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Abstract: The paper presents a performance
analysis of certain eigenstructure based methods
(MUSIC type) with suitable forward-only and
forward/backward smoothing schemes employed
to decorrelated coherent sources. Bias and
resolution thresholds are derived for two coherent
sources with different phase and unequal power.
The effect of phase difference and power ratio on
the resolution threshold is discussed. For the case
of forward/backward smoothing and two coherent
sources with same phase and equal power, the
resolution threshold reduces to that obtained by
Pillai et al. Detailed computer simulations which
confirm the analysis are also presented.

1 Introduction

High-resolution eigenstructure based techniques [1-6]
can estimate the directions of arrival (DOAs) of incoher-
ent and partially coherent sources. For coherent sources,
these techniques may be modified by preprocessing
smoothing techniques [7-9], which can decorrelate the
coherence between sources. The eigenstructure-based
techniques can resolve any two closely spaced sources
when the ensemble covariance matrix is available.
However, in reality, the covariance matrix is estimated
from finite array sample data. The deviation between the
estimated and the ensemble covariance matrices produces
a biased estimation, and these techniques have different
performances.

Recently, Kaveh et al. [10] derived the expressions of
the bias and resolution threshold, the signal-to-noise
ratio (SNR) at which two closely spaced sources can be
resolved, of the MUSIC method for two uncorrelated
sources. Later Pillai et al. [11, 12] presented the bias and
resolution threshold of the MUSIC method with a
forward/backward smoothing scheme for two coherent
sources of equal power and the same phase. Since two
coherent sources usually have different phase and power,
we derive in this paper the bias and resolution thresholds
of the MUSIC method for such two coherent sources.
Instead of solving for eigencomponents of the covariance
matrix, the derivation involves the sum and product of
the two largest eigenvalues. The bias and resolution
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thresholds are obtained for both the forward/backward
and forward-only smoothing schemes.

2 Problem formulation and previous results

Consider a uniform linear array illuminated by two
coherent narrow-band sources with complex waveforms
u(t) and |p|e’u(t) and DOAs 6, and 6, with respect to
the array broadside, where |p| and ¢ represent the rela-
tive amplitude attenuation and phase delay of the second
source with respect to the first source. Without loss of
generality, let us assume that [p| < 1. To estimate the
DOAs of the two coherent sources, the array is grouped
into K subarrays, each with M sensors. With the assump-
tion that the signals and noises are stationary, zero mean
circular Gaussian independent random processes and,
further, the noises are IID (independent and identically
distributed) with common variance ¢, the ensemble
forward smoothed covariance matrix of the K subarrays
can be written as

Rf = A[% i D"’IR,,(D"”)H:IA” + o2 1)
k=1
where
A = J(M)[a(wy), a(w,)] (03]
D = diag [e 7/, e 7i02] 3)
_ 5 Iple""”)
RH—E[IU(I)l ](lplej¢ |p|2 (4)

In the above equations, E and H denote expectation and
hermitian, respectively, and a(w,) is the normalised direc-
tion vector associated with §;,

1 . . N
ale) = 77 U e, e i ., ¢ HM DT )
where
d sin 6,
m,.=2”—im—0’ i=1,2 6)

d = the space between sensors and A = the wavelength of
the signal sources.

It is known that in R, the two coherent sources are
decorrelated when K > 2. To reduce the number of extra
sensors required for smoothing, the ensemble forward/
backward smoothed covariance matrix can be formed as

R=4{R,+ IR T}
= AR, A" + o*1 0
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where T is the reverse permutation matrix
0 - 01
o -~ 0 1 0
I=|: : ®)
o1 o --- 0
1 0 0
and
1 K
R =— D* 'R (D¥— 1)
=3 | Lot Rt

+ ZDA(K*»M*I(*l)R::(Df(K-*M*k*l))H] (9)
k=1

with “*’ representing conjugation. In R, the two coherent
sources are decorrelated with K > 1 except when the
phase difference between the two coherent sources is
either 0° or 180° at the array aperture centre in the case
ofK =1.

