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Abstract 

This paper considers the linear-phase quadrature mirror filters (LP-QMFs) with coefficients constrained to the values 
of - 1, 0 and + 1. A new filter structure and a design technique based on a recently developed weighted least-squares 
(WLS) algorithm are presented. First, we design an LP-QMF with continuous coefficients using the WLS algorithm. This 
design process provides two favourable design results that the prototype LP analysis filter has least-squares stopband 
response and the resulting QMF bank shows quasi-equiripple reconstruction error behavior. In conjunction with the 
new proposed filter structure, we then present an efficient method to obtain a design solution with coefficients restricted 
to - 1, 0 and + 1 in the minimax sense. Several design examples demonstrating the effectiveness of the proposed 
technique are provided. 0 1997 Elsevier Science B.V. 

Zusammenfassung 

Dieser Beitrag befagt sich mit linearphasigen Quadratur-Spiegelfiltern (LP-QMF), deren Koeffizienten auf die Werte 
- 1, 0 und + 1 beschdnkt sind. Eine neue Filterstruktur und eine Entwurfstechnik auf der Grundlage eines kiirzlich 

entwickelten Kleinste-Quadrate Algorithmus mit Fehlergewichtung (WLS) werden vorgestellt. Zuerst entwerfen wir ein 
LP-QMF mit kontinuierlichen Koeffizienten und verwenden dazu den WLS-Algorithmus. Dieser EntwurfsprozeD liefert 
zwei giinstige Ergebnisse in sofern, als das Prototyp-LP-Analysefilter ein Sperrbereichsverhalten mit Kleinste-Quadrate- 
Eigenschaft, die resultierende QMF-Bank einen Rekonstruktionsfrequenzgang mit Quasi-Equiripple-Fehlerverhalten 
aufweisen. In Verbindung mit der neu vorgeschlagenen Filterstruktur stellen wir dann eine effiziente Methode vor, 
mit der man eine Minimax-Entwurfslbsung mit auf - 1,O und + 1 beschrankten Koeffizienten erhllt. Etliche Entwurfs- 
beispiele werden vorgelegt, welche die Wirksamkeit der vorgeschlagenen Technik demonstrieren. 0 1997 Elsevier 
Science B.V. 

Rbumi! 

Nous nous inttressons dans cet article aux filtres mirroirs en quadrature a phase lineaire (LP-QMF) de coefficients 
limit& aux valeurs - 1,0 et + 1. Une structure de filtre et une technique nouvelles basees sur un algorithme aux moindres 
car& pond&es (WLS) recemment dkeloppe sont present&es. Tout d’abord, nous concevons un LP-QMF 
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A coefficients continus en utilisant l’algorithme WLS. Ce processus de conception produit deux rtsultats favorables dans 
le sens que le filtre d’analyse LP prototype a une rtponse en bande coup&e aux moindres car& et que le bane QMF 
r6sultant a un comportement d’erreur de reconstruction i ondulation quasi constante. En conjonction avec la structure 
de filtre nouvelle, nous prksentons ensuite une mkthode efficace pour obtenir une solution de conception avec des 
coefficients restreints A - 1, 0 et + 1 au sens minimax. Plusieurs exemples de conception illustrant l’efficience de la 
technique proposts sont pr6sentCs. 0 1997 Elsevier Science B.V. 

Keywords: Quadrature mirror filter banks; Weighted least squares; Discrete optimization 

1. Introduction 

Quadrature mirror filter (QMF) banks find ap- 
plications in many areas, especially in the subband 
coding of speech signals [2,3] and the subband 
coding of images [6,7]. Although QMF banks are 
useful for many applications, hardware implemen- 
tation generally requires large and complicated 
digital circuits if they are realized with continuous 
coefficients. To achieve circuit complexity reduc- 
tion or to speed up filtering operation implementa- 
tion besides concern for the overall performance, it 
is preferable to design a linear-phase QMF (LP- 
QMF) bank with coefficients restricted to the 
values of - 1, 0 and + 1 only. However, there are 
practically no papers concerning the design of LP- 
QMFs with -1, 0 and + 1 coefficients in the 
literature. 

