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Abstract 

The Hyper-Geometric Distribution software relia- 
bility growth Model (HGDM) has been shown to be able 
to estimate the number of faults initially resident in a 
program a t  the beginning of the test-and-debug phase. 
A key factor of the HGDM i s  the “sensitivity fac-  
tar’’, which represents the number of faults discovered 
and rediscovered at the application of Q test instance. 
The learning curve incorporated in the sensitivity fac- 
tor is generally assumed to  be linear in the literature. 
However, this assumption is apparently not realistic 
in many applications. We propose two new sensitivity 
factors based on the exponential learning curve and the 
S-shaped learning curve, respectively. Furthermore, 
the growth curves of the cumulative number of discov- 
ered faults for the HGDM with the proposed learning 
curves are investigated. Extensive experiments have 
been performed based on two real test/debug data sets, 
and the results show that the HGDM with the proposed 
learning curves estimates the number of initial faults 
better than previous approaches. 

1. Introduction 
In the software development process, a program 

is developed through these four steps: specification, 
design, coding, and test-and-debug. In general, the 
test-and-debug procedure is performed by test spe- 
cialists, independent of the programmers of the soft- 
ware. Although the programmers usually have the 
confidence that the program is completely debugged, 
many faults are detected by the test team. 

However, it is difficult to know definitely how many 
faults exist in a program at the beginning of the test- 
and-debug process. Thus, the test specialists are un- 
able to determine when the program under test can 

be released to service. Obviously, it is important and 
helpful to be able to estimate the number of initial res- 
ident faults. If the accuracy of this estimate is high, 
the test specialists can determine more precisely when 
to release the program to service. 

In the literature, several Software Reliabili- 
ty Growth Models (SRGMs) based on the Non- 
Homogeneous Poisson Process (NHPP) to estimate 
the number of residual software faults have been 
proposed (e.g., Goel and Okumoto [l], Yamada et. 
al. [2], Ohba [3], and Musa and Okumoto [4]). 
The Hyper-Geometric Distribution software reliabil- 
ity growth Model (HGDM), first proposed by Tohma 
et. al. [5 ] ,  was shown to be attractive. Tohma et. al. 
[6-81 and Jacoby et. al. [9-101 have made a series of 
studies on the HGDM recently. 

A key factor of the HGDM is the “sensitivity fac- 
tor” (denoted by w;), which represents the number of 
faults discovered and rediscovered at the application 
of the i th test instance. This model assumes that the 
learning curve of testers’ skill involved in w; is lin- 
ear. However, the assumption of linear learning curve 
is apparently not realistic in many applications. Tra- 
ditionally, the exponential or the S-shaped curve is 
used to represent the human learning process. In this 
paper, we thus propose two new w, functions based 
on the exponential and the S-shaped learning curves, 
respectively. 

Experiments have been performed based on two re- 
al test/debug data sets, and the results show that the 
HGDM with the proposed learning curves can esti- 
mate the number of initial faults better than previous 
approaches. Furthermore, the growth curves of the cu- 
mulative number of discovered faults for the HGDM 
with these two new sensitivity factors are also investi- 
gated. 

The remaining presentation is organized as follows. 
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Existing software reliability growth models based on 
the Non-Homogeneous Poisson Process (NHPP) are 
summarized in Section 2. The basic concept and the 
precise formulation of the HGDM are briefly reviewed 
in Section 3. Two new sensitivity factors are proposed 
and discussed in Section 4. We estimate the parame- 
ters of the HGDM with different sensitivity factors by 
using the Least Square Method in Section 5. Section 
6 discusses the growth curves of the cumulative num- 
ber of discovered faults for the HGDM with these two 
new sensitivity factors. The experiments and results 
are presented in Section 7 followed by the conclusions 
in Section 8. 