The MUSIC method can estimate the DOAs of the
two coherent sources using either the forward-only
smoothed or the forward/backward smoothed covariance
matrices. With the ensemble covariance matrices R, and
R described as above, the MUSIC method can resolve
any two closely spaced coherent sources. Practically, the
covariance matrix is estimated from array sample data.
The difference between the estimated covariance matrix
and the ensemble covariance matrix results in a biased
estimation of DOAs. Recently, Pillai et al. [12] derived
the general expressions for the mean and variance of the
null spectrum of the MUSIC method. For two coherent
sources, the mean and variance are given by

E[Q()]

—0w)+L Y | T T g
NSt [e= (A — )2
-3y T " latw)
k=1 171 (A — A4 — K
k#i 1#i
1
+0 (F) (10)
and
Var [Q(w)]
2 2 2 M M
25 5§ Tempra
i=1j=1k=11=1
k#Ei 1#j
< Re [Ty a(w)B B a(w) + Ty a(w)B, B alw)]
(A — 2 )4; — 4)

+0 (NL> (11)

In egns. 10 and 11, N denotes the number of snapshots,
i;and B;,i=1,2,..., M, are the eigenvalues in descend-
ing order and associated eigenvectors, respectively, of the
ensemble smoothed covariance matrix, Re(-) stands for
the real part of (-), and Q(w) is the null spectrum com-
puted from the ensemble smoothed covariance matrix, i.e.

M
Q) = Y. | Ba(w)*

2
=1- _; | Bl a(w)|? (12)
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Here, I'y;; is given by
{ 1 K

Kz Z XﬂHR ﬂkﬂFqu J

p=14=1

+ B R Pubi Rey b for forward/

oo + BERS v vIRS, By backward
iklj = - smoothing
ﬁ quo’yl’))j Rpoqﬁk

= & TaR,
L X ﬁkﬂl quﬂj

for forward-
only
smoothing

(13)

Ineqn. 13, po =K —p+1,4o=K — g+ 1 and y; is the
backward version of the vector f¥. Further,

Rf, = ELXJ(X)™
% = ELX3(X0] (14)

where X{ (or X?) is the output vector of the ith forward
(or backward) subarray. For the forward/backward
smoothing with K = 1, eqn. 10 reduces to

1 2 Ao?
E[Q(0)] = Q) + 5 N .Z m)—

1

x [(M —2)| Bi'a(w)|* — Q(w)]

+ 0<$> (15)

Since Var [Q(w,)] is much less than E[Q(w,)] for k = 1, 2
[12], the resolution threshold for two closely spaced
sources is defined as the smallest SNR for which the fol-
lowing inequality is satisfied [10]

E[Q(@,)] > E[Q(w)] i=1,2 (16)

where w,, = (0y + ®,)/2. From eqns. 15 and 16, Pillai et
al. have derived the resolution threshold ¢; for two
coherent sources of equal power and same phase, to be

[12]

g oafla2_L_ L

ér~<3A 20 16A )57 17
where ¢; [10] is the normalised SNR (resolution
threshold) required to resolve two equipowered uncor-
related sources separated by the normalised ‘angle’ A% =
(M2w3)/3. 2w, = (w, — w,) represents the actual separa-
tion.

In reality, two coherent sources usually have different
phase and power. We analyse in this paper the per-
formance of the MUSIC method with forward/backward
and forward-only smoothing schemes for such coherent
sources. The number of subarrays K is chosen to be one
for forward/backward smoothing and two for forward-
only smoothing (i.e. the minimum required).

