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Abstract: A new quasistatic analysis of a coplanar 
waveguiding structure with multidielectric layers 
is presented, using a hybrid approach that com- 
bines the Galerkin finite-element method and the 
conformal-mapping technique. In the study, Wen's 
mapping function is adopted, which not only 
transforms the infinity problem domain into a 
finite region, but also overcomes the field singu- 
larity dificulty around the strip edges. Numerical 
results for effective dielectric constants, character- 
istic impedances, charge distributions and field 
distributions for various multilayer coplanar line 
structures are presented and the magnetic wall 
assumption over the slot is also investigated. 

1 Introduction 

Accurate prediction of effective dielectric constants and 
characteristic impedances of transmission lines, such as 
microstrip lines and coplanar waveguides, is essential to 
the design of a microwave integrated circuit. Recently, 
the coplanar waveguiding structure has received increas- 
ing attention in monolithic microwave integrated circuits 
[1-3], mainly owing to its easy adaptation to external 
devices. With all conductor electrodes on the same side of 
the substrate, the coplanar structure is easily adopted to 
external shunt and series elements. It is also suitable for 
accommodating MESFETs and other three-terminal 
devices due to the existence of three separate conductors 
in the structure. Although the dispersive characteristics of 
coplanar structures are indispensable in the higher micro- 
wave spectrum, the quasistatic parameters are still useful 
in lower frequency regimes in which the cross-sectional 
dimensions of the structures are much smaller than the 
wavelength. 

To take account of the infinite extension of fields in a 
coplanar line, a series of quasistatic analyses have been 
reported, using the conformal-mapping technique [4-10]. 
In 1969, Wen [4] carried out such an analysis for a 
coplanar waveguide with an infinitely thick substrate. By 
a modification of Wen's approach, David et al. [SI later 
took the finite thickness of the substrate into account. In 
1980, Veyres and Hanna [6] obtained closed-form 
expressions for the characteristic impedance and effective 
dielectric constant of coplanar lines, based on a judicious 
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treatment of the line capacitance between the centre strip 
and the two ground strips. From 1981 to 1987, several 
quasistatic analyses using different conformal mapping 
functions [7-101 were proposed to investigate the effects 
of finite extent ground planes, conductor backing, upper 
shielding and asymmetrical apertures. Although the 
above analyses have considered the infinite extension of 
fields due to an open coplanar structure, the assumption 
of magnetic walls over the two slots is made in all pre- 
vious analyses. Also, these analyses are difficult to evalu- 
ate the charge distribution over the signal strip and the 
field pattern of coplanar waveguides. Other quasistatic 
methods proposed for a study of coplanar waveguides 
were the stationary formula [11, 121 and the finite- 
difference method [13]. 

In addition to the substrate, dielectric films or layers 
are sometimes introduced over the conductor parts of 
coplanar waveguide in practice. These added dielectric 
layers may provide additional means of adjusting the 
transmission line characteristics. To address the effects of 
multidielectric layers, the general coplanar line structure 
shown in Fig. 1 also needs careful investigation. A new 
quasistatic hybrid approach for the open multilayer 
coplanar line is presented here, without the assumption 
of magnetic wall over slots. This novel approach com- 
bines both advantages of finite-element method and 
conformal-mapping technique. By suitably adopting a 
mapping function, the difficulties associated with infinite 
field extension and field singularity near conductor edges 
may be properly handled, instead of using the infinite 
elements and singular elements [14J. In this study, the 
characteristic parameters of a coplanar waveguide with 
multidielectric layers are carefully examined. Also investi- 
gated are the field over slots and the charge distribution 
over signal strip. 

, 

2 Hybrid approach 

The open coplanar line structure with multidielectric 
layers (isotropic and lossless) is shown in Fig. 1.  A metal- 
lic signal strip (assuming zero thickness) of width 2a and 
two conducting ground planes (also of zero thickness) of 
separation 2b are placed in the plane (y' = 0) between 
two dielectric layers. Above and below the conductors 
are n upper and m lower homogeneous dielectric layers of 
permittivities Ek = E ~ E ~ ~  ( k  = 1,  2, . . ., n)  and ck = E ~ E , ~  

( k  = I, 2, . . . , m), respectively. By an appropriate confor- 
mal mapping function, the original infinite domain (Fig. 
1)  is first transformed into a finite image domain (Fig. 3) 
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and the problem is then solved in this image domain by 
the Galerkin finite-element method. 

