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A Unified View for Vector Rotational CORDIC
Algorithms and Architectures Based on Angle
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An-Yeu Wu and Cheng-Shing Wu

Abstract—Vector rotation is the key operation employed exten-
sively in many digital signal processing applications. In this paper,
we introduce a new design concept calledAngle Quantization (AQ).
It can be used as a design index for vector rotational operation,
where the rotational angle is known in advance. Based on the AQ
process, we establish a unified design framework for cost-effective
low-latency rotational algorithms and architectures. Several
existing works, such as conventionalCOordinate Rotational
DIgital Computer(CORDIC), AR-CORDIC, MVR-CORDIC, and
EEAS-based CORDIC, can be fitted into the design framework,
forming a Vector Rotational CORDIC Family. Moreover, we ad-
dress four searching algorithms to solve the optimization problem
encountered in the proposed vector rotational CORDIC family.
The corresponding scaling operations of the CORDIC family are
also discussed. Based on the new design framework, we can realize
high-speed/low-complexity rotational VLSI circuits, whereas
without degrading the precision performance in fixed-point
implementations.

Index Terms—Angle Quantization (AQ), Angle Recoding (AR),
greedy searching algorithm, trellis-based searching (TBS) algo-
rithm, vector rotational COordinate Rotational DIgital Computer
(CORDIC) algorithm.

I. INTRODUCTION

V ECTOR rotation plays an important role in many digital
signal processing (DSP) applications. It is extensively em-

ployed as the processing kernel in discrete orthogonal trans-
formations (DCT, DST, and DFT) [1]–[4], lattice-based (rota-
tion-based) digital filtering [5], [6], sinewave/cosine generation
[7], [8], and digital modulation/demodulation in communica-
tion systems [9], [10]. Let and de-
note the input and output vectors, respectively. Vector rotation
of by a rotational angle can be formulated as

(1)

where therotational matrix is defined as

(2)
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Fig. 1. Direct implementation of rotational circuit.

Fig. 2. Concept ofAngle Quantization, where� = (� +� +� � �+� )+
� .

Fig. 1 shows the direct implementation of (2). As one can
see, the direct implementation calls for four multipliers and two
adders, and the critical path is the total delay of one multi-
plier and one adder. The direct implementation is very area-con-
suming and low-speed when rotational operations are heavily
utilized in VLSI circuits.

In practical implementations, to increase the operational
speed of rotation, one effective way is to employ high-speed
arithmetic operators, such asCarry-lookahead Adderand
Recoded Multipliers[11], i.e., to reduce the delay of critical
path. In general, the speed benefit is gained at the expense of
advanced arithmetic operators. We call themArithmetic-based
approaches.

On the other hand, we can achieve high-speed/low-com-
plexity rotational circuits bysacrificing rotation precisionin
fixed-point implementations. For example, the hardware com-
plexity can be significantly reduced as the assigned wordlength
is shortened, hence the critical path. Also,Signed Power-of-Two
(SPT) [12], [13] coding of coefficient parameters ( and

) is an alternative way to reduce the complexity of the
direct implementation. Both approaches introduce quantization
error due to theapproximation processof rotational matrix ,
which causes degradation of the signal quality in practical im-
plementations. The amount of quantization error depends on the
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Fig. 3. Realization of fast vector rotation operation based on the AQ process.

assigned wordlength and number of nonzero digits employed.
We call such schemesApproximation-based approaches.

Following the concept of approximation-based approaches,
in this paper, we propose a novel framework to design high-
speed/low-cost vector rotational VLSI circuits. Instead of per-
forming quantization on the coefficient parameters ( and

), the proposed design framework originates from the con-
cept ofAngle Quantization (AQ). The AQ derives the name from
the fact that we perform the quantization process on the rota-
tional angle, , directly. That is, wedecomposethe original ro-
tational angle into severalsub-angles, s. Then, we try to sum
up those sub-angles to approximate the original angle as close
as possible; or equivalently, we try to minimize theangle quan-
tization error

(3)

where denotes the number of sub-angles. The AQ process
is demonstrated in Fig. 2. Based on the AQ process, The vector
rotation operation can be realized as shown in Fig. 3. Each ro-
tation module is dedicated to performing a particular rotation
of sub-angle . Then, the rotation of can be accomplished by
cascading these rotation modules.

In the AQ process, there are two key design issues:

1) Firstly, we need todetermine (or construct)the sub-an-
gles, and each needs to be easy-to-implement in prac-
tical VLSI circuits.

2) Secondly, we have to find out how toselect and combine
these sub-angles such that the angle quantization error
can be suppressed.

In fact, the well-knownCOordinate Rotational DIgital Com-
puter (CORDIC)algorithm [14]–[16] can be considered as an
approach to perform the AQ process. Recall that in the CORDIC
algorithm, the rotation of angle is performed bysequentially
rotating elementary angle of , for

, where denotes the wordlength. The advantageous
feature of the elementary angle is that rotation of requires
only two shift-and-add operators. The easy-to-implement fea-
ture of conforms to the requirements of aforementioned AQ
process. In addition, the sequential rotating operation ofs is
the way to select and combine those sub-angles in conventional
CORDIC.