3 Performance of MUSIC with forward/backward
smoothing

The expressions of the bias and resolution threshold for
the MUSIC scheme with forward/backward smoothing
and K =1 for two coherent sources with different phase
and power are derived below. E[Q(wl)] i=1, 2, is first
evaluated by using eqn. 15 which is the general expres-
sion for the MUSIC scheme with forward/backward
smoothing and K =1 in the case of two coherent
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sources. Eqn. 15 involves the eigenvalues and eigen-
vectors associated with the signal subspace of the
smoothed ensemble covariance matrix R. For the case
considered here, the expressions of the eigenvalues and
eigenvectors are too complex to be used for evaluating
the bias. In the analysis shown below, that problem is
circumvented by using the sum and product of the two
largest eigenvalues.

To evaluate E[Q(w)], |p¥a(w), i, j=1, 2, is first
examined. Let y; be the eigenvalue of the noise free
ensemble covariance matrix AR, A7, y; is related to 4;,
the eigenvalue of R, by

=4 —a? (18)
Using eqns. 2, 4 and 9, AR, A¥ can be written as
AR, A" = ME[| u(t) *][a(@,)a(w,)]

lplp, H
(Ip\p," lpl’)[“(“")“(””]

= ME[|u(t)|?1[B: B.]
0 H
x (0 i )Lﬂl A (19)
In eqn. 19, p, is the effective correlation coefficient of the

two coherent sources for forward/backward smoothing
and K =1

py=e MM Dot cos (M — N, — §] (20)

Substituting eqn. 27 into eqn. 15, the mean of the null
spectrum in the directions of @, and w, can be obtained
within the first-order approximation, as

. M -2 lp1* e PC 01 —1p,1?)

E[Q(w)] = {— 27 -

2N s Ty
2, /
x [1 +Mf—”2)}} fori=1,2 (28)
Cuy
where ( is defined as the array output SNR of the weaker
source,

& MEDUOPY P @)
g

4

Similarly, to find the bias in the direction of w,,, the
factor | 7 a(w,,)|? can be evaluated by premultiplying and
postmultiplying eqn. 19 by a%(w,,) and a(w,,), respectively,
and this results in

— iy + SP[M, (0y/2)]p,

| Blalw,) > ~ — (30)
©_ SiE[M ,12 i
|Blalwy? ~ LS @D o,y 3y
K1 — Ky

where p,, is given by
Pa=1+1p1? +plp @M Do+ |p|pFe /M7 (32)

From eqns. 30 and 31, we may obtain the E[Q(w,,)] with
the first-order approximation

E[0(w,)] = Q@) + 2

—2 {l 12 (1 + 1h) — SE[M, (0,/2)]p, — Y, )iy
N 12"

I
1 2+ iy + 12) — SiEM, (@ /2Jpdus + 1) — Q)
+C—2|pl4 (14 Bl + 1) ['ulz([u,g/ Vet + 1) — O )/11} (33)
1Mz

and y; is defined as

Y . S
ME [|u()|*]

Premultiplying and postmultiplying eqn. 19 by a*(w,) and

a(w;), respectively, for i = 1, 2, we get the following equa-
tions

4 e

L+1plPlp >+ lplpps + lplpkp®
= iy | Bla(,)|? + s Balwn) P (22)
and
|2

P12+ 1o+ 1plpps + Iplpket

= | Blalwy) |* + wy | fla(wy)* (23)
In eqns. 22 and 23, p, is defined as

Py = d¥()aw,) = M VUSIM, w,) (24)
where
. sin (xy)
Si(x, y) & 30 XY
i(x, y) xsin y (25)

Since 8, and f, span the signal subspace, we have
|Bfa(w)® + | Ba(w))> =1 fori=1,2 (26)
Solving eqns. 22, 23 and 26, we get