In this paper, we are concerned with the design 
and realization of LP two-band QMF banks with 
- 1, 0, + 1 coefficients. A new filter structure which 

consists of a transversal filter with tap coefficients 
constrained to - 1, 0, + 1 only and cascaded with 
an appropriate recursive network for constructing 
the prototype LP analysis filter is presented. Based 
on the weighted least-squares (WLS) algorithm 

recently developed in [4], a continuous-coefficient 
QMF bank with quasi-equiripple reconstruction 
error and least-squares stopband response for its 
prototype analysis filter is first designed. To obtain 
a design with - 1, 0 and + 1 coefficients which 
minimizes the peak reconstruction error and the 
squared stopband error, we then propose a new 
filter structure for realization. The coefficients - 1, 
0 and + 1 are used in the oversampled domain and 
the design procedure leads to finely quantized coef- 
ficients. It is shown that very satisfactory LP-QMF 
banks with -1, 0 and + 1 coefficients can be 
obtained using the proposed technique. 

2. Formulation of the design problem 

Fig. 1 shows the considered two-band QMF 
bank. From Fig. 1, it is easy to show that the 
input/output relationship in 2 transform is given 

by 

Rz) = 3 CHo(z)Fo(z) + HIWd4lX(4 

+ 3CHd - zFo(4 +HI( - 4FI(4lX( - 4. 
(1) 

----AnalysisSystem----- ----SynthesisSystem---- 

Fig. 1. The two-band QMF bank. 
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Let the synthesis filters F,(z) and F,(z) be equal to 
H,( - z) and - H,( - z), respectively, to eliminate 
the aliasing term. Based on the mirror-image sym- 
metry about frequency w = 7r/2 for the analysis 
filters, i.e., H,(z) = H,( - z), (1) becomes 

T(z) = +W,(z)&(z) - Ho( - z)Ho( - 41-w). (2) 

Next, let the low-pass filter H,(z) be an LP FIR filter 
with even length N, i.e., the inverse Z transform 
ho(n) of H,(z) is given by ho(n) = ho(N - 1 - n) 
for n = 0, 1, . . . , N/2 - 1. Substituting the fre- 
quency response Ho(ejw) = lHoejU)le-jW(N-1)12 = 
Ho(o)eej”‘N-‘)‘2 into (2) yields 

epjw(N- 1) 

2(ejw) = 2 W0(eJ”)12 

- ( - l)N-’ IH,(e j(w+~)12]x(ejo). (3) 

Therefore, the condition of perfect reconstruction 
implies that the QMF bank has an LP delay due to 
the term e-j°CN- ‘) and its magnitude response T(o) 
must be unity, i.e., 

T(w) = lH,(ej”)12 + lHO(ej(W+n))12 

= H;(o) + H$w + 7~) = 1 for all 0. (4) 

This requirement imposes constraints not only on 
the low-pass analysis filter H,(ej”), that it should be 

an ideal low-pass filter, but also on its behavior for 
all w, that it should satisfy the flat reconstruction 
condition given in (4). Let the reconstruction error 
be defined as 

e,(o) = T(o) - 1 = [H;(w) + H$(o + 7c)] - 1. 

(5) 

Hence, the considered problem is to find H,(z) with 
coefficients - 1,O and + 1 such that the energy of 
its stopband response error and e,(w) are minimized 
simultaneously. 

3. The proposed new filter structure 

A new filter structure which consists of a trans- 
versal filter with tap coefficients constrained to - 1, 
0, + 1 only and cascaded with an appropriate re- 
cursive network for constructing the prototype LP 
analysis filter is presented. Fig. 2 shows the block 
diagram for the new filter structure which is 
a modification of the one used for constructing an 
FIR low-pass filter presented in [l]. The input x(n) 
is first multiplied by an appropriately chosen posit- 
ive number A to change the range of x(n). The 
purpose of oversampling the sequence by k is to 
keep the error due to the operation similar to the 

w(m) C 

t 
reset 

z(m) yktm) 
t 

D 

reset 

Fig. 2. (a) The proposed new filter structure. (b) The function block C. 
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delta modulation as shown by the function block 
C at an acceptable level. The impulse response w(n) 
has a finite number of samples with values re- 
stricted to - 1,0 and + 1. C represents a recursive 
network which performs an operation similar to 
the delta modulation with a step size fixed to 
one. The reset terminal receives a signal to clear 
the contents of the delay elements in C when 
m=nk+l. 