Next, we can link the AQ process with several existing vector
rotation schemes, such as Angle Recoding (AR) technique
[17], Modified Vector Rotational CORDIC (MVR-CORDIC)
algorithm [18] and Extended Elementary Angle Set (EEAS)
scheme [19]. We explore their relationship with the proposed

AQ process. Then we will derive a unified framework for all
these vector rotational operations. That is, all previous schemes
can be considered as subsets of the proposed framework. The
unified operations and AQ process of these algorithm suggest
a family of rotation algorithms. We call itVector Rotational
CORDIC Family.

The rest of the paper is organized as follows. In Section II, we
discusses the basic concept of angle quantization. Then we ex-
plore the relationship between AQ process and the conventional
CORDIC algorithm. In Section III, we address several existing
vector rotation schemes as well as their relationship with the
proposed AQ process. Then we derive the proposed vector ro-
tational framework. In Section IV, we discuss four searching al-
gorithms to solve the optimization problem encountered in AQ
process. The searching algorithms help to select and combine
the aforementioned sub-angles so as to achieve the desired pre-
cision performance. In Section V, we focus on the scaling op-
eration of the vector rotational CORDIC family. In Sections VI
and VII, the performance comparisons and VLSI architectures
of the Vector Rotational CORDIC Family are addressed, respec-
tively. Finally, we conclude our work in Section VIII.

II. A NGLE QUANTIZATION AND CONVENTIONAL CORDIC
ALGORITHM

A. Angle Quantization Process and CSD

Angle Quantization (AQ) is conceptually similar to
the Canonical Signed Digit (CSD)Quantization scheme
[11]–[13]. In many digital filter designs, to save hardware
complexity, the coefficient isrecodedin the form of sum of
Signed-Power-of-Two (SPT) terms. For example, coefficient
of can be recoded as
for wordlength with three nonzero digits, where
represents 1. With such manipulations, multiplication can
be easily realized with only threeshift-and-addoperators,
as shown in Fig. 4. Hence, the hardware complexity and the
critical path can be significantly reduced.

Conceptually, the CSD approach is performed through the
following two steps.

1) Firstly, CSD quantizationdecomposesthe coefficient into
several SPT terms, i.e., sub-coefficients. The operation of
each sub-coefficient can be easily realized.

2) Secondly, the multiplication of can be reformed
through the combination of these SPT sub-coefficients.

By following the concept of CSD, we quantize the rotation
angle as demonstrated in Fig. 2. We first decompose the rota-
tion angle into severalsub-angles, s. Next, similar to afore-
mentioned CSD scheme, the design criteria of all sub-angles,
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Fig. 4. Illustration of CSD quantization of filter coefficients.

TABLE I
SUMMARY OF CORRESPONDENCESBETWEENCSDAND ANGLE QUANTIZATION ,
WHEREg 2 f�1; 0; 1g, d 2 f0; 1; . . . ; W � 1g,N AND N DENOTE

THE NUMBERS OFNON-ZERODIGITS AND SUB-ANGLES, RESPECTIVELY

s, is that the rotational operation of eachshould be easily
realized (just like the SPT terms in filter design). Suppose that
each can also be realized using only shift-and-add operations.
Then, with the help of easy-to-implement sub-angles, the ro-
tation of can be performed through successive applications
of sub-angle rotations in a cost-effective way. In Table I, we
summarize the correspondences between the CSD quantization
scheme and the proposed AQ process.

B. Operations of Conventional CORDIC Algorithm

In conventional CORDIC algorithm, theelementary angles,
, is defined as [14]–[16]

(4)

By substituting into (2), the th micro-
rotation of CORDIC can be represented as

(5)

where denotes the ideal rotated vector. The
operation is demonstrated in Fig. 5. As we can see from (5), the
rotation of requires only two shift-and-add operators, which
can be easy to realized in VLSI circuits. The easy-to-implement
feature of conforms to the requirement of sub-angles in AQ
process.

Fig. 5. Illustration of the ith micro-rotation in conventional CORDIC
algorithm.

TABLE II
SUMMARY OF CORDIC ALGORITHM IN CIRCULAR ROTATIONAL MODE

Based on the elementary angles, the conventional CORDIC
algorithm can be rewritten as [14]–[16]

(6)

where denotes the number of elementary angles,
is therotation sequencewhich determines theth ro-

tational angle . In general, for data of -bit wordlength,
the iteration number is less than , i.e., . Basically,
the CORDIC tries to decompose the rotation angle,, into the
combination of , for . Theangle quan-
tization errorof the CORDIC algorithm

(7)

represents theresidue anglebeyond the resolution of CORDIC
algorithm. In Table II, we summarize the basic iteration proce-
dure of the CORDIC algorithm in thecircular mode.

C. Link AQ Process With Conventional CORDIC Algorithm

Next, we would like to defineElementary Angle Set (EAS)
for the derivation of the proposed vector rotational framework.
Basically, EAS consists of all elementary angles used in the ro-
tation algorithms. In the conventional CORDIC algorithm, the
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TABLE III
SUMMARY OF THE ELEMENTARY ANGLESEMPLOYED IN CORDIC ALGORITHM

(ASSUMEWORDLENGTHW = 8)

EAS comprises of all , for , and can be de-
fined as

(8)

In Table III, we illustrate the EAS of the CORDIC with .
With the help of EAS, we can say that the CORDIC algo-

rithm essentially performs the angle quantization. This can be
observed from (6). Given a target rotation angle, CORDIC
algorithm determines the first rotation sequence for the
most significant elementary angle (the topmost elemen-
tary angle in Table III), followed by the determination of
for . The process is repeated until the last elementary angle
is applied. That is, the CORDIC algorithm tries to perform the
rotation throughsequentiallyapplying micro-rotations ofall el-
ementary angles.