2.1 Conformal mapping 
It is well known that the upper (or lower) half 2’-plane in 
Fig. 1 (z’ = x’ + jy’) may be conformally transformed into 

separate surfaces and the two neighbouring points B; 
and B, (in Fig. 1) are still mapped into the two neigh- 
bouring points B ,  and B,  in the image plane (Fig. 2). 
Also from symmetric consideration, one may put a mag- 
netic wall on x’ = 0 and only the right half plane x’ 0 
(Fig. 1) needs consideration in the analysis. Therefore, in 

Y‘ 
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Fig. 1 Geometry ofmultilayer coplanar line and original domain (whole 2’-plane, z’ = xi + j y ’ )  

the interior of the rectangular region (a) + (b) (or (c,) the image domain, only the half cell, (b) + (c) in Fig. 3, 
+ (d,)) with width 2K (= 2 K ( k ) )  and height K ’ ( =  K(k’))  needs to be treated instead of the whole cell 

in the z-plane (Fig. 2, z = x + jy)  by the mapping func- (a) + (b) + (c) + (d). 
tion [4] The Jacobian of the mapping function (eqn. 1) is 

z’ = a sn(z, k )  (1) 
where sn(z, k )  is the sine elliptic function, K ( k )  is the com- 
plete elliptic integral of the first kind [lS], k = a/b and 

Owing to the double period properties of the complex 
sine elliptic function [16], the same mapping function 
(eqn. 1) may transform the whole z’-plane (original 
domain) in Fig. 1 into either the rectangular region (a) 
+ (b) + (c,) + (d,) or the region (a) + (b) + (c) + (d) in 

the complex z-plane (Fig. 2). Hereafter, the latter rec- 
tangular region (a) + (b) + (c) + (d) will be chosen as the 
image domain. By this choice, the upper and lower sur- 
faces of all conducting strips are then mapped into 

k = J( 1 - k 2 ) .  

J = I dz’ldz ,.) 

= a’ I [ I  - sn2(z, k)][1 - k2sn2(z, k) ]  I (2) 

From eqn. 2 it can be verified that 

J + r‘ (3) 

near the strip edge, where r’ is the distance from the 
strip’s edge in the original domain. By using the relation- 
ship between electric potential and electric field intensity 
and imposing the Cauchy-Riemann’s equations [17], it 
can be proved that the transverse electric field 8; in the 
original domain and the corresponding transverse field 

T 
K’ 

Fig. 2 
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Image domain corresponding ro Fig. I (the rectangular cell ( a )  + (b)  + (c) + (4) in z-plane ( z  = x + J Y )  
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in the imass domain are related by Here, 8, and $2, denote any of a,, n2, ..., 6, and R I ,  
R2, . . . , R,,,, respectively, and Ek and E; denote any of El ,  
E,, . .., 8, and E ~ ,  E ~ ,  _ _ _ ,  E,,, ,  respectively. On the electric 
walls, (r13 + r13) and (r12 + rl,), the essential bound- 
ary conditions b = 1 and 6 = 0 should be imposed. On 

IE I e = f [cos (m + Y J ) ~  + sin (e + Y J ) ~ ]  (4) JC J )  

where 'f' denotes the argument of the first derivative of 
the complex mapping function (eqn. l), and @ is the angle 

thk magnetic walls, T I ,  and rl, ,  the essential-boundary 
condition adjan = 0 should also be enforced. In eqn. 6, 

1- 2 K k )  -4 
Fig. 3 Haljcell ( (b)  + ( c )  of Fig. 2)forfinite-element analysis and boundary conditions 

defined by tan-' (Ey/Ex) .  The field in the image domain is 
then smooth everywhere, which makes the field in the 
original domain proportional to l/d(r') and satisfy the 
required edge condition. Therefore, the field singularity 
difficulty in the original domain can be removed. 

2.2 Finite-Element Method 
Under quasi-static approximation, the potential 4 in 
each homogeneous region of image domain (Fig. 3) 
satisfies the Laplace equation (VZ4 = 0). By multiplying 
this Laplace equation by a weighting function w, inte- 
grating the multiplied equation over a homogeneous 
region Rj (of constant permittivity e j )  which is bounded 
by a closed curve rj and using Green's two-dimensional 
theorem in manipulation, the following equation may be 
obtained: 

,- 
( E ~  vw . v4) dR = E~ w &$/an dT J ,  I, ( 5 )  

Applying eqn. 5 to each homogeneous region in the 
image domain (Fig. 3), and then suitably combining the 
resultant equations, the governing integral equation in 
the image domain may finally be obtained as 
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we have incorporated the constant Ek in the term associ- 
ated with a,, ck in that with R,, El  in that with (r12 
+ Fl3) and E' in that with T I 2  + r13. By this choice, the 

continuity condition for the normal component of elec- 
tric flux density may naturally be satisfied. 

The integral equation (eqn. 6 )  is solved in the image 
domain by the Galerkin finite-element method [ 181. In 
this study, the triangular elements as shown in Fig. 4 are 

Fig. 4 Typical subdivision with triangular elements in image domain 

adopted. The potential 4 in each element is expressed as 
3 

4 = c 4 j B j  
j= 1 

(7) 

where B j  is a linear basis function and d j  is the potential 
value at node j .  The relationship between the linear basis 
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functions and the global co-ordinate (x, y )  of a point in 
an element is given by [18] 

where (xi, yi), i = 1, 2, 3 are the global co-ordinates of the 
ith vertex of triangular element. In Galerkin's method, 
the weighting function in each element is chosen as 

w = B i  i = l , 2 , 3  (9) 
By substituting eqns 7, 8 and 9 into eqn. 6, assembling 
the matrix for each element, the global matrix equation 
of the form 

is obtained. Here [4] is the column vector associated 
with the potential 4j  at each node, [Cl is the column 
vector due to the boundary terms and [A] is a known 
sparse matrix. Although [4 ]  and [Cl both contain the 
nodal unknown d j ,  eqn. 10 can still be solved because 
only one unknown is associated with each node. 