Let the resulting impulse response of the pro- 
posed filter structure be h,(n) with length N. w(m) 
will have length Nk which is equal to Nk + 1. By 
setting x(n) to an impulse sequence, the relationship 
between y,(m) and w(m) can be found as follows: 

~~(0) = A w(O), y,(m) = 0 + d w(m) 

form = nk + 1, n = 1,2, . . . ,N, 

and 

y&r) = 3y@ - 1) + Wm), 

form#nk+l, n=1,2 ,..., N. (6) 

It is clear that imposing the reset operation in C is 
equivalent to putting a constraint for yk(m) as 
shown by the second equation in (6). Moreover, (6) 
can be rewritten as follows: 

yk(O) = ~w(o)y yk(m) = d 
i=k(“‘)+l w(i)3m-i 

5 

* 

form = 1,2,... ,Nk -1, (7) 

where (x) denotes the largest integer not greater 
than x. Moreover, the sum in (7) with these limits is 
due to the fact that in system C only the samples 
after the last reset have to be considered. Accord- 
ingly, the relationship between 
to the impulse response h,(n) 

by 

y(n) which is equal 
and y,‘(m) is given 

hd(O) = Y(o) = yk(O) = dw(o), 

h,(n) = y(n) = yk(nk) = A 5 w(m)3”k-m 
m=(n-l)k+l 

for n = 1,2, . . . ,N - 1. (8) 

Since w(m) has values restricted to - 1, 0 and + 1 
only for m = 0, 1, . . . ,Nk-1 and w(m)=0 for 

m < 0, thus we can rewrite (8) as follows: 

/r&r) = y(n) = yk(nk) = A Lf w(m)3”k-m 
m=(n-l)k+l 

forn=0,1,2 ,..., N-l. (9) 

From (9), we note that the value of h,,(n) satisfies the 
following inequalities: 

3k - 1 6 h&r) < 3k - 1 

2 -‘2’ A (10) 

For any integer P within the range of 
[ - f(3k - l), *(3k - l)], it is easy to show that 
there exists a unique set of w((n - 1)k + l), 
w((n - 1)k + 2), . . . , w(nk) such that the integer 
P can be expressed as 

P= ? w(m)3”k- m. (11) 
m=(n-l)k+l 

4. The proposed WLS design method 

4.1. Design of quasi-equiripple QMFs with 
continuous coefJicients 

From the design problem described in Section 2, 
the core work for designing an LP QMF bank is to 
design H,(ej”) with even length N such that those 
required conditions are satisfied. Let E be the over- 
all error function given by 

E = E, + aE,. (12) 

where E, and E, denote the weighted energy of the 
reconstruction error with a weighting function 
W(o) and the stopband energy related to Ho(ejw) 
with a stopband edge = w,. They are given by 

E, = 
s 

’ W(o) CM41 ‘do 
w=o 

and (13) 

E, = 
s 

x IHo(ejW)12 dw, 
w = 0, 

respectively. It has been shown in [4] that minimiz- 
ing (12) with an appropriately chosen W(w) will 
provide the minimax reconstruction error design. 
However, solving the resulting minimization prob- 
lem is not an easy task since (12) is a function of the 
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fourth degree in the filter coefficients ho(n). To al- 
leviate this difficulty, we resort to an iterative 
method to find the filter coefficients for minimizing 
the related error measure. Let h:(n) be the coeffi- 
cients of H,-,(ej”) computed at the qth iteration. 
According to the properties of the QMF filters, we 
have the coefficients hi(n) of H,(ej”) at the qth 
iteration given by 

h;(n) = ( - 1)%4,(n) (14) 

and the coefficients fi(n) = - ( - l)“fo(n), where 
f&r) are the coefficients of F,(ejO). When fo(n) are 
very close to hi(n) or F,(ej”) is very close to HQ,(ej”), 
the aliasing term can be neglected. The magnitude 
of the QMF bank shown in (4) can then be approxi- 
mately written as 

T’(ej”) = H$(ejw)F,(ej”) + Ht(ej(w+“) F,(ej(” +n)). 