Referring to Table I, now we can relate AQ to CORDIC al-
gorithm as follows:

1) The sub-angle in AQ now becomes

(9)

in CORDIC algorithm.
2) The number of sub-angles of in AQ is set to be in

CORDIC algorithm.
3) CORDIC algorithmsequentiallyapply all , for

, to approximate the target angle.

III. D ESIGN FRAMEWORK FOR VECTOR ROTATIONAL

OPERATIONS

In previous section, we have shown that the CORDIC algo-
rithm tries to perform AQ based on limiteds and fixed
sequence. However, in the applications where the rotation an-
gles are known in advance, it would be advantageous to relax
the sequential constraint on the sub-angles (or micro-rotations),
or to extend the EAS range. Based on the idea, a new design
framework can be developed, and several previous designs of
[17]–[19] can be fitted into this design framework.

A. AR Technique [17]

In conventional CORDIC algorithm, the micro-rotations of
all elementary angles are performed in a sequential way. On the

contrary, in theAngle Recoding (AR)technique proposed by Hu
and Naganathan [17], certain micro-rotations can beskippedde-
pending on the target rotational angle. Specifically, the modi-
fication is done by extending the set of from to

. By substituting into the recurrence equa-
tion in Table II, we obtain

(10)

Equation (10) represents anull operation, which can be ignored
in practical implementation. Hence, by setting , one
can skip the micro-rotation of the elementary angle

. This can help to reduce the iteration number, im-
plying the speedup of CORDIC algorithm.

With the modification of (10), now the angle quantization
error of the AR technique, , can be represented as

(11)

Basically, (11) is identical to (7), except for the extended
.

In practice, for certain target rotational angle, the AR tech-
nique can not only reduce the iteration number, but also sup-
press the angle quantization error. Take one extreme case for
example. Consider the target angle of . The conven-
tional CORDIC approach has to go through all micro-ro-
tations with , where denotes the
set . The angle quantization error
of for . However, with the
AR technique, we can rotate by performing only one
micro-rotation of elementary angle , while
skipping all remaining micro-rotations. The resultant rotation
sequence is , and it takes only one itera-
tion with .

In addition to minimizing , it would be desirable to
minimize theeffectiveiteration number .
Hence, the iteration stages in implementation can be reduced.
In summary, the AR optimization problem can be stated as:

Given a rotation angle, find rotation sequence
for , such that the angle quantiza-

tion error , and the effective iteration
number is minimized.
In [17], theGreedy algorithmis proposed to solve the opti-

mization problem. We will discuss the issue in Section IV.
1) AQ Process in the AR Technique:
Elementary Angle Set (EAS): To make AR technique fit

into our design framework, we reformulate (11) of AR tech-
nique by removing the null operations of and applying
the equality of . After changing the
variables and index, we can rewrite (11) in a compact form as

(12)
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TABLE IV
SUMMARY OF THE EASS EMPLOYED IN THE AR TECHNIQUE (ASSUMEWORDLENGTHW = 8)

where
effectiveiteration number.

, iteration index.
rotational sequence that determines the
micro-rotation angle in theth itera-
tion.
directional sequence that controls the
direction of the th micro-rotation of

.
th micro-rotation angle, defined as

.
As we can see from (12), the AR technique essentially tries to
approximate with the combination of selected angle elements
from a pre-defined elementary angle set (EAS). The EAS con-
sists of allpossiblevalues of s, and the EAS used in AR
technique can be represented as

(13)

The use of the subscript 1 will become apparent later in this
section.

Here, we use an example to demonstrate the EAS. Each
angle element (entry) in the set is denoted as. These an-
gles are listed in Table IV in an ascending order based on their
values. Note that EAS covers not only all CORDIC angles in
Table III, thenegativeelementary angle, , is also treated
as anindividualangle of the EAS table. In other words, we can
say that EAS used in conventional CORDIC algorithm is only
a subset of EAS .

With the EAS in hand, now we can easily link AR tech-
nique to the AQ process. By comparing (12) with the AQ ap-
proximation equation of (3), we find that AR technique indeed
performs the angle quantization of target angle: The sub-angle

now corresponds to and is
set to be .

Optimization Problem: We can also reconsider the opti-
mization problem of AR technique from EAS point of view.
It can be restated as:

Given , find the combination of elementary angles from
EAS , such that the angle quantization error

and is minimized.

In summary, the AR technique intends to perform the angle
quantization in amore flexible waythan conventional CORDIC
algorithm by relaxing the constraint of micro-rotation proce-
dure. Hence, a faster and more precise rotation operation can
be obtained.

B. MVR-CORDIC Algorithm [18]

Based on the AR technique, in theModified Vector Rotational
CORDIC (MVR-CORDIC) algorithm[18], two more modifica-
tions are proposed. These modifications also try to break the
sequential rotation procedure of the conventional CORDIC al-
gorithm so as to facilitate the operation of angle quantization.
They are stated as follows.

