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Abst rac t  
D i g i t a l  t ransmiss ion  over te lephone channel may 

s u f f e r  from in te rsymbol  i n t e r f e r e n c e  ( I S I )  because o f  t h e  
s e r i o u s  d i s t o r t i o n  i n  the  a v a i l a b l e  bandwidth. One 
approach t o  so lve  th is  problem i s  t o  use adapt ive equal- 
i z e r s .  I n  t h i s  paper, a new design f o r  adapt ive 
e q u a l i z e r s  i s  proposed, i n  which t h e  computat ional  
complexi ty i n v o l v e d  i s  s i g n i f i c a n t l y  less than  t h a t  o f  
convent iona l  adapt ive  equa l izers  because almost a l l  t h e  
m u l t i p l i c a t i o n  opera t ions  invo lved i n  t h e  l a t t e r  a re  
rep laced by a d d i t i o n  opera t ions  i n  t h e  former. The key 
p o i n t  is t h a t  by t a k i n g  in te rmed ia te  dec is ions  f rom t h e  
rece ived s i g n a l  and us ing  these dec is ions  w i t h  f i n i t e  
p o s s i b l e  values r a t h e r  than the  rece ived s i g n a l  samples 
t o  c a l c u l a t e  t h e  equa l ized  s i g n a l  and t o  a d j u s t  the  
e q u a l i z e r  t a p  c o e f f i c i e n t s ,  m u l t i p l i c a t i o n s  can e f f e c -  
t i v e l y  be replaced by add i t ions .  

I. INTRODUCTION 
D i g i t a l  t ransmiss ion  over te lephone channel may 

s u f f e r  from in te rsymbol  i n t e r - f e r e n c e  due t o  the  non idea l  
c h a r a c t e r i s t i c s  i n  t h e  a v a i l a b l e  bandwidth. For medium- 
o r  h igh- ra te  t ransmission, t h e  r e s t r i c t e d  bandwidth and 
t h e  undesired c h a r a c t e r i s t i c s  o f  frequency response 
r e s u l t  i n  severe d i s t o r t i o n  o f  t h e  s i g n a l .  Convention- 
a l l y ,  e q u a l i z a t i o n  i s  used t o  dea l  w i t h  t h i s  k i n d  d i s t o r -  
t i o n .  Since t h e  c h a r a c t e r i s t i c s  o f  a te lephone channel 
can n o t  be determined b e f o r e  i t  i s  used fo r  t ransmission, 
no s p e c i f i c  form o f  e q u a l i z a t i o n  can be devised i n  
advance. As a consequence, adapt ive  schemes o f  equa l izers  
must be taken i n t o  account (1,2,3,7). However, most 
convent iona l  schemes o f  d i g i t a l  adapt ive  equa l izers  
i n v o l v e  very l a r g e  number o f  m u l t i p l i c a t i o n  opera t ions  so 
t h a t  the  computation complexi ty very o f t e n  makes t h e  r e a l  
t ime implement ion r e l a t i v e l y  expensive. Th is  i s  why i n  
t h i s  paper we propose a new method t o  perform t h e  adap- 
t i v e  equa l iza t ion .  The s p e c i a l  f e a t u r e  o f  t h e  new method 
i s  t h a t  because some in te rmed ia te  dec is ions  o f  t h e  da ta  
( 1 ' s  or  0 ' s )  i ns tead o f  t h e  t r u e  va lue  o f  t h e  s i g n a l s  
( r e a l  numbers) a r e  used i n  t h e  computation, many mul t -  
i p l i c a t i o n  opera t ions  i n  t r a d i t i o n a l  adapt ive equa l izers  
a r e  replaced by add i t ions ,  and s i m p l i f i e d  implementat ion 
i s  t h e r e f o r e  poss ib le .  