2. Existing Software Reliability Growth 

In general, software reliability growth model is de- 
fined by the mathematical relationship that exists be- 
tween the time span of testing a program and the 
cumulative number of faults discovered [3]. In this 
section, we will summarize four interesting existing S- 
RGMs based on the NHPP. In particular, these four 
models will be used for comparison with the HGDMs 
in Section 7. 
0 Goel-Okumoto model 

Goel and Okumoto [l] first proposed a SRGM based 
on the NHPP. This model is also called the ezponentzal 
SRGM, which assumes that all faults are independent 
and have the same probability to be detected. The 
mean value function showing an exponential growth 
curve is given by 

Models 

E( t )  = m(1 - e-at) ,  m > 0, a > 0 )  (1) 

where m is the expected number of faults to be even- 
tually detected and a represents the fault detection 
rate. 
0 Delayed S-shaped model 

The Delayed S-shaped SRGM was proposed by Ya- 
mada et. al. [2]. They assume that a testing process 
contains not only a failure detection process, but also 
a fault isolation process. The mean value function of 
this model is 

D(t )  = m(1 - (1 + ut)e-at) ,  m > 0, a > O ~ (2) 

which shows an S-shaped growth curve. Like the 
Goel-Okumoto model, the parameters m and a are 
the total expected number of faults and the fault de- 
tection rate, respectively. 

Inflection S-shaped model 
The Inf lect ion S-shaped SRGM, presented by Ohba 

[3] , assumes a software failure detection phenomenon 

with a mutual dependence of detected faults. In the 
fault detection process, the more faults are detected, 
the more undetected faults become detectable. This 
NHPP model has a mean value function 

(1 - e-a*) 

(1 + b e v a t )  ’ I ( t )  = m m > 0, a > 0, b > 0 .  (3) 

The parameter m is again the total number of faults 
to be detected while a and b are the fault detection 
rate and the inflection factor, respectively. 
0 Logarithmic Poisson Execution Time Model 

The logarithmic Poisson execution time model was 
proposed by Musa and Okumoto [4]. The underly- 
ing software failure process is modeled as a logarith- 
mic Poisson process with an intensity function that 
decreases exponentially with the expected number of 
faults experienced. This model belongs to the infinite- 
fault category [ll], and then the concept of the num- 
ber of initial faults does not exist. The mean value 
function is 

1 
0 p ( t )  = - ln(Xo0t + l),  Xo > 0,  0 > 0, (4) 

where XO and 0 represent the initial failure intensity 
and the reduction rate of the software failure rate, 
respectively. 

3. Review of HGDM 
In this section, we will briefly review the hyper- 

geometric distribution software reliability growth 
model for estimating the number of faults initially res- 
ident in a given program [5-lo]. 

In the software development process, programmers 
first debug their products by themselves. After this 
preliminary debugging, the products will be passed 
to test workers for further test-and-debug. In gen- 
eral, a program is assumed to have m initial faults 
when the test-and-debug stage begins. Test opera- 
tions performed in a day or a week may be called 
a “test instance”. Test instances are denoted by 
t ,  ~ i = 1 , 2 , .  . . , R in accordance with the order of ap- 
plying them. Therefore, the test of a program can be 
viewed as a “set” of test instances. The “sensitivity 
fuctor”, wi, represents how many faults are discovered 
by the application of the test instance t,. Each fault 
can be classified into one of the two categories, new- 
ly discovered faults or rediscovered faults. Some 
of the faults detected by t i  may have been detected 
previously by the application of t l  through ti-1 test 
instances. Therefore, the number of newly detected 
faults at the application of the i th test instance is not 
necessarily equal to wi. That is, when the first test 

9 



instance t l  is applied, the number of newly detect 
ed faults is, of course, wl .  However, when t 2  is a p  
plied, the number of newly detected faults is not nec- 
essarily equal to  w2 because =me Of th- w2 
may have been detected by i t .  This is true for all 
t i ,  i = 3 , 4 ,  ..., n. 

the number of faults alre& detected 

4.1. Interpretation of Sensitivity Factor 

The sensitivity factor, wi, is the number of faults 
discovered a t  the application of a test instance ti. In 
general, wi is usually defined 88 fou&s [s~o]:. 