1) Repeat of Elementary Angles:
Referring to (11), in the AR technique, each micro-rotation

angle of is allowed to be usedonly once.
However, in the MVR-CORDIC algorithm, each micro-rotation
of elementary angle can be performed repeatedly. The relaxed
operation can result in more possible combinations of elemen-
tary angles, hence, smaller can be expected. For example,
we can rotation by performing micro-rotation of

once and twice, i.e., , which,
on the contrary, cannot be represented by (11) of AR technique.

2) Confines of Total Micro-Rotation Number:
From (12), we can see that the effective iteration number

in the AR technique is not fixed. It will be varied with the target
rotational angle . For certain cases, is large and very close
to the upper bound of [17]. In synchronous circuit design,
the overall speed performance of the CORDIC-based arithmetic
operation will be limited by those special angles with large.
Besides, the nonuniform feature of the iteration number is not
suitable for modular design in VLSI implementation.

In the MVR-CORDIC algorithm, we confine the iteration
number in the micro-rotation phase to ( ). The role
of is quite similar to the number of nonzero digits, , used
in CSD recoding scheme; it will dominate the precision perfor-
mance and the complexity (see Table I).

1) Constellation of Reachable Angles:To see the effective-
ness of the above modifications, we show the constellation of
reachable angles of MVR-CORDIC algorithm in Fig. 6(b). The
wordlength, , is assigned to be 4, and the restricted itera-
tion number, , is 3. The reachable angles of conventional
CORDIC for iteration number are also
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Fig. 6. Constellation of reachable angles of (a) conventional CORDIC with
N = R = 3, (b) MVR-CORDIC algorithm withW = 4 andR = 3.

shown in Fig. 6(a) for comparison purpose. In fact, givenand
, the numbers of angles that can be represented by conven-

tional CORDIC and MVR-CORDIC algorithm are in the order
of and , respectively. Note that the compar-
ison is made under the condition ofequal iteration numberin
the micro-rotation phase.

As we can see in Fig. 6, the number of reachable angles of the
MVR-CORDIC is much larger than the conventional CORDIC
algorithm. This implies that given the same iteration number,
the MVR-CORDIC algorithm will outperform the conventional
CORDIC in terms of angle quantization error. Namely, given a
target angle quantization error, the MVR-CORDIC rotation re-
quires fewer iterations compared with conventional approach.
Consequently, the speed performance of CORDIC-based arith-
metic operations can be greatly improved.

2) AQ Process in MVR-CORDIC Algorithm:
Elementary Angle Set (EAS): Next, we will explore

the EAS in MVR-CORDIC algorithm. Putting all the afore-
mentioned modifications together and ignoring the null
operations, we can represent the angle quantization error of the
MVR-CORDIC algorithm as

(14)

where

1) is therotational sequencethat
determines the micro-rotation angle in theth iteration.

2) is thedirectional sequencethat con-
trols the direction of theth micro-rotation of .

As one can find that the sub-angle of in (14) is
exactly the same as the definition of in (12). Hence, the
EAS formed by MVR-CORDIC algorithm is the same as AR
technique, as shown by

Based on the (14), it is obvious that MVR-CORDIC algorithm
also performs the AQ process as well. The major difference is
that

1) The total number of sub-angles in Table I (i.e., the total
iteration number in the micro-rotation phase) is now kept fixed
to a pre-defined value of ( )

2) The sub-angle corresponds to in
MVR-CORDIC algorithm, i.e., .

TABLE V
SUMMARY OF THE MVR-CORDIC ALGORITHM

Optimization Problem: In the application of MVR-
CORDIC algorithm, the optimization problem can be stated as
follows.

Given , find the sequences of
and , such that is min-

imized, subject to the constraint that the total iteration
number is confined to .
Similarly, the optimization problem can also be stated alter-

natively from EAS point of view as

Given , find the combination of elementary an-
gles from EAS , such that the angle quantization error

is minimized.
In Table V, we summarize the micro-rotation procedure and

the scaling operation of the MVR-CORDIC algorithm. In sum-
mary, we may conclude that MVR-CORDIC algorithm is sim-
ilar to the conventional CORDIC algorithm, except that the ro-
tational constraint is greatly relaxed. It would be informative for
readers to compare Table II with Table V in detail.

C. Extended EAS-Based CORDIC Algorithm [19]

In Extended Elementary Angle Set (EEAS)-based CORDIC
algorithm [19], in addition to applying the relaxation on ,
we also relax the constraint of elementary angles by extending
EAS . Then, we can have more choices (elementary angles) in
approximating the target angle. It is expectable that the angle
quantization error can be reduced correspondingly.

Extended EAS (EEAS): By observing (13), we can
see that the EAS are comprised ofarctangent of single
signed-power-of-two (SPT) term, i.e., . In
the problem of SPT-based digital filter design, one effective
way to increase the coefficient resolution (hence the filter
performance) is to employ more SPT terms to represent the
filter coefficients [12], [13]. Motivated by this, we can easily
extend the set by representing the elementary angles as the
arctangent of the sum of two SPT terms[19]. That is

(15)

We call it Extended Elementary-Angle Set (EEAS ). The
subscript is used to denote the number of SPT terms.