(15) 

At the next iteration (i.e., the (q + 1)th iteration), 
we want to find the coefficientsf&) of FO(ejw) such 
that the following error function is minimized: 

!’ 

n 
E’= W(o)[T’(ej”) - l]‘do 

w=o 

s 
’ +cC )F,(ej”) 1’ do. (16) 
m = C”, 

Let F,(ej”) = CfLz; ‘2fo(n)cos (n - (N - 1)/2)0 
and fi = {ol, wl, . . . ,I& = o,, . . . ,ol} be a dense 
grid of frequency linearly distributed in the range 
[0, rc]. Next, we construct the following matrices: 

Q = (foK% fo(l) , *. . ,.fwP - lNT, 

m-4 = diagW4,h), ... ,fmlk), ... ,(KgQ4)), 

/cos(+) ‘:’ cos(o.5~l)\ 

(17) 

US = 2 , 

\ I 

where Q is the coefficient vector with size N/2 x 1. 
The superscript T denotes the transpose operation. 
Let 

u = H@2)U*(s2) + H(R + 7r)U@ + n), (18) 

whereSZ+rrdenotesthesetof{w1+rc,oz+7c,..., 
wk + n, . . . , wI + n]. Then (16) becomes 

E; = WQ - 4’@VJQ - 4 + WsQ)TVLQ), (19) 

where I is an Ix 1 vector with elements = 1 and 
R = diag (W(o,), W(w,), . . . ) w(w,), . . . ) W(fD,)}. 
Clearly, minimizing (19) yields an analytical solu- 
tion for (19), which is an approximation of the 
optimal solution for (16) and is given by 

Q = (lJTi%?J + t~U;UJ-~U~iirl= R, ‘UTih, (20) 

where matrix R. = U’@U + cdJ~U,. Using the co- 
efficientsfi’ r(n) of F,(ej”) obtained from (20), we 
update the coefficients of H,(ej”) as follows: 

h:+‘(n) = (1 - r)h@) + $+‘(n) 

for n = 0, 1, . . . , N/2 - 1. (21) 

The best value of the smoothing parameter 
r (0 < z < 1) is chosen experimentally. 

When the iteration algorithm approaches the 
optimal solution, the difference between ht+ ‘(n) 
and h4,(n) will be very small. Hence, the coefficients 
of F,(ej”) will be very close to the coefficients of 
Ho(ej”). Therefore, we use the following stopping 
criterion. If 

I&--&+ll <E 

E ’ q+1 
(22) 

then the design process is terminated, where E, de- 
notes the value of E defined in (12) at the qth 
iteration and E is a preset number. Moreover, using 
the proposed error measure given in (12) and the 
weight updating formula given in [4], the design 
technique is expected to obtain a QMF bank whose 
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reconstruction error is approximately equiripple. 
Therefore, we first evaluate whether the resulting 
reconstruction error of the designed QMF bank is 
‘equiripple’ enough. Let Max(V) and Min(V) de- 
note the maximum and minimum values of the 
reconstruction error over all the extreme frequen- 
cies, respectively. Then the design process is 
stopped if 

[Max(V) - Min(V)] < Ic 

Max(V) ’ (23) 

is satisfied, where K is a preset positive constant. 
The design method is summarized as follows. 
Step 1. Specify the required design parameters, 
such as the filter length N, the stopband edge fre- 
quency ws, the relative weight CI, and the values of 
E and ic. 
Step 2. Select an appropriate initial guess Hg(ej”) 
for H,(w) and set the iteration number q = 0. Set 
the initial value of the weighting matrix @’ to an 
identity matrix. 
Step 3. Compute the coefficients Jo(n) of F,(o) at 
the qth iteration using the formula of (20). 
Step 4. Compute the coefficients h,,(n) of H,(w) at 
the (q + 1)th iteration using the formula of (21). 
Step 5. If the value of error function E, satisfies 
a preset stopping criterion given in (22), then we go 
to Step 6. Otherwise, we set q = q + 1 and go to 
Step 3. 
Step 6. If the stopping criterion specified in (23) is 
satisfied, then we terminate the design process. 
Otherwise, we adjust the frequency response 
weighting function W(o) using the algorithm pre- 
sented in [4] and update the corresponding weight- 
ing matrix @. Then, we go to Step 3. 