11. System Model 
A d i g i t a l  communication system can be represented by 

the  f u n c t i o n  b locks  i n  Fig.1.  For s i m p l i c i t y ,  we w i l l  
assume the  modulat ion t o  be BPSK here, and s i m i l a r  
r e s u l t s  can be e a s i l y  extended t o  o ther  cases. The 
ou tpu t  o f  the  datasonrce 81 i s  t h e r e f o r e  + I  or -1 rep- 
r e s e n t i n g  1 ' s  and O ' s ,  and the  cascade o f  82, 83, 84, 85, 
86 i n  F ig .1  can be considered as a d isc re te - t ime l i n e a r  
system and can be descr ibed i n  terms o f  i t s  u n i t y  res- 
ponse hi's, 

h .  = h(DOT + T + i T )  (1  1 
where h ( t )  i s  t h e  impulse response o f  the  cascade o f  the  
b locks  82 t o  85, and T i s  t h e  b i t  dura t ion ,  00 i s  a delay 
f a c t o r  which makes ho the  peak va lue  o f  h i ' s ,  and T i s  
t h e  sampling t ime o f f s e t  from t=O. The above model can 
be summarized i n  Fig.2. I f  t h e  da ta  source sends symbols 
xn, then t h e  ou tpu t  yn o f  t h e  sampler 86 i s  i n  the  
f o l l o w i n g  equat ion,  where vn i s  t h e  no ise  sample, 

M 
Yn = jJ-Nxn-j h j  + vn ( 2 )  

Fig.1 A D i g i t a l  Communication System 

Fig.2. U n i t y  response 

where n e g l i g -  
i b l e .  Therefore, a d i g i t a l  t rans-mission system can be 
modeled as a d i g i t a l  f i l t e r  represented by eq.(2) and 
shown i n  Fig.3. 

M and N are  i n t e g e r s  above which h i ' s  a r e  

Fig.3. The System Model 

111. The Operat ion o f  t h e  Decis ion-Aided 
Adapt ive Equa l izer  
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Eq.(Z) i n  the prev ious sec t i on  can be r e w r i t t e n  as 

yn=hOxn + E' xn - j  h j  + vn ( 3 )  
j :-N 

where the prime a t  the upper- r ight  corner  o f  1 means 
"exc lud ing the  term j-n". The t h i r d  term on the r i g h t  o f  
eq.(3) i s  the noise term, which i s  u s u a l l y  n e g l i  i b l e  
because o f  the h igh  SNR ( t y p i c a l l y  h ighe r  than 20 dBSf f o r  
t ransmiss ion over telephone channels. The second term on 
the  r i g h t  o f  eq.(3) i s  the I S 1  term, denoted by 9, 

M 

j = - N  
11 = 1' x n - j  h j  ( 4 )  

Our goal  i s  t o  e l im ina te  11 . The prototype o f  the 
new decis ion-aided adopt ive equa l i ze r  proposed i n  t h i s  
paper i s  shown i n  Fig.4. I n  Fig.4,,yn i s  t he  demodulator 
output  s i  n a l  samples, un i s  the in termediate dec i s ion  
r e s u l t s  ? e i t h e r  immediate dec is ions or  t e n t a t i v e  
decisions, as w i l l  be c l e a r  l a t e r ) ,  be ing e i t h e r  +I or  - 
1, c i  i s  the tap c o e f f i c i e n t ,  zn i s  the equal ized s igna l .  
(Nc+l+Mc) i s  the order  o f  the equal izer .  Note t h a t  
because a l l  the un 's  a re  e i t h e r  +I or  -1, most o f  the 
m u l t i p l i c a t i o n  operat ions can thus be replaced by 
addi t ions.  La te r  we w i l l  show t h a t  we can ob ta in  a se t  
o f  c i ' s  according t o  s p e c i f i c  a lgor i thms such t h a t  can 
be subst racted from yn on the c o n d i t i o n  t h a t  most 
dec is ions un's are co r rec t .  

The operat ion o f  t h i s  dec is ion-a ided adapt ive 
equa l i ze r  i s  d i v ided  i n t o  2 pa r t s .  F i r s t ,  a t r a i n i n g  
process i s  requi red t o  ob ta in  the proper c i ' s .  Then, the  
ac tua l  data can be sent. The t r a i n i n g  process i s  f u r t h e r  
d i v ided  i n t o  2 phases; t he  taps are adjusted according t o  
a sequence o f  two d i f f e r e n t  algor i thms. Summarizing, the 
equa l i ze r  operat ion i s  d i v ided  i n t o  3 modes designated as 
T R A I N I ,  TRAINZ, and DATA, respec t i ve l y .  