Considering the application of t i ,  let Ci-1 be wi = mui(ai+ b), with (6) 
far by U, = {number of testers(i) Or computer time(i) or 

t l  , t 2 , .  . . , ti-1 and Ni be the number of faults newly 
detected by t i .  Then, some of the wi faults may be number of test items(i)} , 
those that already counted in Ci-1 , and the remaining 
faults account for the newly detected faults. With the 
assumption that new faults will not be inserted into 
the program while correction is being performed, the 
conditional probability Prob(Ni = zi I m , w i , C i - i )  
can be formulated as 

(" -z . - l )  (w:::i> 
(3 Prob(Ni  = ti I m, w,, Ci-1) = 

where Ci-1 = ~ ~ ~ ~ z k ,  CO = 0, and Zk is an ob- 
served instance of Nk. The expected value of Ci de- 
noted by ECi is [lo] 

( 5 )  
j = 1  

where pi = w i / m  andm as well as the coefficients ofpi 
are unknown parameters to be estimated (see Section 
5) .  
4. Sensitivity Factors 

In this section, we will introduce the sensitivity fac- 
tor, wi, proposed in [5-lo]. However, there are some 
weaknesses on the factor. To make the factor more 
realistic in applications, we thus propose two new W i  

functions based on two typical human learning curves, 
the exponential and the S-shaped curves, respectively 
(plotted in Fig.1). 

t 

where a > 0 and i represents the i'h test instance. E 
q.(6) means that wi depends on the conditions in exe- 
cuting test operations of t i  such as the number of test 
specialists, the number of test items, the computer ex- 
ecution time, etc. For example, the larger the number 
of test specialists involved, the more faults will pos- 
sibly be detected by t i .  Similarly, if more test items 
are checked in t i ,  more faults are pwsibly detected. 
Furthermore, the term (ai + 6 )  represents the linear 
improvement bf testers' skill along with the progress 
of the test instance t i .  That is to say, the skill of test 
workers will improve linearly when the teat proceeds. 

In order to explain the HGDM with new sensitivity 
factors more clearly, we will consider the following two 
cases for ui, respectively. 

1. U, is a constant for all i .  This case means that 
the number of test items (or the number of test 
workers, computer execution time, etc.) involved 
in the test process is unavailable or all the same 
for all t i .  

2. ui is not a constant. 

4.2. Learning Factor with Linear Curve 

Considering the case that Ui is a constant, Eq.(6) 
can be rewritten as 

Wi = m ( a i + b ) , V i =  I ,  ..., n. (7) 

If we profoundly explore the concept of sensitivity fac- 
tor discussed above, we will find that the term, (ai+b), 
can be regarded as a Seaming factor" involved in the 
test-and-debug process. In other words, the test- 
and-debug process will be improved with experience. 
The term (ai+b) also indicates that the learning factor 
is a linearly increasing function of i (the total number 
of test instances carried out so far). However, this as- 

cations. Besides, this assumption will cause wi - 00 
as i - 00. That is, if the test-and-debug process is 
executed for an infinite number of test instances, an 

d 

4 

b sumption of linear curve is not realistic in many appli- 
Lcmrnlne Time 

Fig. 1 (a) Exponential learning curve; (b)S-shaped 
learning curve. 
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infinite number of faults will be discovered. This is 
not appropriate to the assumptions of the HGDM. 

4.3. Learning Factor with Exponential 
Curve or S-shaped Curve 

As described in the previous subsection, the as- 
sumption of linear learning factor is not so realistic. 
Traditionally, the exponential or the S-shaped curve 
is commonly used to  interpret the human learning pro- 
cess. The exponential learning curve assumes that the 
skill of a tester grows faster at the initial test instances 
than at the later stage. On the other hand, the S- 
shaped learning curve assumes the test-team members 
will become more familiar with the test environmen- 
t (e.g., test tools), and their test skill will gradually 
improve. In other words, the skill to discover faults 
grows slowly at the beginning stage of testing because 
the skill is not experienced initially; at the subsequent 
stage, the skill will increase quickly because the tech- 
nique becomes versed; at the later stage, the skill a- 
gain increases slowly. This is quite reasonable since 
the faults at the later stage are more difficult to be 
newly discovered than those at the beginning stage. 