22 -iyq _ 2y
|Baw) | = (— 1y ol (} !p,s| ) — 4
Hy — K2

fori,j=1,2 (27)
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Since Q(w,,) is much less than unity for two closely
spaced sources and gy, is smaller than u), Qw,)u
and Q(w,Xu;)’> in eqn. 33 can be approximated by
O,y + #5) and Qw,Xuy + u3)*, respectively. There-
fore, from eqns. 28 and 33, E[Q(w)], v = w,, w, and w,,,
is only related to the sum and product of yj, i=1, 2.
Since #, and u, are eigenvalues of AR, 4¥, the following
equation holds

uf = Tr (AR, A")u; + | R, A%A| =0 (34)

where Tr (-) denotes the trace of (-). From eqns. 21 and
34, the sum and product of ) and x4, are given by
e Tr(R, 4
H MKy = o o
P MEQu))’)
=1+1pl* +1plpsp. + p¥p¥) (35)
|R, A" A
{ME[|u()|*1}?
=1p1P(0 = lp, 1 —1p.1?) (36)
One can see from eqn. 28 that E[Q(wz)] = E[Q(w,)] for

|p|® < 1. Therefore, the resolution threshold is deter-
mined by the weaker source,

E[Q(»,)] = E[Q(w,)] 37

which is the same as the conclusion drawn by Lee [13]
for two uncorrelated sources. Substituting eqns. 28 and
33 into eqn. 37 and using Q(w,,) =~ g5A* [10, 13], we may

Hils =
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get the resolution threshold,

20(M — 2) NA*
=== 1+ —
4 NA® A{1+\/|: +10(M—2)B (38)

where A and B are given by

1= 1951 + SEEIM, (@04/2)]p, + (Q(@n) — D) + #5)

A
(1 =1p, P —1p. 1
(39)
and
B~ M+ i
1—[p > + SPM, (0,/2)]p, + Q@) — Dy + 1)
(40)

For two closely spaced sources, it can be shown that the
resolution threshold may be approximated as follows.
(a) For |sin ¢ | < A:

_20(M —2)

NA6 (“0 + alAz)

{

2NA?

where

0_{¢—(M—1)w,, for ¢ ~ (M — Doy,
T MM -—VDw,—¢p—7 forg=(M—Do,—=
47

It can be seen from eqn. 46 that the resolution threshold
has a peak value when 6 approaches zero. This result
comes from the fact that the MUSIC with forward/
backward smoothing and K = 1 can not decorrelate the
two coherent sources with phase difference equal to
M — Dw,ort (M — Doy, — m.

4 Forward-only smoothing

For forward-only smoothing, we analyse the performance
of the MUSIC with K = 2. In the case, I'y,; in egn. 13

L+p|> +2|p|Sgn (cos ¢) —4|p| Sgn (cos $)A”

X (1 * \/{1 T SM —2)3— 17 + 21p| Sgn (cos #) + ([312]” — 66/ p] Sgn (cos §) — 29]/20}A2}>

~ 3(ap + a,;ADE,
where &; is the resolution threshold for two coherent

sources of equal power and same phase given in Refer-
ence 12, and a, and q, are given by

_3—Ipl* +2lpISen (cos ¢)

ao 12 42)
and
11 —5|p|* —2|p| Sgn (cos
ay = lp] 4EI;/)I gn (cos ¢) @3)
with
1 foraz=0
S =
gn (a) {—1 fora<0 “4)

It can be seen from eqn. 41 that for |[p| =1and ¢ =0, {
reduces to .
(b) For {sin ¢p| > A,

20M —2) (3 —|p|*> +2|p|cos ¢
NA* 4 sin? ¢

[~
6~

2 2
><<1+\/|:1+ 2NA 1+|p|2+2|p|cos¢
S(M—2)3—|pl* +2|p|cos ¢

_3—1pl* +2|plcos ¢
B 45sin? ¢

3A%E, (45)

(c) For cos*(¢p — (M — l)w,) = 1,

,:~20(M—2)(3—|p12+2|p|
~ NA* 4
s 2NA? 1+[p|2+2|p|)
x 0 (1+\/[1+5(M-2)3—\p12+2|p|]
~ M 3A29~2§~ (46)

