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Abstract: This paper presents a computationally tractable
method to check if a linear system with commensurate time
delays is stable independent of delay. The method needs only
finite computations, and is stronger than previous results which
are only sufficient conditions. We also discuss the robust delay-
independent stability of such systems when there are uncertain
parameters.

Introduction

Recently, stability analysis of linear systems with com-
mensurate time delays in the system dynamics has received
considerable attentions [1-5]. This is because time delay is en-
countered in many control problems, especially the process con-
trol systems. Brierley et al. [1] first provides a necessary and
sufficient condition for a linear system with commensurate time
delays to check if the system is asymptotically stable indepen-
dent of the delay time. Since the condition has to be checked for
an interval of a parameter, several sufficient conditions [2-5] are
derived to ensure the delay independent asymptotic stability.
Although these conditions are easy to use by just calculating
some matrix measures and norms of certain matrices, they are
often conservative. In this paper, we give a method which in-
volves only eigenvalue calculations of some matrices to verify
the necessary and sufficient condition. If the system contains
uncertain parameters in the system matrices, we also construct
a hypersphere region in the parameter space to assure the ro-
bust delay independent asymptotic stability.

Main Results

Consider the following system with commensurate time
delays

B(t)= 3 At~ ih), £ 20, (1)

=0

where A; € R"*" is the ith system matrix, and & is the delay
duration. Define

A(2) = f:A.-z‘. 2)

=0
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It is shown in [1] that (1) is asymptotically stable independent
of delay if and only if A(z) is a stable matrix, i.e., with all
eigenvalues in the open left half plane, for all |z] = 1. To
propose an algorithm that does not need to check the condition
on the entire unit circle |z| = 1, we need the following

Theorem 1 A(z) is stable for all |z| = 1 if and only if

(e) Ao and A(1) are stable matrices;

(b) for i=AiRL+I,8A;,1=0,---,m,

det [Inz + Zz'ﬁ;‘&] #0, Vi]z| =1, 3)

=1
where @ stands for the Kronecker product.

Proof: Since A(z) should be stable V |z| = 1, and the system
should be stable for h — oo, condition (a) can be seen to be
a necessary condition. By using the stability of A(1) and the
continuity of the eigenvalues of A(z) with respect to z, it can
be seen that A(z) is stable V |z| = 1 if and only if A(2) has no
Jjw-axis eigenvalues V |z| = 1. The property of Kronecker sum
reveals that it is equivalent to that A(z) ® I, + I, ® A(2) is
nonsingular V |z| = 1. This can be checked by

det | 4, + iz'ﬁ,—] #0,V]z|=1. 4)
i=1

Since Ay is stable, A, is nonsingular. Therefore (4) implies
and is implied by condition (b) of the Theorem. Thus, A(z) is
stable V |z| = 1 if and only if the conditions of Theorem 1 hold.

By using a property of determinant [7, p.181}, (3) can be
rewritten as

det[lnne + 2Fp) #0, V2| =1, (5)
where
AA AjAy - - ADA,
“I. 0 e 0 0
Fo= 0 .. el E E . (6)
: .0 :
0 0 —I. 0

It is easy to verify that condition (b) of Theorem 1 is equiv-
alent to that the matrix F; has no eigenvalue with unity ab-
solute value. Thus the problem of determining the eigenvalues
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of A(z), V |z| =1 is converted into that for two n X n and an
mn? xmn? real matrices. This result can also be easily extended
to assure the to assure the delay independent asymptotic sta-
bility with a decay rate a. It is achieved by substituting Ao
with Ao + al, and reconsidering the problem using the above
method.

Next, consider the case in which the system dynamics of
the delay part contain structured uncertain parameters. Sup-
pose the system is asymptotically stable independent of delay
when there are no uncertain parameters, and the ith system
matrix, : = 1,...,m, has the form

14
Ai+ Y KE;,
j=1

where k; and E;; are respectively the jth uncertain parameter
and the ijth structural matrix. Then (5) and A(1) become

det[l .2 +2F]#0, V|z| =1, )
A(l) =A; = Ao + E ija]'7 (8)
=

where

P
F = Fo+zkij,

=1
Ay By o A
0 0 e 0 0
F; = 0 e : ’
: 0 :
0 0 0 0
Eij = E;L+I1.QE;,
Ao = A4
i=0 —
Aaj = EE“j"
=1