In Table VI(b), we use an example ( ) to demonstrate
the elementary angles in EEAS. The angles of EAS are
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TABLE VI
SUMMARY OF THE ELEMENTARY ANGLES OF(A) EAS S (B) EEASS FOR THECASE OFW = 3

also shown for comparison purpose [see Table VI(a)]. As the
wordlength increase, the size (number of elementary angles)
of EEAS increases exponentially. For , the number
of elementary angles in EEAS becomes 105, as opposed to
17 in EAS of MVR-CORDIC algorithm (see Table IV).

Constellation of Reachable Angles in EEAS-Based
CORDIC : Based on the EEAS developed in (15), the
sub-angle in Table I now can be represented as

(16)

and the number of sub-angles is set to be .
To see the effectiveness of the EEAS scheme, we show the

constellation of all reachable elementary angles ofand
in Fig. 7(a) and (b), respectively. As we can see, the number
of reachable angles of is much larger than that of . This
implies that EEAS can yield better precision performance
(smaller ) than under a fixed number of micro-rotations
of sub-angles (iterations).

Optimization Problem: With the derived EEAS , now
the optimization problem of the EEAS-based CORDIC algo-
rithm can be stated as

Given and , find the parameters of , ,
and (i.e., the combination of elementary angles

from EEAS ), such that the angle quantization error

(17)

can be minimized.
In Table VII, we summarize the micro-rotation procedure

and the scaling operation of the EEAS-based CORDIC scheme.
Note that now four additions are required to complete each
micro-rotation of elementary angle from , which is twice as
many as in the conventional CORDIC approaches. Hence, the

Fig. 7. Constellation of elementary angles of (a) setS (b) setS , with
wordlengthW = 8.

relaxation on the set of elementary angles is obtained at the
expense of the doubled hardware/computational complexity.
Fortunately, as will be shown in Section VI, the increased
complexity can be compensated by the halved maximum
iteration number.

D. Generalized EEAS Scheme

By following the similar idea of EEAS scheme, it is straight-
forward to insert more SPT terms in the representation of ele-
mentary angles. Hence, the size of EEAS can be increased. With
more than two SPT terms, we call such an extension scheme
Generalized EEAS Scheme. Specifically, the generalized EEAS
with SPT terms can be represented as

(18)

As one can expect that the size of the EEAS increases exponen-
tially as increases. Consequently, with properly chosen design
parameters, we can achieve higher precision performance in the
AQ process.
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TABLE VII
SUMMARY OF THE EEAS-BASED CORDIC SCHEME

TABLE VIII
COMPARISONS OFMEMBERS IN THEVECTORROTATIONAL CORDIC FAMILY

E. Family of Vector Rotational CORDIC Algorithm

So far, we have linked the AQ process with several existing
vector rotation approaches, including CORDIC algorithm,
Angle Recoding technique, MVR-CORDIC algorithm, EEAS
scheme, and Generalized EEAS scheme. All algorithms intend
to realize the AQ process with various EAS and suitable combi-
nations of sub-angles. That is, they try to decompose the target
rotational angle into several easy-to-implement sub-angles,
while minimizing the angle quantization error to obtain the
best precision performance.

Based on our discussion, now we can link all these rotation
algorithms together under a unified design framework, from
the AQ point of view. They form a family of vector rotational
CORDIC algorithm, calledVector Rotational CORDIC Family.
They all conform to the AQ process, but each rotational algo-
rithm uses different AQ setting as summarized in Table VIII.

Note that EEAS scheme covers MVR-CORDIC algorithm
and AR technique due to the fact that MVR-CORDIC and AR
employ EAS as a searching space that is a subset of EEAS

. Moreover, MVR-CORDIC algorithm can also be treated as
a subset of AR technique due to the fact that we impose one
constraint on the total iteration number.

Fig. 8 illustrates the relationships among members of vector
rotational CORDIC family.

IV. SEARCHING ALGORITHMS FOR THEVECTORROTATIONAL

CORDIC FAMILY

In the applications of vector rotational CORDIC family, op-
timization of theangle quantization errorare always encoun-
tered. The problem is conceptually analogous to finding the
closest codeword for a coefficient, , under given number of
nonzero digits, , in the CSD application. In this section, we
address four searching algorithms. They areGreedy algorithm,
Exhaustive Searching algorithm, Semi-greedy algorithm, and
Trellis-based Searching algorithm, respectively. The target op-
timization problem is the EEAS-based CORDIC algorithm de-
rived in Section III-C [see (17)]. We choose it since it covers
most other rotational schemes, as illustrated in Fig. 8.

A. Greedy Algorithm

In [17], Greedy algorithmhas been proposed to solve the AR
optimization problem. In running the Greedy algorithm, we ap-
proach the target rotation angle,, step by step. That is, in each
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Fig. 8. Set diagram of vector rotational CORDIC family.

searching step, without looking ahead, decisions are made on
[i.e., , and ] so that the accumulateds
is the best approximation of the target angle. Specifically,
is determined such that the error function of
is minimized, where is the residue angle atth step, defined
as

(19)

The searching algorithm is terminated if no further improvement
can be found, i.e., ; or is determined
at the end of the searching process. Most of the time, Greedy
algorithm gives us local optimal solution.