4
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(41)

reduces to
(A44;05.6, — 5[BI'RY, BuBI'RE, B
+ BERL, By ?R{lﬁj
— BYR, B BT RS 1B;
— BERL, BeBI'RI2 B))
12,2;646;
+ %[ﬂ?R{z ﬁkﬁ?Ra/‘j
L +BIRLABIR B

fori,j, k,1<2
riklj =9

otherwise

(48)
where
1 fori=j
W= {0 otherwise

In eqn. 48, T'y,; is not only dependent on the covariance
matrices of the two subarrays, R{, and R%,, but also
related to the cross correlation matrices Rf, and RJ,.

Concerning R}, defind by eqn. 14, it can be written as

49

RS, = ADR, A" + ¢°J, (50)
where J, is
01 0 - 0
o o 1t -0
Jy=|: : (51
o 0 -+ 0 1
o - - -0

As to R{,, it is equal to (R%,)#. Substituting eqn. 48 into
eqn. 10 and using the following identity (shown in
Appendix 9.1),

M 2
kzaﬂle B, = _kglﬁkﬂjlﬂk (52)

it is proved in Appendix 9.2 that the expression for the
mean of the null spectrum in the case of forward-only

473



smoothing and K = 2 is given by

2 2

~ 1 o
E[Q(w)] = Q(w) + 3N '_;1 G o)

2
X {[)"i(M —2)—Re <ﬂ{iR{2 B; 2 ﬁfhﬂk)jl
k=1
x |Bla(w) > — 4; Q(w)}

1
+ 0(?) for v = w,, w, and w,, (53)

Then, using ]ﬂ,ﬂR{zﬁJ < ﬂ:”ﬁ_rﬁ. =4 and (B{J, Bl <
BEB, = 1, it can be easily shown that

2
e {sirizp( 3 pto.s,)}
=1
Therefore, for large M, eqn. 53 may be approximated by

- 1 2 22
EL0@] ~ 0w + 33 3 o

x [(M —2)| fila(w) > — Q(w)]

1
+ 0(?) (55)

Note that eqn. 55 is the same as eqn. 15 which represents
the forward/backward smoothing case. Therefore, the
expressions for the mean and resolution threshold
derived from eqn. 55 have forms similar to eqns. 28, 33
and 38, except that the effective correlation coefficient is
different. For forward-only smoothing with K = 2, the
effective correlation coefficient is

pl =79 cos (v (56)

Since |pf| is independent of ¢, the bias and resolution
threshold of the forward-only smoothing are less sensitive
to ¢ than those of the forward/backward smoothing.
Therefore, using A < 1, the resolution threshold may be
approximated by

<24 (54)

20M —2)
{~ Tw,f— A" ko + kA + k,A?)
X (1 + 1+ LAZ C
(M —2)
~ MPko + kA + kpANE (57)
where
3—-ipl?+2
ky = 212 {plcos ¢ (58)
4
V3 .
k, = 2 lplsin ¢ (59
[p]> + 1+ 10|p| cos ¢
ko= - 16
3—1p1* —|p| cos ¢
+ Ve (60)
L+1p|*+2|p|cos ¢
C- +2,/(3)|p|sin pA — 4|p| cos pA2
3—1pI> +2|picos ¢ + 2\/(3)|p| sin A
+{[31p1> — 66| p| cos ¢ — 29]/20}A2
(61)
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It can be seen from eqn. 57 that for |[p| =1 and ¢ =0,
¢~ M?*E,, where £, is the resolution threshold for the
forward/backward smoothing with K =1 in similar
source situations.