In this section, we thus propose two new w, func- 
tions based on these two learning curves. The first w, 
function is defined as 

wi = m(1 - e-aa)), a > 0. (8) 

The learning factor (1 - e-ai) is an exponential curve, 
and will approach 1 as i - 00. Therefore, Eq.(8) 
will cause wi - m as i - 00, and it looks some- 
what not realistic since sometimes we cannot detect 
all m faults in one instance when the testing resource 
(e.g., test specialists, test items, etc.) is not enough. 
In other words, it looks reasonable that the learning 
factor should approach a limit value p,, instead of 1 
as i - a. Therefore, Eq.(8) can be extended to be 

(9) 

Considering the case that ui is not a constant, E- 

wi = mp,,(1 - a > 0, 0 < p,, 5 1. 

q.(9) can be directly generalized as 

wi = mp,,(l- epuCai), a > 0,  0 < p,, 5 1. ( I O )  

Furthermore, w; in Eq.( 10) is ensured to be less than 
or equal to m as i - 00. 

The second new wi function is defined as 

wi = m- a > O , h > O  1 + be-ai ’ 
The learning factor 1/(1 + be-a2) is a “logzstzc func- 
iton” of i 1121, and then a learning factor wlth a 1- 
ogistic function is called a “logastzc learning factor” 

For i > 0,  this logistic function can be depicted as an 
exponential or an S-shaped curve. As 0 < b 5 1,  the 
curve of 1/(1 + be-”’) is exponential; as b > 1,  it is 
S-shaped. Therefore, we can utilize the logistic learn- 
ing factor to describe either the exponential or the 
S-shaped learning curve. Similarly, in order to make 
the logistic learning factor approach p , ,  as i - 00, 

Eq.( 11) can also be extended to be 

If zli is not a constant, Eq.(12) can be generalized as 

In Section 6,  we will prove that the HGDM with 
these two new sensitivity factors can construct the ex- 
ponential or the S-shaped growth curve of the cumu- 
lative number of discovered faults if the parameters 
(a ,  b, and p L T )  satisfy certain conditions. 

5. Estimation of Parameters by Least 
Square Method 

The parameters of the HGDMs can be estimated 
by the least square method. From the given sample 
observations, the sum of squares of errors is 

n 

For example, consider the logistic learning factor 
p,,/(l + be-“), and take the partial derivatives of 
S ( p , ,  m)  with respect to m, p , ,  , a ,  and b. The follow- 
ing four equations can be obtained and the estimate 
of these four parameters can be solved by numerical 
met hods. 
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To solve this kind of nonlinear least square problem- 
s, we make use of a modified Levenberg-Marquardt al- 
gorithm and a finite-difference Jocobian method [13]. 
Besides, the least square estimators of the parameters 
of the HGDM with different w, functions can be ob- 
tained similarly. 

6. Growth Curves of ECi for HGDM 
with Different Sensitivity Factors 

In this section, we will discuss the growth curve 
of the mean value function EC; for the HGDM with 
these two new sensitivity factors. In general, a con- 
tinuous function f(s) is called an exponential curve if 
f’(s) > 0 and f ” ( s )  < 0 for -00 < s < 00. That is, 
f’(s) is a decreasing function of s, and then 

f(S) - f(s - As) > lim f(s + As) - f ( s ) ,  (15) lim 
As-0 As Aa-0 As 

where -00 < s < 00 and As > 0. Consider the case 
that a discrete function f(s) is an exponential curve. 
Eq.(15) can be modified to be 

1 (16) 
f ( S i )  - f(si-1) > f(si+l) - f ( S i )  

si - si-1 S i + l  - Si 

where si-1 < si < s;+l. Furthermore, assume si - 
Si-1 = s;+l - si for all i, and then Eq.(16) can be 
reduced to 

f(s;+l) + f(si-1) - 2f(s;) < 0, for all i. 