I V .  Tap Ad,justment Alqor i thms 
During t r a i n i n g ,  what are t ransmi t ted  from the 

t r a n s m i t t e r  i s  completely known i n  the rece iv ing  end. 
That i s ,  x i ' s  i n  eq.(Z) are known i n  advance. The e f fec -  
t i v e  s t r u c t u r e  o f  the decis ion-aided adapt ive equal izer  
i n  TRAIN mode i s  shown i n  Fig.5. The symbols used i n  

Fig.4 Prototype o f  decis ion-aided adapt ive 
equal izer  

Fig.5 are the same as i n  Fig.4; en i s  the error s igna l .  
Refer t o  Fig.5, we have the  equal ized s i g n a l  i n  TRAIN1 
and TRAINZ respec t i ve l y  shown below: 

i n  T R A I N I :  zn = Coyn ( 5 )  

( 6 )  
MC 

i n  TRAIN2: Z, COYn - , 1 C j  Xn-j 

f a c t  t h a t  U, i s  exac t l y  equal t o  xn. 
TRAIN1 and TRAINZ) the  error s i g n a l  i s :  

j=-NC 
Note t h a t  t o  ob ta in  equat ion (6) ,  we make use o f  t he  

I n  both cases ( i . e .  

en Zn - Xn 
The a lgo r i t hm f o r  t a p  adjustment i n  TRAIN1 i s  

( 7 )  

( 8 )  
(9) 

shown 
below: I. I n i t i a l l y ,  s e t  C O +  I ;  C i +  O fo r  i f 0  
2. CO(n)+Co(n-I)-61.en.xn, n=l,Z,. . . .LI 
3. C i ( n ) , C i ( n - I ) ~ l ' e n . x n - i ,  $ 3 ,  

n=1,2, ... L1 ( IO)  
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Fig.5. E f f e c t i v e  s t r u c t u r e  o f  decis ion-aided 
adapt ive equal izer  i n  T R A I N  

where 61 i s  t h e  s tep s i z e  i n  T R A I N I ;  C i ( n )  i s  t h e  
c o e f f i c i e n t  c i  a t  i n t r a t i o n  n. L1 i s  t he  number o f  
i t e r a t i o n s  performed i n  T R A I N I .  

The a lgo r i t hm f o r  t ap  adjustment i n  TRAIN2 i s :  
I. Co(n)+ C o ( n - l ) ~ z * e n - X n ,  

2. C i ( n ) + C i ( n - l ) ~ z . e n . x n - i ,  

where 6 2  i s  t h e  s tep s i z e  used i n  TRAINZ, Lg i s  t h e  
number o f  i t e r a t i o n s  performed i n  TRAINZ. I n  the  
appendix, i t  i s  shown t h a t  a t  steady s t a t e  ( i .e .  through 
la rge  number o f  i t e r a t i o n s )  i n  TRAINZ, CO, C i ' s  w i l l  
converge t o  s p e c i f i c  values, 

n=LI+l,L1+2, ..., Ll+Lz (11) 

(12) i -0, n=L1+1 ,Lq+Z,. . . ,Lq+Lz 

and the equal ized s i g n a l  
(z,) w i l l  be very c lose  t o  the  des i red s i g n a l  (Xn). 

I n  computer s imu la t i on  we found t h a t  the tap 
c o e f f i c i e n t s  change more q u i c k l y  i n  TRAIN1 than i n  
TRAINZ, b u t  t he  res iden t  excess mean square error i s  
l a r g e r  i n  the former. Conceptual ly,  the operat ion of  
TRAIN1 i s  t o  q u i c k l y  se t  up a s t a r t i n g  p o i n t  for ad jus t -  
ment i n  TRAINZ, whi le  the  operat ion o f  TRAIN2 i s  t o  
f i n e l y  ad just  the tap  c o e f f i c i e n t s  t o  opt imal  values so 
t h a t  t he  equal iz-ed s i g n a l  i s  very c lose  t o  the a c t u a l l y  
des i red s igna l .  An example o f  the process o f  tap ad jus t -  
ment i n  t r a i n i n g  modes i s  shown i n  Fig.6. 