5 Computer simulations

Computer simulation results are presented in this section.
We first simulated the bias and resolution threshold for
the forward/backward smoothing with K = 1. Fig, 1 pre-
sents the bias computed from eqn. 28 and the bias aver-
aged from 30 independent simulation trials with M = 10,
|pl =1, SNR =30dB, N = 100, and ¢ = —60°, 0° and
30°. Fig. 2 shows the bias for |p| =1 and | p| = 0.1 with
M =10, SNR of the second source =20dB, 8, = 69°
and 6, = 75°. Results show that the computed and aver-
aged biases match very well. The resolution threshold
was simulated with parameters the same as those used in
Fig. 1 except that M = 7. Table 1 shows the probability
of resolution averaged from a hundred independent trials
for different SNR and angular separation. The resolution
threshold is chosen to be the SNR where the probability
of resolution is 0.5.

-24
fsa)
©°
o
o
o

-36

-48

-60 | I 1 | J

0.00 0.08 016 0.24 032 0.40
angular separation

Fig. 1  Bias at one of the arrival angles for forward/backward smooth-
ing
K =1, ten sensors, |pf{ =1, SNR = 30dB and 100 pshots; p
bias for ¢ = 0°; — — — — computed bias for ¢ =30° ------ computed bias for

¢ = —60°; ® averaged bias for ¢ = 0°; + averaged bias for ¢ = 30°; O averaged
bias for ¢ = —60°

Fig. 3 plots the resolution threshold obtained from
Table 1 and that computed from eqn. 38. Fig. 4 shows
the resolution threshold simulated with the same param-
eters as used in Fig. 2. Again, the theoretical results agree
with the results obtained from Monte Carlo simulations.
From Figs. 3 and 4, it may be observed that the
resolution threshold has a peak value for ¢ close to
(M — )w,; or (M — 1)wy; — n. This result is consistant
with the analysis in eqn. 46. The bias and resolution
threshold for the forward-only smoothing with K = 2 is
presented in Figs. 5-8. Here, M is chosen to be ten in
simulating both the bias and resolution threshold. Figs. 5
and 6 show the bias simulation results, and Figs. 7 and 8
present the resolution thresholds. From Figs. 4 and 8, the
results show that the resolution threshold of the forward/
backward smoothed case with K =1 is lower than that
of the forward-only smoothed case with K =2 except
when ¢ is close to (M — 1)w,; or (M — w,; — 7.
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+
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| | J
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phase

Fig. 2  Bias for forward/backward smoothing

K =1, ten sensors, 100 snapshots, SNR of the weaker source equal to 20 dB,
6, = 69° and 8, = 75°; computed bias for |p| = 1; - - — - computed bias

for |p| =0.1;

a bias at w,
b bias at w,
¢ bias at »,

* averaged bias for | p| = 1; + averaged bias for | p| = 0.1
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100

80

threshold,dB
(o]
o

0
(=]

20

0 l 1 )| | 1
000 0.06 012 018 0.27 030
angular separation
Fig. 3  Resolution threshold for forward/backward smoothing

K =1, seven sensors, [p| = 1 and 100 hots; ——— d threshold for
¢ = 0°, — — — — computed threshold for ¢ = 30°; ------- computed threshold for

= —60°; * averaged threshold for ¢ = 0°; + averaged threshold for ¢ = 30°;
O averaged threshold for ¢ = —60°

60

48

w
D

threshold,dB

24

1 1 { 1 I
-180 -108 -36 36 108 180

phase
Fig. 4  Resolution threshold for forward/backward smoothing

K =1, ten sensors, 100 snapshots, 6, = 69° and 6, = 75°; computed
thresholds for |p|=1; - ——— computed threshold for |p|=0.1; * averaged
threshold for (p| = 1; + averaged threshold for [p} = 0.1
-5
SHE
-19
o
o
o
g
o
=26
-33
6
-40 1 I | | ¢ I
005 0.10 0.15 0.20 0.25 030