2.3 Effective dielectric constant and characteristic 
impedance 

From eqn. 10 the total charge Q can be determined on 
signal strip from which the capacitance C per unit length 
of coplanar line may be calculated 

(1 1) C = QJV = Q 

The effective dielectric constant 
impedance Z o  can then be computed by [19] 

and characteristic 

&,ff = w, (12) 

where C, is the capacitance of the air-filled structure. 

3 Numerical results and discussions 

A computer software package has been developed on the 
VAX-11/780 computer, which also contains an automatic 
mesh division of triangular elements in the image 
domain. From the convergent test, it is found that a mesh 
division of 420 elements is usually enough to give results 
within four digit accuracy. A typical division in image 
domain is shown in Fig. 4. 

To check the validity of this method, our calculated 
results for coplanar waveguide are presented in Fig. 5 
and compared with those from the conformal-mapping 
method [9] and stationary formula [ I  11. It is found that 
all three methods give almost the same characteristic 
impedances for wide range of parameters. For effective 
dielectric constants, the present results agree well with 
previous results only in the larger a/b range, implying 
that the previous conformal-mapping technique and 
stationary-formula approach are not adequate in the 
smaller a/b range. 

The effects of the single upper dielectric layer are pre- 
sented in Figs. 6 and 7. The existence of the upper dielec- 
tric layer causes an increase of effective dielectric 
constant and a decrease of characteristic impedance. The 
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increasing dielectric constant of the upper layer also has 
the same effect of increasing the layer thickness. 

In Fig. 8, the effects of inserting two dielectric films, 
one on the top and the other on the bottom of the metal- 
lic electrodes, are presented. The addition of lower dielec- 
tric film on the conventional coplanar waveguide causes 
both an increase of characteristic impedance and a 
decrease of effective dielectric constant. Note also that 
the modification of both effective dielectric constant and 
characteristic impedance is not negligible even when 
inserting a thin dielectric film below the metallic elec- 
trodes. 

The charge distributions over signal strip of coplanar 
line are shown in Fig. 9. Our numerical results exactly 

1201 \ i7 
&,--;El \ - - - - - - - - - - -  hl/b= 1 

\ .\ 
\ 
\ 0.5 0 _ _ _ - - -  /-  e 0 . d  

201 
0 0.2 0.4 0.6 0.8 1.0 

alb 

Fig. 5 Characteristic impedance Z ,  and effective dielectric constant 
E,,, against alh with h , lb  as paramefers (comparison with previous 
results) 
- present method 

~~ - canformal mapping 
stationary formula 

0.5 1.0 
a lb  

Fig. 6 
E*,, against a/b with h,/b as parameters (effects of upper dielectric layer) 
h , l b  = 0.5 

Characteris_tic impedance 2, and effective dielectric constant 
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reflect the singularity behaviour of charge distributions 
near conductor edges. Also observed in Fig. 9 is the 
decrease in charge distributions when the dielectric thick- 
ness is reduced. 

The tangential field distributions over the slots of the 
coplanar line are shown in Figs. 10 and 1 1 .  These results 
again reflect the singularity behaviour of electric fields 
near conductor edges. The tangential field distributions 
(Fig. 10) are nearly symmetric over the slots and nearly 
independent of the dielectric thickness, which supports 
the assumption of the spectral-domain method [20]. Fig. 
11 reveals that stronger fields gather between metallic 
electrodes as dielectric constants of films are increased, 
which is a consequence of more field confinement caused 
by a greater dielectric constant. 

In the previous studies, the magnetic wall assumption 
over slots was made so that a closed-form solution could 
be obtained by the conformal-mapping analyses [4-10]. 

100; 

80 ~ 

N 

60 - 

"1 
I 

2oL 
0 

alb 

Fig. 7 
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Characteristic impedance Z ,  and effective dielectric constant 
against alb with E,, as parameters. h,lb = 0.5, h^,/h, = 0.5 (effects of 
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Characteristic impedance Z ,  and effective dielectric constant 
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The validity of this assumption is tested in this study. 
Shown in Fig. 12 are the ratios of E J E ,  for various sub- 
strate thicknesses. The magnetic wall assumption is 
acceptable only when the ratio h,/b is greater than some 
specific number such as two in this special case. 

4 Conclusions 

A novel hybrid approach that combines the Galerkin 
finite-element method and the conformal-mapping tech- 
nique has been presented for a quasistatic analysis of 
multilayer coplanar lines. This approach, without using 
singular elements and infinite elements, is characterised 
by its ease in handling both field singularity behaviour 
and the infinite extension of field. Numerical results for 

j/ !I 

I1 

x'la 
Fig. 9 
alh = 0.5, h , lh ,  = 0.5 

Charge distribution over signal strip with h , / b  as parameters. 
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