A continuous function f(s) is an S-shaped curve if 
f’(s) > 0 for all s and there is a S such that f”(s) > 0 
for all s < S and f”(s) < 0 for all s > S .  Assuming 
si -si-l = s,+l -s i  for all i and by the same argument 

above, a discrete function f(s) is an S-shaped curve 
if there is an integer I such that 

f(si+l) + f(Si-1) - 2f(si) > 0, for all i < I and 
f (Si+l)  + f(Si-1) - 2f(sj) < 0, for all i > I. 

Similarly, assuming si - si-1 = si+l - si for all i, 
a discrete function f(s) is called a Linear-exponential 
curve if there is an integer I such that 

f(si+1) + f(Si-1) - 2f(si) = 0, for all i < I and 
f ( S i + l )  + f(Sj-1) - 2f(si) < 0, for all i > I. 

In the following, we will investigate the growth 
curve of the mean value function ECj for the HGDMs. 
Since EC, is an increasing function of i, we thus have 
the following definition according to the above discus- 
sions. 

Definition 1. 

(1) 

(ii) 

(iii) 

ECi is an exponential curve if ECi+l+ ECi-1 - 
2ECi < 0 for all i > 0; 

EC, is an S-shaped curve if there is an integer 
Z > 0 such that ECi+l + ECi-1 - 2ECi > 0 for 
all i < I and EC,+l+ ECi-1- 2EC, < 0 for all 
i > z; 
EC, is a Linear-exponential curve if there is an 
integer I > 0 such that EC,+l+ ECi-1- 2EC, = 
0 for all i < I and ECi+l + ECi-1 - 2ECi < 0 
for all i > I. 

Let 
A(i) = Pi+l - Pi - piPi+l, (17) 

and then we have the following lemma. 

Lemma 1. 

(i) EC, is an exponential curve if A(i) < 0 for all i ;  

(ii) EC, is an S-shaped curve if there is an integer Z 
such that A(;) > 0 for all i < I and A(i) < 0 for 
all i > Z; 

(iii) EC, is a Linear-exponential curve if there is an 
integer Z such that A(i) = 0 for all i < I and 
A(i) < 0 for all i > I. 

Proof: By Eq.(5), the value of ECi+l+ECi-1-2ECi 
is equal to 

i - 1  

m { n ( l  -p j ) } {2 ( l -~ i ) - ( l -p i ) ( l  -P i+ l ) -  11 
j=1  

i -1  

= m < n ( l  -Pj)){Pi+l -pi -Pipi+l). 
j = 1  
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Hence, by Definition 1 and m 
ma 1 can be proved. 

(1 - pj ) > 0, Lem- 
Q.E.D. 

Lemma 2. Suppose A(i) is a decreasing function of 
i ,  we have: 

(i) EC, is an exponential curve if A( 1) < 0; 

(ii) EC, is an S-shaped curve if A( l )  > 0 and 
limj+m A(i) < 0; 

and limi+, A(i) < 0. 
(iii) ECj is a Linear-exponential curve if A(1) = 0 

Proof: According to Lemma 1, it is obvious that Lem- 
ma 2 is true. Q.E.D. 

In the following theorems) we investigate the prop- 
erties of the mean value function ECj of the HGDM 
with new sensitivity factors. 

Theorem 1. Consider the cme p ,  = pLT(l  - e-"'), 
we have: 

(i) if a > In + ml ~- E(Ci) is an exponential 
WLT curve; 

(ii) if 0 < a < In 1 + m, E(Ci) is an s- 
2pLT 

shaped curve; 

(iii) if a = In 1 + m, E(Ci) is a Linear- 
~ P L T  

exponential curve. 

Proof: Since p, is an exponential curve of i, we have 
pi+l- 2pi + pi-1 < 0 and pip,-1- p,+lp; < 0. There- 
fore, 

A(i) - A(i - 1) 
= pi+l - 2pi + pi-1 + pipi-1 - pi+~pi  < 0 

That is, A(i) is a decreasing function of i. Now, we 
want to evaluate the values of A(1) and limi-,m A(;). 

A(1) = -~,,e-~"(e' - l)(pLTe2" - e" - p L T ) .  

Therefore, 
> A(l)$ if and only if pLTeZa - e" - pLT,O. 

