at practical 
constructions aimed at approaching the promised theoretical 
capacity. Recently, however, with the new developments in 
applications such as high speed downlink broadcast (for 
wireless systems [2]-[6], as well as for digital subscriber lines 
[8][9]) and multi-media information hiding and watermarking 
[10][11], there has been a resurgence of interest in Costa’s 
“Dirty Paper Coding (DPC)”. In addition, the duality between 
DPC and distributed source coding has also attracted a 
sizeable amount of attention [12][13][14]. 
 
Since DPC appears to have to the effect of “canceling” the 
interference at the transmitter, many known decision-
feedback (DF) detection and signal processing techniques for 
the receiver, when the interference and channel side 
information (CSI) are known to it, could be directly applied 
to the dual situation where only the transmitter knows the 
interference and CSI, if a perfect DPC construction were 
possible. The most useful example is the adoption of DPC at 
the transmitter for the broadcast channel. In this situation, the 
signals targeted at different receivers may interfere with one 
another. With proper DPC, some interference may be made 
disappear for a specific receiver. Thus, DPC has the same 
capacity-achieving effect as superposition coding [15], but 
without the need for complicated decoding. This advantage 
makes DPC the best candidate for the next generation 
wireless downlink packet access, where the base station 
collects all channel information in order to perform optimal 
scheduling and transmission, and the mobile stations are 
ubiquitous and should be light in design. In [2]-[6], it was 
shown that DPC can achieve the capacity of a single-input 
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broadcast channel, and give much higher transmission rates 
than orthogonal transmissions (e.g., time division 
multiplexing, code division multiplexing, frequency division 
multiplexing, space division multiplexing, etc.) for a multi-
input multi-output (MIMO) broadcast channel. Some 
suboptimal transmitter processing for MIMO broadcast 
channels, including zero-forcing (ZF) (or equivalently, space 
division multiplexing) and combined ZF and DPC, were 
discussed in [2]. 
 
The first successful attempt at making DPC practical was 
done by Erez, Shamai and Zamir [7]. In that work, they used 
a modulo operation similar to that of the Tomlinson-
Harashima precoder (THP) [16][17]. Indeed, THP is used to 
cancel the intersymbol interference (ISI), and can be seen as a 
special case of DPC in the single-user frequency selective 
channel. The modulo operation allows cancellation of the 
interference at the transmitter without increasing the 
transmission power. It achieves a similar effect to ZF DF 
equalization (at the receiver) without suffering from error 
propagation. 
 
As was shown in [7], there is a “shaping loss” in capacity 
associated with the conventional THP using a symbol-by-
symbol coding approach. It is therefore desirable to reduce 
the shaping loss by considering a multi-symbol precoder. In 
that scenario, a vector quantization and modulo operation is 
necessary which usually requires a very high coding 
complexity. Also, the resultant signal after vector 
quantization and modulo operation may still not have a 
capacity-achieving spherical distribution. In this paper, we 
consider the design of DPC for wireless broadcast channels. 
In order to approach the channel capacity without suffering 
from the high dimensional coding complexity, Forney’s 
trellis shaping approach [18] will be adopted and combined 
with THP (similar to [19], but with more optimization based 
on the results in [7]). It will be shown that the combined 
trellis DPC and shaping approach is feasible and achieves 
good coding gain, precoding gain, and shaping gain. 
 

II. SYSTEM MODEL 
The system model we consider here is simple, yet general. 
Suppose that an information signal X  is to be transmitted 
over an additive white Gaussian noise (AWGN) channel on 
which, in addition to the AWGN, there is an interference 
signal S  (Figure 1). 

 
Figure 1: AWGN Channel with Interference 

In the wireless broadcast scenario, X  and S  can be seen as 
the signals broadcasted by the same base station, but intended 
for different users. In Figure 1, X  is the desired user’s signal. 
 