4.2. Discrete optimization procedure 

This procedure is a modification of that present- 
ed in [l] and briefly described as follows. 

4.2.1. Constrained optimization 
To find the optimal values for the remaining 

continuous filter coefficients subject to some filter 
coefficients taking on discrete values. We utilize the 
efficient LMS algorithm presented in [S] to reop- 
timize the remaining continuous coefficients when 

a chosen coefficient is fixed at a discrete value. 
Suppose that h(‘) represents the continuous coeffi- 
cients vector excluding the ith coefficient h,,(i) 

which is fixed at a discrete value. That is, 

h’” = {h,(O), h,(l), . . . ) h& - l), h& + l), . . . ) 

MN/2 - l)>’ 

= (h”‘(O), h”)(l), . . . , h’fi(j, . . . , h@(N/2 - 2)}=. (24) 

Let hy’ be the vector of (24) which minimizes the 
objective function of (19) when h,(i) is fixed at 
a discrete value. Let the difference between the 
optimal continuous value be h,,(i) and the discrete 
value hd(i) of the filter coefficient h,(i) is given by 
Ah(i) = hd(i) - h,,(i). Based on the LMS algorithm 
of [S], we can obtain hy) = h$) + (Q(‘))Ah(i) = 
(by’(O), /#j(l), . . , by’(j), . . . , @‘(N/2 - 2)}=, where 
hg’ denotes the coefficient vector h,, = {h,,(O), 

ho,(l), . . . , h,,(N/2 - l)}’ which is obtained from 
Section 4.1 with h,,(i) omitted. Qci) is an 
(N/2 - 1) x 1 column vector given by Qti) = R; ‘B, 
where RI and B are obtained from the submatrices 
of R. of (20). Let R. be partitioned as follows: 

Al Bl A2 

R. = CT D C; , 

[ 1 A3 Bz A4 

where [CT D CT] is the ith row of Ro, [BT D B:] is 
the ith column of Ro. Then 

R,=[:: 211 and B=[BB:]. 

Next, we select by’(j) from h’,” and fix it at a 
discrete value hf’l’j). Let h(‘*j) 2 be the coefficient 
vector which minimizes (19) when h(i) and h(‘)(j) are 
fixed at discrete values. Let the difference between 
the optimal continuous value h’&(j) and the dis- 
crete value h$‘(j) of the coefficient h”‘(j) be 
Ah@)(j) = h!‘(j) - h’;:;(j). Similarly, we can obtain 
hf.” = hygj) + Qii,j)A@(j), where h’;‘.” represents 

the vector h’,” with the coefficient h’,)(j) omitted. We 
obtain Q(‘,j) by following the same procedure as 
above with RI instead of Ro. We continue this 
process until all of the filter coefficients are chosen 
and fixed at discrete values. The required least- 
squares weighting function W(o) for finding the 
WLS design solution is adjusted based on the 
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obtained discrete filter coefficients using the sys- 
tematic adjusting approach of [4]. 

4.2.2. Tree search algorithm 

The algorithm used for performing the tree 
search is basically the same as that presented in [S]. 
But some modifications are made to enhance the 
capability of the proposed design method. After 
obtaining the optimal continuous coefficient design 
from (21), we choose a coefficient h,,(i) and fix it at 
L discrete values in the vicinity of h,,(i). An optim- 
ization problem must be solved for each of the 
discrete values of h,(i) to find the corresponding hy’. 
Based on the hy’, L further optimization problems 
are produced when a second coefficient h”‘(j) is 
chosen and fixed at L discrete values. Therefore, L2 

optimization problems must be solved when h,(i) 

and h(‘)(j) take on discrete values. To keep the 
required computation manageble, we select only 
L of the Lz optimization problems for further dis- 
cretizing the remaining coefficients. The criterion 
for selecting the L optimization problems is to 
choose the L problems which provide the smallest 
value of the weighted peak reconstruction error. 
Next, each of the L selected problems produces 
other L optimization problems when a third coef- 
ficient is chosen to take on L discrete values. The 
search process continues until all of the filter coeffi- 
cients are discretized. 

