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Abstract-A novel method to acquire the scattering 
matrix of an n-port network from the measurements 
using a reduced-port network analyzer is developed. 
This method can obtain the scattering matrix of a non- 
reciprocal or reciprocal n-port network with the use of 
a three-port or two-port network analyzer. The for- 
mulation of this method considers the imperfection of 
terminators used in the measurement, and only two of 
the terminators are required to be known. Experimen- 
tal results of a four-port microstrip circuit show the 
good accuracy using the developed method. 
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I. INTRODUCTION 
In practice, the multiport scattering matrix of an n-port 

network is measured with a two-port network analyzer 
based on the definition of scattering matrix by assuming 
perfect terminators connected. However, those imperfect 
terminators used may degrade the measurement perform- 
ance. Several rigorous methods for solving the scattering 
matrix of a multiport network from the two-port meas- 
urements with imperfect terminators were described in [ 1- 
31. In [4], Lin and Ruan proposed an approach from the 
port reduction point of view. With their method, the n- 
port scattering matrix can be reconstmcted from n sets of 
the reduced (n- 1)-port scattering matrix by connecting n 
known terminators at each port at a time. This port reduc- 
tion process can be continued and the resulting minimal 
port order for the reduced network is three. 

In this paper, we present a novel formulation of the 
port reduction method (PRM) for solving the n-port scat- 
tering matrix from the reduced port measurements. With 
this method, the minimal order of measured port can be 
further reduced to be two for a reciprocal n-port network. 
In addition, only two of the n imperfect terminators used 
to reduce the measured ports are required to be known in- 
stead of n in [4]. Experimental results of four-port non- 
reciprocal and reciprocal circuits using the developed 
PRM are given. 
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11. FORMULATION 
For an n-port network, as a terminator with reflection 

coefficient of r k  is connected at the k-th port, the rela- 

tionship between Sf) of this reduced (n-1)-port network 
and Sii of the n-port network to be solved is given as 
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tion for solving off-diagonal elements, Sll will be solved. 
One can then solve all the off-diagonal and diagonal ele- 
ments, hence reconstruct the n-port scattering matrix. 

For the off-diagonal elements, one can obtain the ex- 
pression as 

III. EXPERIMENTAL RESULTS AND 
VERIFICATION 

I me experiments on using the developed p w  con- 
g;..tain two parts: experiment 1 for reciprocal network and ,. 

Since all the diagonal elements are expressed in terms of 
Sll (or designated as t in the following for simplicity). 
The right hand side of (6) is then a polynomial o f t  with 
the order of one. For n24, if a different port h is taken, (6) 
becomes 

From (6) and (7), Sg and Sji are polynomials o f t  with 
the order of one. 

One can now substitute Sii ,  SJ,  Sij and Sji  into 

(8) 
0) 1 

ri 
isii - Sii) (- - Sj j )  = sijsji , 

which is a second-order polynomial equation of t. The 
correct value o f t  can be determined by substituting the 
resulting values of Sg into 

(9) 

to yield a very small value of A based on (1). Therefore, 
all the scattering parameters of an n-port network can be 
calculated from the reduced (n-1)-port scattering matrices. 
One can repeat this port reduction process to reduce the 
measured ports to a minimal order of three as given in [4]. 

For a reciprocal network, 

The correct value o f t  can be solved in a similar manner as 
that in the non-reciprocal case. However, one can find 
that the formulation is valid till n is 3. This means that the 
minimal order of measured ports can be further reduced to 
be two. Therefore, one can use the derived PRM formula- 
tion to acquire the scattering matrix of a reciprocal n-port 
network from the measurements using a two-port network 
analyzer. 

experiment 2 for non-reciprocal network. 
In experiment 1, the DUT (or ‘ R  network) is a micro- 

strip circuit on a 50 mil RT/duroid 6006 substrate as 
shown in Fig. l(a). The measurement setup is shown in 
Fig. 2 with two terminators for each port. Terminator 1 is 
for PRM process, and terminator 2 is for the measurement 
verification. Table 1 illustrates the port arrangement at 
different order of PRM process. The first column is the 
port of a four-port DUT. The ports of intermediate three- 
port scattering matrices required to reconstruct the four- 
port scattering matrix are listed in the second column. The 
type of terminator connected is also given. For example, 
the first element 123-1 in column 2 represents a three- 
port scattering matrix of ports 1 , 2 and 3 with terminator 1 
connected at port 4. The ports of two-port scattering ma- 
trices required to reconstruct each three-port scattering 
matrix are given in the third column. The actual measured 
ports are given in the last column. There are a total of six 
sets of two-port scattering matrices to be measured. Typi- 
cal elements, Sll, $1 and S14, of the reconstructed 
four-port scattering matrix of ‘R’ network are shown in 
Fig. 3. 

In experiment 2, the four-port DUT used in experiment 
1 is connected with an isolator (Narda 10s-4080) at port 2 
to become a non-reciprocal network (or ‘NR’ network) as 
shown in Fig. l(b). Since it is lack of three-port vector 
network analyzer, the four sets of three-port scattering 
matrix corresponded to the second column in Table 1 are 
calculated using the experiment 1 results of four-port 
scattering matrix and the measured two-port scattering 
matrix of isolator. Results of the reconstructed scattering 
parameters of four-port ‘NR’ network are shown in Fig. 4. 

The reconstructed four-port scattering matrix is veri- 
fied with the measured two-port scattering matrices by 
connecting two terminator 2’s (50 R loads) at the other 
two ports as illustrated in Fig. 2. In addition, these two- 
port scattering matrices are calculated using the four-port 
scattering matrix of ‘NR’ network with the measured re- 
flection coefficients of 50 R loads. Typical measured and 
calculated results (denoted as MS, and CS, ) are given in 
Fig. 4, which shows MSg and CSg are almost identical. 

This shows the accuracy of the reconstructed S, of ‘NR’ 

network. The measured port pair for MSii is given on 
the top center of each figure. Some discrepancies can be 
observed between Sij and M S ,  in Fig. 4. This means 
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Ports of re- Ports of in- Ports of 
sulting four- termediate measured 
port S-matrix three-port S- two-port S- 

matrix matrix 

13-1 1 
23-1 1 

14-1 1 
24-1 1 

12-1 1 

12-1 1 

1234 13 11 

123-1 . 

124-1 

I Table 

Ports of actu- 
ally measured 

two-port 
S-matrix 

13-1 1 
23-1 1 

14-1 1 
24-1 1 

12-1 1 

--- 

--- 

- 
1. 

134-1 

I - I 
Port description of the scattering matrix in 

PRM process. 

Fig. 1 Circuit layouts of (a) a reciprocal four-port 
network (or ‘R’ network) and (b) a non-reciprocal four- 
port network (or ‘NR’ network). 
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Fig. 2 Measurement arrangement of a four-port network 
(DUT) with its ports 1 and 2 connected to HP8510C. The 
actual measured ports are based on Table 1. 
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Fig. 3 Results of input ( Sl ), coupled path ( S21 ) and 
direct path ( S14 ) characteristics of ‘R’ network using the 
PRM process. 
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- 1 .  ’ ,  . ’ ” I Fig. 4 Comparison of (a) input ( Sl 1 ), (b) coupled path 
( S21 ) and (c) direct path (S14 ) characteristics of ‘NR’ 
network. Sii is the scattering parameter reconchucted by 

PRM. MSii is the measured two-port scattering matrix 

and CSij is the calculated two-port scattering matrix. 
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