angular separation
Fig. &  Bias at one of the arrival angles for forward-only smoothing
K =2, ten sensors, |p| = 1, SNR = 30 dB and 100 snapshots; - computed
bias for ¢ = 0°; ———- computed bias for ¢ =30°; ------- computed bias for
¢ = —60°; * averaged bias for ¢ = 0°; + averaged bias for ¢ = 30°; O averaged
bias for ¢ = —60°
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|
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=221

bias ,dB
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¢
Fig. 6

S | L
~36 36 108 180
phase

Bias for forward only smoothing

K =2, ten sensors, 100 snapshots, SNR of the weaker source equal to 30 dB,

6, = 69° and 0, = 75°;

computed bias for |p} = 1; — — — — computed bias

for |p| = 0.1; * averaged bias for |p| = 1; + averaged bias for |{p|q0.1

a Bias at w,
b Bias at w,
¢ Bias at w,

476

75—
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0 . | I | |
005 010 015 0.20 025 030
angular separation
Fig. 7  Resolution threshold for forward only smoothing
K =2, ten sensors, |p| =1 and 100 snapshots; computed threshold for
¢ =0°; ———- computed threshold for ¢ = 30%; -+~ computed threshold for

¢ = —60°; * averaged threshold for ¢ = 0°; + averaged threshold for ¢ = 30°;
O, averaged threshold for ¢ = —60°

60—

threshold,dB

0 i 1 I 1 J

-180 -108 -36 36 108 180

phase

Fig. 8  Resolution threshold for forward only smoothing

K =2, ten sensors, 100 snapshots, §, = 69° and 6, = 75°; computed
threshold for | p| = 1; ———— computed threshold for |p| = 0.1; * averaged thresh-
old for |p| = 1; + averaged threshold for {p| = 0.1

6 Conclusion

We have derived the bias and resolution threshold of the
MUSIC method with forward/backward smoothing and
forward-only smoothing for two coherent sources with
different phase and unequal power. The numbers of sub-
arrays used for derivation are one for forward/backward
smoothing and two for forward-only smoothing. Results
show that the resolution threshold of the forward/
backward smoothing scheme is highly dependent on the
phase difference between the two coherent sources
whereas that of the forward-only smoothing is not,
except when the power ratio of the two sources is close to
1. The resolution thresholds associated with both of these
smoothing schemes also depend on the power ratio of the
two sources and are mainly dictated by the SNR of the
weaker source. The simulation results indicate that the
resolution threshold of the forward/backward smoothing
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Table 1: Resolution probability for forward/backward
Tmoothing with 100 snapshots, 7 sensors, 100 simulations,
pl=1

Angles of Ang. sep. @ = —60° p=0° ¢ =30°
arrival
_ 2w, SNR Prob. SNR Prob. SNR Prob.
8, 6,

84 79 0.0514 40 0.39 57 0.30 49 0.28
41 0.46 58 0.37 50 0.35
42 057 59 0.48 51 0.48
43 0.64 60 0.60 52 0.62

71 65 0.1231 23 034 34 0.24 42 0.29
24 041 35 037 43 0.39
25 052 36 0.63 44 0.52
26 059 37 0.67 45 0.67

66 60 0.1493 20 035 29 0.22 45 0.25
21 0.40 30 0.33 46 0.38
22 050 31 0.46 47 0.566
23 0.63 32 059 48 0.64

62 56 0.1694 17 037 27 0.29 57 0.28
18 0.45 28 0.41 58 o.M
19 052 29 0.56 59 0.51
20 0.60 30 0.67 60 0.55

56 50 0.1979 15 033 23 025 4 0.16
16 040 24 038 42 0.26
17 0.46 25 0.52 43 0.47
18 059 26 0.68 44 0.65

48 41 0.2736 9 0.38 15 0.28 24 0.26

10 041 16 040 25 0.45
11 049 17 0.48 26 0.60
12 056 18 0.60 27 0.69

with K =1 is usually smaller than that of the forward-
only smoothing with K =2 except when the absolute
value of the correlation coefficient is very close to unity,
i.e. the phase difference between the two coherent sources
is close to (M — l)w, or (M — Nw, — .
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9 Appendix