4.2.3. Filter coefiicients selection 

We present a criterion for dealing with the dis- 
crete coefficient constraint of (10). In general, the 
grid density decreases as the value of discrete coeffi- 
cients increases. Thus, the effect of discretizing the 
small coefficient values is more easily compensated 
by the reoptimized values of the remaining coeffi- 
cients. Hence, we discretize the coefficient with the 
largest relative sensitivity first at each tree stage. 
The relative sensitivity of a continuous coefficient 
h(i) is defined as follows: 

Relative Sensitivity of h(i) = Max I Q”‘(j)l, (25) 

where Q(‘)(j) is the jth element of the vector @‘. The 
proposed method is summarized as follows. 
Step I. Use the design method of Section 4.1 to 
find the optimal continuous coefficients ho(n) for 
the LP low-pass prototype filter H,(z). 

Step 2. Choose 4 powers-of-two values in the vicin- 
ity of the maximum of &,(n)l/[$(3k -- l)] as the 
values for the step size A. 

Step 3. For a given A, perform the discrete opti- 
mization procedure described in Section 4.2 to find 
the corresponding discrete coefficients h,(n) 

n=O 12 , , 3”‘) N/2 - 1. 
Step 4. Compute the reconstruction error e,(oJ, 
i = 1,2, . ..) K, corresponding to h,(n) and adjust 
U using (18) and @using the WLS algorithm of [4] 
based on e,(oJ. Then, recompute the new optimal 
continuous coefficients ho(n) based on the new ma- 
trices U and @. 
Step 5. Repeat Step 3 and 4 until the peak value of 
e,(oJ cannot be further reduced. 
Step 6. Select the A which makes the peak recon- 
struction error smallest among the 4 powers-of-two 
values for A. Find the corresponding w(m) by utiliz- 
ing the relationship given by (9). 

5. Computer simulations 

For the following simulation examples, the num- 
ber L for discretizing a chosen coefficient at each 
level of the tree search is set to 3. 

Example 1. The design specifications are as fol- 
lows. H,(z) has length N = 32. The passband and 
stopband edge frequencies are u+, = 0.471 and 
o, = 0.67c, respectively. We set CI = 1.0, k = 9 and 
z = 0.5. The resulting step size A and the discrete 
coefficients obtained are listed below: A = 2- 14, 

hd(0) = h,(31) = 214, h,(l) = h&30) = - 414, 

h,(2) = h,(29) = - 294, h,(3) = h,(28) = 984, 

h,(4) = h&27) = 214, h,(5) = h&26) =: - 1934, 

h,(6) = h,(25) = 134, h,(7) = h,(24) = 3344, 

h,(8) = h,(23) = - 98A, h,(9) = h&22) = - 5444, 

h,(lO) = h,(21) = 2784, h,(ll) = h,(20) = 8854, 

h&12) = h,(19) = - 6884, 

h,(13) = h,(lS) = - 16334, 

h,(14) = h,(17) = 21434, h,(15) = h&16) = 76194. 

Fig. 3 shows the frequency responses including 
H,(o) and T(w) for the designed two-band QMF 
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Normalized Frequency 
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Fig. 3. The resulting frequency response of Example 1. (a) Magnitude response of the prototype filter. (b) Magnitude response of the 
two-band QMF bank (solid line: proposed design method, dash line: optimal continuous design). 
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Table 1 
Significant simulation results of Example 1 for comparison 

SEA 

(dB) 

PRE 

(d@ 

The design with 
- 1, 0, + 1 filter 

coefficients 

35.6815 

0.0134 

The design with 
optimal continuous 
coefficients 

36.3362 

0.0124 

banks with - 1,0 and + 1 coefficients and with the 
optimal continuous coefficients, respectively. We 
note that the designed QMF bank with continuous 
coefficients shows its quasi-equiripple character- 
istics. Table 1 lists several significant design results 
including the stopband edge attenuation (SEA) of 
the designed Ho(ejo), the peak reconstruction error 
(PRE) of the designed two-band QMF bank. The 
SEA and PRE in dB are calculated by 

SEA = - 2010g,,~H0(w,)~ and 

PRE = Maximum of 1201og,,T(o)l 

for 0 < w < 7~. 