In [1], Costa showed that if the interference S  is known to 
the transmitter, the transmitter can adapt its transmitted signal 
to S  and achieve the capacity as if the interference was 
absent. In his proof, Costa hinted the construction of an 
auxiliary signal X Sα−  where 0 1α≤ ≤ . The clean 
channel capacity is achieved if ( )/ NP P Pα = + , where 

P  is the power of the transmitted signal and NP  is the 
power of the AWGN. Conceptually, his approach is similar to 
partial pre-cancellation of the interference.  Unfortunately, 
this imaginary auxiliary signal can not be used to convey the 
information, because doing so would increase the 
transmission power. Inspired by the similarity of this problem 
to the THP used to cancel ISI, Erez et al applied the partial 
cancellation concept, and proposed a THP-like approach as a 
practical means for DPC [7]. In this approach, X Sα−  is 
used to convey the information, but a modulo operation is 
applied to X Sα−  before transmission to reduce the range 
of the transmitted signal to that of X  in order to avoid power 
expansion. The block diagram of Erez’s precoding approach 
is shown in Figure 2, where W  is a dither uniformly 
distributed in the Voronoi region Λ  of X  and known to 
both the transmitter and the receiver. The use of the common 
dither makes the transmitted signal CX  uncorrelated with the 

information signal X , which is a condition hinted in [1], but 
does not affect the capacity. 
 

 
Figure 2: Dirty Paper Precoding and Decoding 

At the receiver, before the modulo operation, the received 
signal CY  is first scaled by α . This is, in fact, according to 
Forney’s interpretation, the minimum mean square error 
(MMSE) estimation of the transmitted signal CX  [20]. The 

equivalent channel between X  and Y  in Figure 2 can be 
derived as follows. 
 [ ]modCX X S Wα= − + Λ  

In other words, some integer multiple of Λ  is added to 
X S Wα− +  to make CX  confined in the same Voronoi 

region as X .  After the decoding procedure, the decoded 
signal Y  is 
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With the dither W , CX  will be uniformly distributed in Λ  

and uncorrelated with X . Equivalently, we have the 
following channel with additive noise: 
 Y X N ′= +  

where the noise ( )1 modN U Nα α′ ≡ − + Λ    with U  

uniformly distributed in Λ . Intuitively, the AWGN is scaled 
down by α , but a new noise ( )1 Uα−  is added to the 

channel. With ( )/ NP P Pα = + , it can be computed that 

the variance of ( )1 U Nα α− +  is NPα . Since the modulo 
operation would only reduce the variance, we have 

( ) NVar N Pα′ ≤ . As proved in [7], when CX  is Gaussian 
distributed, the clean channel capacity is achieved. To this 
end, an optimal DPC should be able to partially cancel the 
interference, and output a Gaussian signal at the same time. 
 
To make the transmitted signal Gaussian, one has to use a 
true spherical Voronoi region which requires computationally 
intensive vector modulo operation which is usually 
implemented with an extremely large look-up table. In this 
paper, we adopt the trellis precoding method [19] with a 
simple but non-spherical Voronoi region to reduce the 
computational complexity of the vector modulo operation. In 
order to make the transmitted signal approach Gaussian, 
trellis shaping [18] is combined with the precoding. 
 

III. NUMERICAL RESULTS 

For a fair demonstration of the performance of the combined 
trellis precoding and shaping approach, all the cases 
compared here have the same spectral efficiency of 1 
bit/dimension/transmission. The systems compared are shown 
in Figure 3. Figure 3(a) and (b) depict two systems with clean 
AWGN channel. The system in Figure 3(a) uses a regular 
trellis coded modulation (TCM) with a rate 1/2 64-state 
recursive systematic convolutional (RSC) code whose 
encoding polynomial in octal form is (1, 054/161). The TCM 
has one coset selection bit and the constellation (8 AM-PM) 
and set-partitioning are shown in Figure 4. For the system 
with TCM and shaping shown in Figure 3(b), the same 64-
state convolutional code is used for TCM, while the 
constellation is expanded to 32 AM-PM (Figure 5), with the 
initial three-bit coset selection sequence generated by the 
coset representative-generator T

sH −  [18] of the shaping code 
which is a rate 2/3 8-state RSC with polynomials (1, 04/11, 
02/11). The initial coset selection sequence is then modified 

by the shaping decoder which minimizes the average 
transmission power. 

 
(a) TCM without shaping for clean AWGN channel. 

 
(b) TCM with shaping for clean AWGN channel. 

 
(c) TCM, without shaping, with THP for AWGN channel 

with interference. 

 
(d) TCM with trellis shaping and precoding for AWGN 

channel with interference. 

Figure 3: System Diagrams 
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Figure 4: 8 AM-PM constellation and set-partitioning for 

TCM. 

 
Figure 5: 32 AM-PM constellation and set-partitioning 

for TCM with trellis shaping. 