N 
0 0 

2 2  
m o b 7  
0 0 0  

n ( i t e r a t i o n  number) 
42.3.2. 



error  r a t e  f o r  immediate dec i s ion  (Son) i s  r e l a t i v e l y  
high; b u t  as l ong  as i t  i s  on the  order  o f  10-2 or  less, 
most o f  t he  IS1 terms can be subst racted and the  tenta-  
t i v e l y  equal ized s i g n a l  zn+p, i s  u s u a l l y  c lose r  t o  x n + ~  
than Y ~ N  ( r e f e r  t o  Fig. The b i t  e r r o r  r a t e  o f  t he  
t e n t a t i v e  dec i s ions  in should t h e r e f o r e  be s i g n i f i c a n t l y  
reduced as compared t o  the  b i t  error r a t e  o f  t he  
immediate 

7) .  

Compared t o  convent ional  equa l i ze rs  [4,5,61, t h i s  
new scheme has two d i s t i n c t i v e  features.  (1 )  I t  i s  un's, 
which a r e  equal t o  xn l s  du r ing  TRAIN mode,rather than 
yn's t h a t  a re  used t o  c a l c u l a t e  zn. Since un's can have 
o n l y  2 va lues ( e i t h e r  +I o r  - I ) ,  t he  opera t i on  un-i cn 
can be e a s i l y  implemented us ing accumulation r a t h e r  than 
m u l t i p l i c a t i o n .  ( 2 )  Specia l  t ap  adjustment a lgor i thms a re  
proposed, i n  which many m u l t i p l i c a t i o n s  f o r  a d j u s t i n g  
taps i n  convent ional  equa l i ze rs  a re  s i m i l a r l y  rep laced by 
accumulations. 

V. Tap Adjustment Dur inq DATA Mode 
I n  DATA mode, the  a c t u a l  da ta  a re  t ransmi t ted.  Now 

the  data sequence from the  t r a n s m i t t e r  i s  no longer  known 
by the  rece ive r  i n  advance. Immediate dec i s ions  or  tenta-  
t i v e  dec i s ions  thus must be made t o  a i d  the  equa l i ze r  t o  
make the  f i n a l  dec i s ion  and t o  ad jus t  t he  t a p  
c o e f f i c i e n t s .  Th is  can be achieved by two stages as 

enough. The term "immediate dec is ion"  represents  the  
r e s u l t  o f  d i r e c t l y  h a r d - l i m i t i n g  the  received s i g n a l  
( i . e .  yn); i n  o the r  words, immediate dec i s ion  i s  t h e  

any equa l i za t i on .  The immediate dec i s ions  5 on can 
then be used t o  c a l c u l a t e  an t e n t a t i v e l y  equal ized s i g n a l  

i n  Fig.7. The b i t  

_ _  - - - - - ._ - _ _  ,+ demonstrated i n  Figs.7-9 when one stage i s  n o t  good I I 11g 7 
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d i r e c t l y  received in fo rma t ion  b i t  i n  the  rece ive r  w i thou t  I ~ ~ , , .  

z n + ~  and t h e r e f o r e  the  t e n t a t i v e  dec i s ion  5 ln as shown - - - I I _ _  - _ _ _  

Fig.7. Making t e n t a t i v e  dec i s ion  51, based 
on immediate dec i s ion  on. 

," ,"., 

/r.l 

I 

Fig.8. Making f i n a l  dec i s ion  52, based 
on t e n t a t i v e  dec i s ions  C l n  

Fig.9. Decis ions used i n  dec is ion-a ided 
adapt ive equal izer .  

dec i s ion  50,. When the  b i t  error r a t e  f o r  I n  i s  s t i l l  
t oo  h igh,  a second-stage e q u a l i z a t i o n  as shown i n  Fig.8 
i s  requi red,  i n  which the  t e n t a t i v e  dec i s ions  51, as 
obta ined i n  the  f i r s t  stage i n  Fig.7 can be used t o  
c a l c u l a t e  the  f i n a l l y  equal ized s i g n a l  zn and t h e  f i n a l  
dec i s ions  52,. The complete immed ia te - ten ta t i ve - f i na l  
dec i s ion  scheme i s  summarized i n  Fig.9, which i s  a cas- 
cade o f  t he  two stages i n  Figs.7 and F ig.  8. 