9.1 Derivation of eqn. 52
Since B, k = 1, ..., M, are a set of orthogonal vectors,

BY
By
[ﬂ1 ﬁz ﬂM] . =1 (62)
B
Define
di = [Bil ﬁiz]T (63)
and
ri=[Bis B iM]T (64)

where B, i, k=1, 2, ..., M, is the ith element of the
vector B, k =1, 2,..., M. Using eqns. 63 and 64, eqn. 62
can be written as

a1

4o s ) o
: : ry r, " Iy

ag 4

In eqn. 65, the elements off the main diagonal are zeros.
Therefore, we have

dfd;y + i, =0 (66)
fori=1,2,..., M — 1. Using eqn. 64, the right-hand side
of eqn. 52 becomes

M M [M-1
2 ﬂkH‘Il ng = Z ( Z ﬁﬁﬂ(nl)k)
k=3 k i=1

=3

M-1/ M
= z (kzaﬂ;cﬂ(ﬁl)k)

1

3
|

i

1
= r{iri +1 (67)
1

Using eqn. 66, eqn. 67 can be written as

M M-1
kzalgf-lxﬂk = - Z d?di+l

i=1

2 /M-1
= —kzl ( Z ﬂﬁﬂqiﬂ;k)

= - kz.lﬁf‘] 1B (68)

which is eqn. 52.
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9.2 Derivation of eqn. 53
Substituting eqn. 48 into eqn. 10 we get

rukk

i=1 | k=1

k#i

. 1 2 M
EL0(@)] = Q@) + 3 . [Z s et

M M
__""'—
kgl zg (A — A — 4) a™(w)B B alw)
k#i 1#i
1
= Qo) +%
X i{Ai+B.~+C,-+Di+Ei+Fi+Gi}
i=1
+ o(NL)
Here,
M 1 l.a' - , ,
= ¥ 3 (e~ Ipla) )
— 1,.5 M — 2)| fa(o)|* — 0(@))
2 G (M =D pfa@) - e
B, =l M BHRI, B.BER% B + BERS, BiBERL, B
RS (i — o)
x | Bla(w)|?
= *(BI'R{2B)
= —Re { 2 o7

2
(5 gt ) taorr
=1
where J, is defined by eqn. 51, and

2
Ai
Ci=13 'l"
k=1 (
k#i

i) (1 Blalw)* — | B alw)?)
k.
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(69)

(70)

(71)

)

Since . C; =0, Y (E; + F)

-1 L ﬂHR{Zﬁ BfRélﬁl-{'BHR lﬁiﬂkHR{ZBl

Di=— 4 — oD — 4)

4k3ll

x a(w)Bi i alcw)

-1 2 lﬂna(wﬂl
b= L G-

k#i
+ BERL, B BER{ B — BER{, B BERS By
— BERL B BERY, B}
2 H(w)ﬂk ﬂl a(w)
4 Z 2, (= e — )

k 11=1
k#i 1#i

x {BIR{ \B:Bi'RE, B + BYRL, Bi SR
— BYRY, B:BERS, B, — BIRE B SR, B}
-1
4

{BFR{I BIBERIZ’ZB](

G =

(73)

(74)

(75)

2 M BHR], B BYRSLB + BERE, B BYRL B

X >
12:1 1§3 (A — A4 — A)
k#i

x a(w)By fialw)

2 0.2

~ 1
E[Q(@)] = Q@) + 5 'Zl s

(76)

=0, and D; and G; are close
to zero for w equal to w,, w, and w,,, we have from eqn.
69

x {I:M(M —2)—Re (ﬁ”R 2B Z/fk 1/?,()}

x |Ba(@)|* — 4 Q(w)}

+ 0(#) for v = w,, @, and w,

(77
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