According to Theorem 1, the robust delay-independent asymp-
totic stability can then be obtained if and only if A, is sta-
ble and F has no eigenvalues with unity absolute values in
the presence of uncertain parameters. By using the continuity
of eigenvalues with respect to uncertain parameters k;’s, the
condition is equivalent to preserving the nonsingularity of the
following two matrices for each possible uncertain parameter
vector k = [ky -+ - ky)T:

F
Aa

Iauw—-F@®F, 9)
A ® I + I, ® Aa. (10)

To apply the above results, if we want to test whether a hy-
perrectangle region in the parameter space of k is a robust
delay-independent asymptotic stability region, we may use the
method of Tesi and Vicino [6], as the problem considered here
has the same form as that in [6]. If we want to construct a
robust delay-independent asymptotic stability region in the pa-
rameter space, we may note that

B v
F = I—Fo@Fo—zkj(E®Fo+Fa®E)

=1

P
- Y EkFi®F

ai=1

1

P . | ~
FAI =Y k;F = Y kikiFa}, (11)
=1 Jd=1
—_ P —_
A..o + E ijujv
=1

= Ago{lp + (k® Ln)Aq}, (12)

o
il

where

Lo — Fo ® Fo,

FFY(F; @R+ R ® F),
- %F;‘(E®E+E®Fj),
Age @ I + I, ® Aqo,

Ay ® L+ I, ® A,

i = ApAj,

Aal

I S e L
1 1]

Py B B
8
Il

2

Ay
From (11) and (12), we have the following theorem.

Theorem 2 The robust delay-independent asymptotic stability
of (1) can be guaranteed if

kTk < min{]|A..[I7%, 7%}, (13)
where 72 = max{7#, 7(a, 1)}, || - || denotes the maximal singu-

lar value of the argument matrix, a and r are positive numbers
chosen to make 7;(a,r) > 0, and

—NEells + VIFN2 + 4l Feclls

2| Feclls ’
a2+r +1
r2(a,r) = W—az,
s
o= [h B
[ Fy - ﬁlp
ﬁ‘cc = e ' >
[ Fa - FPP
Fy - ﬁ’lp %
¢ = : :
i = A
F_‘rl F_‘PP 55
-2}-2(- % a I

Proof: Since the nominal system is asymptotically stable in-
dependent of delay when there are no uncertain parameters, F'
and A, are nonsingular. The nonsingularity of (11) and (12)
can then be preserved for each possible uncertain parameter
vector k if and only if

P . P N
Lp2pe — Z k]'F'j - Z kjlejh and (14)
= Ji=1
Lo + (k ® I2) Aae (15)

are nonsingular for each possible uncertain parameter vector k.
It is seen that (14) can also be expressed as

Lyaps — Fu(k @ Inpa) — (k ® Lpant) T Frp(k ® Lz ), or
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(a2+r + I)Imz,,a - ([kTQ] ® In2m )Q([ i ] ® Imanq).
Thus (14) is nonsingular if
(16)
)
From (15), (16) and (17), it can be easily seen that the delay

independent asymptotic stability is guaranteed if the condition
of Theorem 2 holds.

Il + Ukl ~ 1 < 0, or
IBIL(ETk + o?) < a?*" 4+ 1.

An example

Consider the following linear time-delay system

#(t) = Aoz(t) + Arz(t — h) + Asz(t — 2h)
where
4 0
)
03 0 05 0
A4 = [0.1 0.5]+k1[ 0 1.2]
—02 0 —02 0 02 0
A = [ 1 0.1]““1[0.1 0.5]”2[0 0]'

By using Theorem 2, it is found that [|A,.[|;? = 1.3817?, and
72 = 0.9959 when & and r are chosen as 0.7 and 2 respectively.
Thus the system preserves its delay independent asymptotic
stability if

k2 + k% < 0.9959.

Conclusions

In this paper, we give a necessary and sufficient condi-
tion for checking whether a linear system with commensurate
delays is asymptotically stable independent of delay. It is less
conservative than previous results which are only sufficient con-
ditions, while only needs finite computations. We also discuss
the robust delay-independent asymptotic stability of such sys-
tems when there are structured uncertain parameters.
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