A f t e r  t r a i n i n g ,  t he  t a p  c o e f f i c i e n t s  a re  c l o s e  t o  
the  op t ima l  va lues ( i n  the  sense o f  meeting eq.(13)). I f  
t he  channel i s  t ime va ry ing  du r ing  data t ransmiss ion,  t he  
tap  adjustment can cont inue i n  DATA mode (as shown i n  
Fig.8). The t a p  adjustment i n  DATA i s  the  same as t h a t  
i n  TRAIN2 except t h a t  dec i s ion  xn i s  used ins tead  o f  t he  
a c t u a l  t ransmi t ted  symbol Pn. The a lgo r i t hm f o r  t ap  
adjustment i n  DATA i s :  

I .  c o ( n ) t C o ( n - l )  -63 * e? 0 ;n (14) 
2. c i ( n ) + c i ( n - l )  + 63-en.an-i , dil (15) 

where 6 3 i s  the  s tep  s i z e  i n  DATA mode. 
Since the  b i t  error r a t e  fzr equal ized dec i s ion  (x,) 

i s  u s u a l l y  very small ,  i .e . ,  xn = xn f o r  most o f  t he  
time, the re  i s  l i t t l e  degradat ion i n  the  performance. 

V I .  Performance Eva lua t i on  
Computer s imu la t i ons  have been used t o  c a l c u l a t e  t h e  

BER ( b i t  error  r a t e )  f o r  some BPSK examples. We w i l l  see 
t h a t  t h e  c o e f f i c i e n t  convergence i s  slower f o r  dec i s ion -  
aided adapt ive equa l i ze rs .  Th is  i s  t he  p r i c e  which has 
t o  be p a i d  f o r  t he  reduced computation complexity. That 
i s ,  a l onger  pe r iod  o f  t r a i n i n g  may be requi red,  b u t  
once i t  i s  t ra ined ,  t he  low comput-at ion complex i ty  
a l lows i t  t o  equal ize very q u i c k l y  and e f f i c i e n t l y .  

For  t ransmiss ion over telephone channel, SNR i s  
u s u a l l y  h i g h  ( t y p i c a l l y  above ZOdB), t h e r e f o r e  we neg lec t  
t he  no ise  e f f e c t .  BERO i s  the  BER f o r  dec i s ion  i f  no 
e q u a l i z a t i o n  i s  used a t  a l l ,  i .e.,  BERO i s  the  BER f o r  
immediate dec is ion.  BERI i s  t h e  BER f o r  t e n t a t i v e  
dec is ion,  and BERZ i s  f o r  f i n a l  dec is ion.  

BERO Prob( yn<O 1 xn=+l ) 

Given xn=+l, yn depends on (xn-i ,  i=-N, ... -l,l,...M} 
( r e f e r  t o  eq. (3) ) .  For some combinations o f  xn- i 's ,  yn 
w i l l  be l e s s  than 0, which makes an e r ro r .  The number o f  
combinations of  xn - i ' s  which make yn l e s s  than 0 d i v i d e d  
by t h e  number o f  a l l  poss ib le  combinations i s  t he  BERO 
( r e c a l l  t h a t  we neg lec t  no ise) .  S i m i l a r  t o  eq(16), we 

Since the  channel i s  b ina ry  symmetrical,  

(16) 

42.3.3. 
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have eq.(17) and eq. ( l8) ,  where Zn' i s  t he  equal ized 
s i g n a l  f o r  t e n t a t i v e  dec i s ion  and zn i s  t he  equal ized 
s i g n a l  f o r  f i n a l  dec is ion.  