B. Exhaustive Searching Algorithm

The idea of Exhaustive searching algorithm is to search for
the entire solution space, i.e., all the possible combinations of

. Decisions on , for , are made
such that the error function

(20)

is minimized. Obviously, the Exhaustive searching algorithm
produces global optimal solution, but it is too time-consuming
in finding the design parameters.

C. Semi-Greedy Algorithm [18]

Basically, we can treat the Semi-greedy algorithm as a com-
bination of Greedy and Exhaustive searching algorithm. The
whole searching space of for is di-
vided into several segments, and each segment containsit-
erations. We call such a segment as ablock, and denotes
theblock length. The concept of segmentation scheme is illus-
trated in Fig. 9. In the Semi-greedy algorithm, the exhaustive
search is performed within each isolated block, and the con-
nection between each consecutive blocks is determined in the
greedy manner. Specifically, in theth block (corresponds toth
stepin performing the searching algorithm), the decisions of

Fig. 9. Segmentation of the searching space with block length,D, in the
Semi-greedy algorithm.

for are made to minimize the error
function

(21)

where

(22)

is the residue angle at theth step. For simplicity of representa-
tion, we assume is a multiple of in (21) and (22).

D. Trellis-Based Searching (TBS) Algorithm

The trellis-based searching (TBS) algorithm provides an al-
ternative way to solve the complicated optimization problem
[20]. Here, the TBS algorithm is applied to solve the optimiza-
tion problem encountered in the EEAS-based CORDIC algo-
rithm.

Step 1) Initialization
First of all, let denote the number of the elementary

angles in the extended set, and each distinct elementary angle
in the set is expressed as , for , i.e.,

. In the TBS algorithm, there are
states in each step. Forth state ( ) of th

search step, we use theCumulative Angle, , to denote the
best approximationof angle in the th state up to theth step.
The TBS algorithm is performed column-wise from left to right.
Initially, we start the TBS algorithm by setting all as the
corresponding elementary angles, i.e., for all .

Step 2) Accumulation
A path in the trellis, which leaves theth state atth step and

enters the th state at th step, corresponds to an oper-
ation of adding by . Then, the appended angle of

becomes the candidate for . More-
over, from a given state at step, the paths can diverge to all
the states at the next search step . Namely, there are

paths, carrying the corresponding appended angles of
for all , enters the th state at th step.

Then, those appended angles form the candidate set for the cu-
mulative angle of .

Step 3) Comparison and Selection
Conceptually, the whole process is similar to the trellis de-

coding of convolutional code [21]: The TBS algorithm involves
calculating and minimizing the difference between the target
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angle and for all at each search step. To be spe-
cific, is determined such that

(23)

Then, the selected path is denoted as thesurviving path. Note
that we have to calculate all the cumulative angles for
all (thus their corresponding surviving paths) before moving
to the th step. Continuing in this manner, we can succes-
sively advance deeper into the trellis (set ), until the
maximum iteration number is reached ( ).

Step 4) Determination of the Global Result and Trace Back
After calculating all the cumulative angles at the last search

step, the next procedure for the TBS algorithm is to determine
the global result, . Similar to the determination of sur-
viving path, we decide as follows:

(24)

Next, we can determine all the micro-rotations by tracing from
the state, whose corresponding is best approximation
of , along its surviving path backward.

V. SCALING OPERATION FOR THEVECTORROTATIONAL

CORDIC FAMILY

In this section, we consider the indispensable phase in
the practical implementation of vector rotational CORDIC
family—the scaling phase. As mentioned in Section II, each
micro-rotation (rotation of sub-angles) enlarges the norm of
the vector by a factor . The factor depends on which
algorithm in the vector rotational CORDIC family is employed.
For example, in the AR technique and
MVR-CORDIC algorithm; and

in EEAS-based CORDIC scheme. After applying a sequence
of micro-rotations of sub-angles, the norm of the rotated
vector will be enlarged by a factor of . Consequently,
to preserve the norm of , we have to scale the ro-
tated vector of by thescaling factorof

(25)

A. Scaling Operations

In practical implementation, several scaling operations has
been proposed to save the hardware complexity; they areType-I
and Type-II scaling operations[15], [16], [14], and theExtended
Type-II (ET-II) scaling operation[19]. These scaling operations

are performed by quantizing the floating-based scaling factor,
, in the following fixed-point forms:

Type-I (26)

Type-II (27)

ET-II

(28)

Here, denotes the quantized value of ,
, , and ,

. is the counterpart of in
the micro-rotation phase, determining the number of iterations
in the scaling phase. The corresponding iteration procedures
for those scaling operations are listed as follows:

Type-I (29)

for , with and

Type-II (30)

for , with and

ET-II

(31)

for , with and
. Here, and are used in the scaling phase to

distinguish them from the ones in micro-rotation phase.
After iterations, the scaled rotational vector becomes

. By doing so, we canapproximate
the scaling factor of by using only shift-and-add
operations for Types-I and -II scaling operation, and
shift-and-add operations for the ET-II scaling operations.
Moreover, it is advantageous to employ Types-I or -II scaling
operation when AR technique and MVR-CORDIC algorithm
are employed as the vector rotation kernel. By doing this,
scaling operation can share the same VLSI circuits with the
micro-rotation module, which can save the significant hardware
overhead of scaling multipliers. Similarly, for the case the
EEAS-based CORDIC scheme, ET-II scaling operation is
preferred due to the hardware sharing feature.
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B. Scaling Approximation Error and SQNR Performance