Figure 3(c) and (d) show two systems where an interference 
signal in addition to the AWGN is present. The system in 
Figure 3(c) is a conventional TCM (same as the one used in 
Figure 3(a)) with THP (one-dimensional full interference 
cancellation). While the system in Figure 3(d) is the 
combined trellis precoding and shaping approach. In this 
system, the interference is partially cancelled. The 
cancellation factor, namely ( )/ NP P Pα = +  is assumed 
known at the transmitter. The shaping decoder works 
similarly to that in Figure 3(b). However, instead of using 
square-amplitude of the selected coset point as the metric, the 
shaping decoder in Figure 3(d) computes the square-
amplitude of the selected coset point subtracted Sα  and 
modulo Λ . In other words, for each convolutional coded 
symbol, the shaping decoder finds the coset point 
(considering congruent expansion) that is closest to Sα  (in 
the average sense). The selected coset sequence, together 
with the convolutional encoder output, are then used to 

determine the sequence of corresponding constellation points, 
which is then subtracted Sα  and modulo Λ . 
 
The interference signal used in the simulation is also additive 
white Gaussian, with its variance much larger than that of the 
channel AWGN. Note that the common dither is not used in 
our simulation. According to [20], the dither is merely a tactic 
of proof, and may not improve or worsen the performance. 
Moreover, with a large and random interference, the 
transmitted signal CX  is already uncorrelated with the 

information signal X  even without the dither. In the 
simulation, the shaping decoder runs for 1000 bits before 
selecting the minimum average power coset sequence. In 
order to demonstrate the best performance the combined 
precoding and shaping approach can achieve, at the receiver, 
a joint Viterbi decoder is utilized, instead of separated 
convolutional decoder and syndrome decoder. 

 
Figure 6: The effect of shaping. 

 
Figure 7: Transmitted signal of the combined trellis 

precoding and shaping scheme. 

Figure 6 shows, as an example, the effect of trellis shaping. In 
this figure, a small perturbation is added to the transmitted 
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signal to show the frequency of occurrence of each 
constellation point. The blue dots, which are uniformly 
distributed, are the signal generated with the initial coset 
selection sequence. While the red dots, which appear to have 
a more spherical distribution, are the signal after shaping. 
Similar shaping effect for the combined trellis precoding and 
shaping scheme is show in Figure 7. This figure plots the 
constellation of the transmitted signal after partial 
interference cancellation and modulo Λ . No perturbation is 
added as the interference signal already smears the signal 
points. 
 
The performance comparison of the systems depicted in 
Figure 3 is given in Figure 8. From this figure, we can see 
that the conventional THP can overcome the interference to 
some extent and brings the performance to about 1 dB from 
that of the clean channel. This 1 dB difference can be 
attributed to the power loss due to uniform distribution of the 
signal point after modulo, and the modulo loss for signal 
points at the boundary of Λ . On the other hand, when we 
compare the performance between the trellis shaping result 
on a clean channel and the combined precoding and shaping 
result on an interference channel, we find that the interference 
almost does not cause any degradation in performance. This 
clearly demonstrates that the combined precoding and 
shaping approach can indeed make the interference channel 
clean, and does not suffer from shaping and modulo loss. 
 
On a separate note, on a clean channel, the trellis shaping 
result only slightly surpasses that of the TCM scheme at 
higher SNR, and the advantage of trellis shaping is not 
significant. This can be explained by considering the signal 
points after shaping in Figure 6. From Figure 6 it is shown 
quite clearly that after shaping, the signal points concentrate 
in the central region and almost coincide with the 8 AM-PM 
constellation used by TCM (Figure 4). This shows that the 8 
AM-PM constellation used by TCM is already quite good in 
terms of shaping. 

 
Figure 8: Performance comparison. 

IV. CONCLUSION 
In this paper, we considered the design of DPC for wireless 
broadcast channels. In order to approach the channel capacity 
without suffering from the high dimensional coding 
complexity, Forney’s trellis shaping approach was adopted 
and combined with the partial pre-cancellation DPC method 
proposed by Erez et al. Through simulation, it was shown that 
the combined trellis DPC and shaping approach is feasible, 
and can retain the 1 dB shaping and modulo loss of the 
conventional THP approach. The results of this paper can be 
applied to the high speed downlink broadcast scenarios such 
as the High Speed Downlink Packet Access (HSDPA) of 
UMTS and the digital subscriber loop networks. We note that 
a similar approach was proposed in [21] without considering 
the partial pre-cancellation and the MMSE receiver. 
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