BERl = Prob(zn' < 0 I xn = + I )  (17) 

BER2 = Prob(zn < 0 I xn = + I )  (18) 

Table.1 BERO, BERI, BERZ and L, f o r  some examoles. 
U n i t y  . t aps  a t  the end "taps a t  t he  end 

response o f  TRAIN1 o f  TRAIN2 
h(-8)  0.003 * 62: 0.01 * 6  
h(-7)  = -0.012 * L 100 * L  
h( -6)  

h( -4)  = 
h(-5) 

h( -3)  
h( -2)  5 

h ( - l )  
h(0)  = 
h(1)  = 
h ( 2 )  = 
h (3 )  = 
h(4)  = 
h(5)  = 
h(6)  = 
h(7)  = 
h(8)  = 

-0.01 2 
-0.068 
0.090 

-0.109 
-0.110 
0.219 
0.943 
0.143 
0.132 
0.084 
0.099 

-0.070 
-0.070 
-0.030 
0.001 

c( -5)  -0.048 c(-5 

c( -3)  3 -0.146 c(-3 
c( -4)  = 0.111 c(-4 

c(-2) = -0.124 c(-2 
c( -1)  = 0.232 c(-1 
c(0)  = 1.067 c (0 )  
c (1 )  = 0.124 c (1 )  
c (2 )  = 0.143 c (2 )  
c ( 3 )  = 0.052 c(3)  
c ( 4 )  = 0.081 c (4 )  
~ ( 5 )  -0.033 ~ ( 5 )  
c (6 )  = -0.103 c (6 )  

= 0.01 
= 100 

= -0.064 
= 0.104 

= -0.117 
= 0.237 
= 1.069 
= 0.141 
= 0.143 

0.076 
= 0.099 

-0.057 
= -0.088 

-0.125 

BERO = 4.944 E-3 
BERl = 6.957 E-5 
BERL = 9.608 E-7 

Table 1 .I 
Lo = 70 

U n i t y  taps a t  t he  end taps  a t  t he  end 
response o f  TRAIN1 o f  TRAIN2 

h(-8)  = 0.010 * 61- 0.01 * 62' 0.01 
h(-7)  -0.011 * L = 100 * L = 100 
h(-6) = -0.037 
h(-5) -0.076 c( -5)  = -0.070 c( -5)  = -0.072 
h(-4) 0.098 c( -4)  0.122 c(-4) 0.099 
h(-3) = -0.121 c(-3) = -0.151 c(-3) = -0.123 
h(-2)  = -0.113 c(-2) = -0.136 c(-2) -0.111 
h ( - I )  = 0.219 c( -1)  0.217 C(-1) 0.209 
h (0 )  = 1.102 c (0 )  = 0.907 ~ ( 0 )  0.915 
h(1)  = 0.213 ~ ( 1 )  = 0.176 ~ ( 1 )  0.183 
h(2 )  0.137 ~ ( 2 )  = 0.140 ~ ( 2 )  = 0.130 
h (3 )  = 0.112 c (3 )  = 0.079 ~ ( 3 )  = 0.092 
h(4)  = 0.099 ~ ( 4 )  = 0.086 ~ ( 4 )  = 0.092 
h(5)  I -0.070 ~ ( 5 )  -0.055 ~ ( 5 )  -0.058 
h(6)  = -0.050 ~ ( 6 )  = -0.078 ~ ( 6 )  = -0.059 
h(7)  = -0.073 
h (8 )  ' = 0.001 

BERO 3.525 E-3 
BERl = 2.453 E-5 
BERP = 1.662 E-7 

Table 1.2 
Lo = 45 

u n i t y  taps a t  the end taps  a t  t he  end 
response o f  TRAIN1 o f  TRAIN2 

h(-8)  = 0.010 
h(-7) -0.010 
h(-6) -0.037 
h(-5)  5 -0.076 
h(-4) = 0.089 
h(-3)  = -0.110 
h(-2)  = -0.111 

h (0 )  0.984 
h (1 )  = 0.201 
h(2)  = 0.137 
h(3)  = 0.101 
h(4)  = 0.095 
h(5)  = -0.037 

h ( - I )  = 0.202 

h(6)  = -0.050 
h(7)  = -0.007 
h (8 )  = 0.001 

* 6 1- 0.01 * 62 = 0.01 
* L = 100 * L = 100 

c(-5) = -0.062 
c( -4)  0.103 
c( -3)  -0.145 
c( -2)  = -0.128 
c( -1)  = 0.211 
c(0)  = 1.033 
c(1)  = 0.181 
c (2 )  = 0.138 
c (3 )  = 0.065 
c (4 )  0.079 
c (5 )  = -0.004 
c (6 )  -0.090 

c( -5)  = -0.075 
c(-4) = 0.100 
c(-3) = -0.122 
c(-2)  = -0.116 
c( -1)  = 0.216 
c(0)  = 1.026 
c (1 )  = 0.195 
c (2 )  = 0.142 
c (3 )  = 0.091 
c ( 4 )  = 0.092 
c(5)  = -0.025 
c (6 )  = -0.065 