With the approximated , the scaling operations will in-
troduce some quantization noise, and it will increases as
decreases. Similar to the micro-rotation phase, we introduce
another performance index,, to describe the amount of error
introduced by the approximation process of (26)–(28). The
scaling approximation error, , is defined as

(32)

Now we have introduced two indices of and to describe
the precision performance of vector rotational CORDIC family
in two separate phases. Nevertheless, for most DSP applica-
tions, the precision performance is usually represented in terms
of signal to quantization-noise ratio(SQNR), defined as

dB
Signal Variance

Quantization Noise Variance

(33)

The usage of SQNR can give designers a more straightforward
view about the signal quality in practical fixed-point implemen-
tations. It has been proven that we can relate the parameters of

and to SQNR performance as [18]

dB (34)

The close-form equation links both error indices in a very con-
cise way.

VI. PERFORMANCECOMPARISON ANDDESIGNEXAMPLE

In this section, we compare the precision performance for
the aforementioned vector rotational algorithms and searching
algorithms.

A. EEAS Scheme versus MVR-CORDIC Algorithm

Essentially, the comparison between EEAS Scheme and
MVR-CORDIC algorithm is the comparison between EEAS
versus EAS . In Section VII, we will show that it takes four
full adders (FAs) to perform each rotation of sub-angle in the
EEAS scheme, as opposed to two FAs in the MVR-CORDIC
algorithm. Hence, to make fair comparison, the performance of
these two approaches must be evaluated under the condition
thatthe maximum number of FAs are the same. Denote the max-
imum iteration number of EEAS scheme and MVR-CORDIC
algorithm as and , respectively. They need
to satisfy the constraint of

(35)

In the first simulation, 4097 uniformly spaced rotation angles in
the region from 0 to , i.e., , , ,

Fig. 10. Performance comparison between EEAS scheme and MVR-CORDIC
algorithm.

Fig. 11. Error performance versus searching block length,D, in Semi-greedy
algorithm (W = 6; W = 8; W = 10 andR = 3).

, , are performed. The Greedy algorithm is
adopted to solve the optimization problem, and the wordlength

. The simulation results are shown in Fig. 10, where
and denote the ensemble-averaged angle

quantization error of the MVR-CORDIC algorithm and the
EEAS scheme, respectively.

From Fig. 10, we can make the following observations:
1) Increasing the maximum iteration number ( or

) has the effect of improving error performance. This
is consistent with the conventional CORDIC algorithm.

2) The results show that the EEAS scheme outperforms the
MVR-CORDIC algorithm when the comparison criteria, (35),
is satisfied. This can be explained that the EASin (13) is only
a subset of in (15). Any possible combination of elementary
angles from can also be constructed by using set.

B. Error Performance versus Searching Block Length,

Fig. 11 depicts the angle quantization error versus the
searching block length in semi-greedy algorithm. The
comparison is intended to highlight the precision performance
for various block length. From the results shown in Fig. 11, we
can make the following observations:

1) We can obtain better performance by increasing the
searching block length of semi-Greedy algorithm. The results
confirm our argument in Section IV-C that for larger, the
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Fig. 12. Performance comparison between Greedy algorithm and TBS
algorithm.

Semi-greedy behaves like Exhaustive searching algorithm.
On the other hand, when is small, the essence of Greedy
algorithm will arise due to the confined searching space.

2) The saturation phenomenon suggests that we can use semi-
Greedy algorithm with moderate value of(say in this
case) to obtain a near-optimal error performance without going
through exhaustive search.

Meanwhile, the saving in computational complexity is signif-
icant.

C. Trellis-Based Searching (TBS) Algorithm versus Greedy
Algorithm

In this simulation, both Greedy algorithm and TBS al-
gorithms are applied to solve the optimization problem of
MVR-CORDIC algorithm. Let and denote the
angle quantization error generated by the Greedy and TBS
algorithms, respectively. The simulation results are shown in
Fig. 12.

Based on Fig. 12, we can see the following.
1) For any , the error performance of the proposed

TBS algorithm is superior to the Greedy algorithm. Actually,
we have proved in [18] that the precision performance of TBS
algorithm always outperforms that of Greedy algorithm. For the
case of , it can be easily shown that the operations
of TBS algorithm is identical to the Greedy algorithm. Hence,
the error performance is the same.

2) The improvement of the error performance of TBS algo-
rithm become more significant as maximum iteration number,

, increases. The reason is that as increases,
more possible combinations of the elementary angles can be
found by the TBS algorithm than the Greedy algorithm.

D. Design Example

In the design example, we consider the rotation angle of
. All algorithms in vector rotational CORDIC family de-

rived in Section III are applied to perform the rotation of.
Meanwhile, searching algorithms in Section IV are conducted
to solve the optimization problems. In particular, we consider
the following the combinations:

• Conventional CORDIC algorithm [14]–[16]
• AR technique Greedy algorithm [17]
• MVR-CORDIC algorithm Greedy algorithm with

• MVR-CORDIC algorithm Semi-greedy algorithm with

• MVR-CORDIC algorithm TBS algorithm
• EEAS scheme Greedy algorithm
• EEAS scheme TBS algorithm.