From the simulation results, we observe that the 
proposed technique produces a two-band QMF 
bank with - 1, 0 and + 1 coefficients and perfor- 
mance satisfactorily close to the two-band continu- 
ous-coefficient QMF bank. 

Example 2. The specifications used are as follows. 
The filter length N is equal to 80. The passband and 
stopband edge frequencies are wp = 0.45x and 
o, = 0.5%, respectively. We set tl = 2.0, k = 11 and 
r = 0.5. The resulting step size A and discrete coeffi- 
cients are listed below: A = 2- ’ 7, 

h&O) = h,(79) = 204, h,(l) = h,(78) = - 444, 

h,(2) = h&77) = - 454, h,(3) = h&76) = 614, 

h,(4) = h&75) = 51A, hd(5) = h,(74) = - 1074, 

h,(6) = h,(73) = - 634, h,(7) = h,(72) = 1654, 

h,(8) = h&71) = 714, h,(9) = h,(70) = - 2424, 

h,(lO) = h,(69) = - 744, h,(ll) = h&68) = 3394, 

h,(12) = h,(67) = 664, h&13) = h,(66) = - 4624, 

h,(14) = h,(65) = - 464, hd15) = h&4) = 6114, 

h,(16) = h,(63) = 5A, h,(17) = hd62) = -7924, 

h,(18) = h,(61) = 604, h,(19) = h,(60) = 10094, 

hd(20) = h,(59) = - 159A, 

h&21) = h,(58) = - 12684, 

h,(22) = h,(57) = 3034, 

h&23) = h,(56) = 15784, 

h,(24) = h&55) = - 5044, 

h&25) = h,(54) = - 19524, 

h,(26) = hd(53) = 7864, 

h,(27) = h,(52) = 24154, 

h,(28) = h,(51) = - 11834, 

h,(29) = h,(50) = - 30084, 

h,(30) = h,(49) = 17584, 

h,(31) = h,(48) = 38174, 

hd(32) = h&47) = - 26394, 

hd(33) = h,(46) = = - 50334, 

h,(34) = hd(45) = 4141 A, 

h,(35) = h,(44) = 71954, 

h,(36) = h,(43) = - 72964, 

h,(37) = h,(42) = - 125804, 

hd(38) = h&41) = 186394, 

h,(39) = h&40) = 599134. 

Fig. 4 shows the frequency responses including 
H,(w) and T(o) for the designed two-band QMF 
banks with - 1, 0 and + 1 coefficients and with 
the optimal continuous coefficients, respectively. 
We note that the designed QMF bank with con- 
tinuous coefficients shows its almost equiripple 
characteristics. Table 2 lists the SEA of the de- 
signed Ho(ejw), the PRE of the designed two-band 
QMF bank. Again, we observe from the simulation 
results that the proposed technique produces a 
two-band QMF bank with - 1, 0, + 1 coefficients 



100 J.-H. Lee, T.-C. Jung / Signal Processing 56 (1997) 91-101 

-80 
0.35 0.4 0.45 0.2 0.25 0.3 

Nom@ized Frequency 

0.05 

0.04 

0.03 

0.02 

0.01 

0 

-0.01 

-0.02 

-0.03 

-0.04 

-0.05 
0 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 

Normalized Frequency 

Fig. 4. The resulting frequency responses of Example 2. (a) Magnitude response of the prototype filter. (b) Magnitude response of the 
two-band QMF bank (solid line: proposed design method, dash line: optimal continuous design). 
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Table 2 
Significant simulation results of Example 2 for comparison 

SEA 

(dB) 

PRE 

(dB) 

The design with 
-l,O, +l filter 

coefficients 

46.9273 

0.00765 

The design with 
optimal continuous 
coefficients 

47.1025 

0.00729 

and performance very close to the two-band con- 
tinuous-coefficient QMF bank. 
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