BERO = 4.791 E-3 
BERl = 1.174 E-6 
BERZ 7.044 E- I4  

Lo = 55 
Table 1.3 

To compare the  speed o f  convergence, d e f i n e  Lo t o  be 
the  number o f  i t e r a t i o n s  requ i red  f o r  t h e  convent ional  
l i n e a r  t ransve rsa l  equa l i ze r  t o  have the BER below some 
g i ven  th resho ld  ( i n  t h e  examples here, less than 1O-Io). 
Some t y p i c a l  r e s u l t s  f o r  many examples s imulated a r e  
shown i n  Table 1. 

I n  the  examples, L1 = 100, Lg = 100; hence the  
i t e r a t i o n s  requ i red  f o r  T R A I N  i s  200. Compared t o  Lo 
which a re  70, 45, 55, respec t i ve l y ,  we see t h a t  t he  
convergence i s  apparent ly  slower i n  the  dec is ion-a ided 
adapt ive equal izer .  Th is  i s  i n t u i t i v e l y  c o r r e c t  because 
i n  the  new method we a re  n o t  a d j u s t i n g  the  c o e f f i c i e n t s  
according t o  the  t r u e  g rad ien t  o f  t he  errors; ins tead,  we 
are making use o f  some k i n d  o f  "modif ied" or  "approxim- 
ated" g rad ien t .  Therefore the  f a s t e s t  converging can n o t  
be achieved. There i s  a t r a d e - o f f  between the  computa- 
t i o n a l  complex i ty  and t h e  converging speed. From the  
values f o r  BERO, BERI, BER2 we see t h a t  b i t  e r r o r  r a t e  i s  
d r a s t i c a l l y  reduced a f t e r  each stage o f  equa l i za t i on .  
Also, i f  a BER s i g n i t i c a n t l y  lower  than t h a t  o f  2 ( i . e .  
BER2) i s  needed, a t h i r d  s tage o f  e q u a l i z a t i o n  can be 
e x p l o i t e d  t o  f u r t h u r  reduce the b i t  error ra te .  

V I .  Conclusion 
We have proposed a new s t r u c t u r e  f o r  adapt ive 

e q u a l i z a t i o n  i n  which w i t h  the  a i d  o f  t he  immediate and 
t e n t a t i v e  dec i s ions  many m u l t i p l i c a t i o n  operat ions 
requ i red  i n  convent ional  adapt ive equa l i ze rs  are rep laced 
by a d d i t i o n  operat ions.  This  dec is ion-a ided adapt ive 
equa l i ze r  i s  t h e r e f o r e  much more eas ier  t o  implement. 
A l l  t h e  d iscuss ions here a r e  based on BPSK modulat ion, 
bu t  they can be e a s i l y  extended t o  o the r  modulat ion 
schemes. For example, t he re  i s  on l y  one t h i n g  t o  be 
mod i f i ed  f o r  QPSK- complex values i ns tead  o f  r e a l  
q u a n t i t i e s  i n  s i g n a l  and tap  c o e f f i c i e n t s  must be used. 