In Table IX, we summarize the results for these aforementioned
combinations, including rotational parameters (, , and ) and
the angle approximation error . Based on the results, we may
make the following the observations:

1) In AR technique, it takes 6 iterations to complete the rota-
tion, as oppose to 16 iterations in conventional CORDIC algo-
rithm. Moreover, the angle quantization error of AR technique
is smaller than that of CORDIC algorithm.

2) By comparing combinations 3 and 5 as well as the com-
binations 6 and 7, we find the TBS algorithm can generate su-
perior precision performance than that of Greedy algorithm. By
comparing combinations 3 and 4, Semi-greedy algorithm is also
found to be better than Greedy algorithm.

3) By comparing combinations 3 and 6 as well as the com-
binations 5 and 7, we find that we can obtain better precision
performance using EEAS than EAS . Note that the com-
parison is made under the criteria that .

4) The combination 8 has superior performance than combi-
nation 2. The comparison is made under the condition ofequal
number of FAs. It takes 6 iterations to perform the rotation of

in combination 2, thus 12 FA’s are required. The number is
equal to that of EEAS scheme with .

As to the scaling phase, we take the combination of EEAS
scheme with and TBS algorithm (combination 7) as
the example. By substituting the rotation parameters of ,

, , and into (25), we can calculate the scaling
factor as . As mentioned earlier that when the
EEAS-based CORDIC algorithm is employed in the micro-ro-
tation phase, it is advantageous to use the ET-II scaling opera-
tion in the scaling phase. That is, we try to representin the
fixed-point form of (28). Actually, the parameters of ,

, and can be determined with the help of
TBS algorithm due the similarity between ET-II scaling oper-
ation and EEAS scheme [19]. In this example, assuming that
the iteration number in scaling phase is , we derive
the parameters in ET-II scaling operation as ,

, , and . Then, the scaling
approximation error of . Next, we can substi-
tute the and into (34), and the SQNR value of the scaled
EEAS-based CORDIC algorithm is about 95 dB.

VII. VLSI I MPLEMENTATION OF VECTOR ROTATIONAL

CORDIC FAMILY

In this section, we will illustrate the VLSI structure (also
known as CORDIC processor) for the proposed vector rota-
tional CORDIC family. It is derived based on the conventional
CORDIC VLSI architecture in [14].
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TABLE IX
DESIGN EXAMPLE OF ROTATION ANGLE � = 13�=32, WHERE THEWORDLENGTHW = 16

Fig. 13. The iterative architecture of the vector rotational CORDIC algorithm.

A. Iterative Architecture

In Fig. 13, we develop the iterative architecture for EEAS-
based CORDIC algorithm. It consists of 4 barrel shifters (BS),
4 multiplexers (MUX) and 4 adders/substrators. Here, we em-
ploy the EEAS scheme as the architectural design basis. This
reason is that we can easily modify the iterative VLSI architec-
ture of Fig. 13 to AR and MVR-CORDIC-based architecture
by removing one BS, one MUX and two adders/substrators. Of
course, control signals as well as signal paths must be modified
correspondingly. On the other hand, we can insert more BS’s,

MUX’s and adders/substrators to realize the Generalized EEAS
scheme.

As shown in Fig. 13, two separate phases are performed to
complete single vector rotation, i.e., the micro-rotational phase
(marked by solid line) and the scaling phase (marked by dash
line). In each phase, three kinds of control signal are used to
control the operations.

and in micro-rotation phase as well as ,
in scaling phase: they control the number of bits to be

shifted by barrel shifters.
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Fig. 14. (a) Parallel and (b) pipelined architecture of the vector rotational CORDIC algorithm.

and in micro-rotation phase as well as ,
in scaling phase: they determine the operations of

adders/subtracters.
Control signal, : it determines the data path by controlling

the multiplexer; governing the phase switching of the iterative
CORDIC architecture.

All the control signals can be generated by searching algo-
rithms in advance, and are stored in ROM.

B. Parallel and Pipelined Architecture

By unfolding the iterative implementation of Fig. 13, we can
obtain the parallel structure as depicted in Fig. 14(a). The struc-
ture is composed of EEAS-based CORDIC pro-
cessors connected in cascade form, in which the leading
processors perform the micro-rotations and the following
processors execute the scaling operations. Each basic processor
performs one iteration as specified in Fig. 13. Moreover, for the
case that the parallel structure is dedicated to perform a given ro-
tation angle, the operation of each processor can be kept fixed.
We can thus save the hardware complexity easily by replacing
all the control circuits, barrel shifters, and multiplexers with
only wire routing.

To achieve a higher data throughput rate, we can further in-
sert pipeline stages (latches) between successive processors of
parallel structure, which results in the pipelined architecture in
Fig. 14(b). Due to the reduced critical path, the pipelined struc-
ture is very suitable for real-time applications at high data band-
width.

VIII. C ONCLUSION

In this paper, we introduce a new design index, called Angle
Quantization. Following the new index, we propose a unified de-
sign framework for several existing vector rotational algorithms.
With the versatile feature of the design framework, we can iden-
tify more design parameters. Hence, designers can explore a
bigger design space in deriving low-cost/high-performance ro-
tational circuits. As illustrated in [6], most popular DSP algo-
rithms can be realized via rotational circuits. The new frame-
work proposed in this paper can be employed to design the pro-
cessing kernel of the DSP engine in [6].
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