ADoendix 

Here we w i l l  show t h a t  a t  t he  end o f  TRAIN2 mode, 
the t a p  c o e f f i c i e n t s  should converge t o  a s p e c i f i c  s e t  o f  
values, which make the  equal ized s i g n a l  (zn) equal t o  
(more p rec i se l y ,  very  c lose  t o )  t he  de i r e d  s i g n a l  (xn). 
S u b s t i t u t i n q  eq.(2) i n t o  eqs.(6) and (7 and n o t i n g  t h a t  

+ 1 h j c o ( n - l ) x n - j  + vnco(n- 
- N l j < - N c  

M> j>Mc  

S u b s t i t u t i n g  eq.(A.I) i n t o  e q . ( l l ) ,  

+ v n O  c ( n - l ) l x n  

Def ine 

- 62 1 h j  co (n - l ) xn - j  X, 
- N j  j<-Nc 

M>j>Mc 

+ 62 vn.co(n-l)xn (A.3) 

which i s  a d i s t u r b i n g  term f o r  a d j u s t i n g  CO a t  i n t r a t i o n  
n. $ o ( n )  i s  a random va r iab le ,  w i t h  mean and var iance as 
fo l lows,  where 0, i s  t he  var iance o f  no ise 

mean (%(n ) )  = o 
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var iance 

+ C (h jcoo(n-1))2 + On21 
-N(j<-Nc 

MLj>Mc (A.4) 

A t  steady s ta te ,  

co(n)  = co(n-1) = CO 

c j ( n )  c j (n -1 )  = c j  

S u b s t i t u t i n g  eq(A.5) i n t o  eq. (A.2) and neg lec t i ng  t h e  
d i s t u r b i n g  term 9 0 ( n ) ,  we have 

C O  = CO + 6 2  ( I -hoco)  

the re fo re ,  C O  = l /ho (A.6) 

S i m i l a r i l y ,  we can f i n d  c . ' s  a t  s teady s ta te .  
S u b s t i t u t i n g  eq. (A.1) i n t o  eq. ( j 3 )  and n o t i n g  t h a t  xn- j  

c i ( n ) =  

c i ( n - I  )+@(h icg (n - l  ) - c i ( n - l )  )+ 6 2 {  (hOcO(n-1 )-I )xnxn- i  

+% ( h j c o ( n - l ) - c j ( n - l ) ) x n - j  xn-i  

(A.5) 
h 

xn- j  = 1, 

j=-Nc 
j /i 

Def ine  

+ vncg(n- l )  xn - i }  (A.8) 

which i s  a d i s t u r b i n g  term f o r  a d j u s t i n g  c i  a t  i t e r a t i o n  
n. $ i ( n )  i s  a random v a r i a b l e  wi th  mean and var iance 
shown as fo l l ows  

mean Q i ( n ) )  = 0 

var iance ( $ i ( n ) ) =  
MC 

6z2 I(hoco(n-1)-1)2 + E' (h jco(n-1)-c j (n-1))2 
j=-Nc 
j f 

+ c (h jco(n-1))2 + 6,2.co2(n-l)} (A.9) 
-N< j<-Nc cj>Mc 

S u b s t i t u t i n g  eq. (A.5) i n t o  eq. (A.7) and r e g l e c t i n g  the  
d i s t u r b i n g  term $ i ( n ) ,  we have 

c i  3 c i  + 62 . ( h i C O  - c i )  

t he re fo re ,  c i  h i ' c o  

S u b s t i t a t i n g  eq.(A.6) i n t o  eq.(A.10), we have 

(A.10) 

We can now show t h a t  once eq.(13) i s  achieved, we have 
t h e  equal ized s i g n a l  very  c lose  t o  the  des i red  s igna l .  
Rec i te  eq.(2) and r e f  t o  F ig .  3, 

we thus have 

Me 
~n . CO - Z '  C j  xn - j  

j=-Nc 

+ C h j  xn-jco+vn 
-NLj<-Nc 

M)j>M, (A.12) 

I n  eq.(A.12), vn i s  t he  no ise  term; the  t h i r d  term i s  the  
uncancelled I S 1  term (due t o  t h e  i n s u f f i c i e n t  stages of  
equa l i ze r ) .  The no ise  term can be neglected when SNR is 
l a r g e  enough. I f  Nc and Mc a re  l a r g e  enough, t h e  
uncancelled I S 1  term can a l s o  be neglected. Not ing t h a t  
from eq.(13) we have coho = 1 and h j  = c j ,  eq.(A.IZ) can 
be r e w r i t t e n  as: 

t h e r e f o r e  
t h e  des i red  s igna l .  
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we t h e r e f o r e  have eq.(13), 

CO = l /ho 
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