Besides, since a > 0 and 0 < p,, 5 1, we have 

By Lemma 2, Theorem 1 can be proved. Q.E.D. 

To prove Theorem 2, we need the following condi- 
tions Al-A4. 

A l :  (0 < b 5 1, a > 0) or {b > 1, a > lnb}. 

A2: 

A3 : 

b -  4- 
({p,, 5 :} and (0 < a < log 

or a > log b +  -1) or {pLT > z). b 
2PLT 

~ P L  T 

b - d m  
2PLT 

b b f d-', 
A4: { p L T  5 -, a = In 

4 ~ P L T  

< a <  

Theorem 2. 
p , ,  /( 1 + be-"'), we have: 

Consider the logistic learning factor 

(i) under Conditions A1 and A2, E(C;) is an expo- 
nential curve; 

(ii) under Conditions A1 and A3, E(Cj) is an S- 
shaped curve; 

(iii) under Conditions A1 and A4, E(Cj) is a Linear- 
exponential curve. 

Proof: From Eq.(17), we have 

A(i) - A(i - 1) 

- D(4 - 
pLT (1 + be-"('+l))(l + be-a')(l + be-a(i-l)) ' 

where D(i)  is equal to  

(e-" - l)be-2'"(b-be"+(pL, - l)eai+(p,, + l)(e")'+'). 

Since a > 0, we have 

A(i) - A(i - 1) < 0 if and only if 
b - bea + (p ,, - 1)e"' + (pLT + l)(ea)'+' > 0. 

Let y = e" > 1. Since b > 0 and 0 < p, ,  5 1, we have 

b - by + (PLT - 1 ) ~ '  + (PLT + 1)~"' 
> b - by + y(y - 1) E g(y). 

Consider the following two cases for g(y). 

(i) If 0 < b 5 1, then g(y) > 0 for all y > 1. There- 
fore, A(i) is a decreasing function of i. 

(ii) If b > 1, then g(y) > 0 for y > b .  Therefore, 
A(i) is a decreasing function of i when b > 1 and 
a 1 In b. 
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The above (i) and (ii) indicate that A(i) is a decreasing 
function of i under Condition A l .  In the following, 

Ma), the accuracy of estimation E defined in the fol- 
lowing is also chosen as a criterion [14]:  

cases for 6. 
case 1 .  6 < 0. 

It is obvious h(y) > 0. 

we will evaluate the values of A(1) and l i a + w  A(i). 
From Eq.(17), we have 

w, = m p ,  for the test instance ti Eq. 
wi = m ( a i  + b)  
wi = m p L T ( l  - e - a * )  

( 4  
(b) 

1 

Case 2 .  6 = 0. 

to b / ( 2 p L T )  = 2 ,  we have: 
Since there is a unique root of h ( y )  which is equal 

Case 3. 6 > 0. 
There are two roots r1 and 1-7 of My) ,  where 

we have 13 > r1 > 0 and 13 > 2 .  Moreover, since 
h(1) = p , ,  > 0, we have: 

h(y) > 0, 
h(y) = 0, 

if y > r2 or 1 < y < r l ;  

if y = r1 or 7-2; { h ( y )  < 0, if r1 < y < 7 3 .  

Since a > 0, b > 0, and 0 < p , ,  5 1, we have 

lim A(i) = -p2 
a-00 L T  < O'  

By Lemma 2 and the simple arrangement, Theorem 2 
can be readily proved. Q.E.D. 

7. Application to Two Sets of Real Data 

In this section, we will apply previously published 
data sets to compare the HGDM with various learning 
factors listed in Table 1 with the four SRGMs men- 
tioned in Section 2 in terms of the goodness-of;;fit. 
The sum of squares of errors SSE = Cy=l(Ci - Ci)2 
is adopted as the evaluation criterion [14] in the com- 
parison of goodness-of-fit of the models. Besides, if 
the actual cumulative number of detected faults dur- 
ing the test and after the test is known (denoted by 

7.1. First Data Set 
The first real data set is the test-and-debug data 

of a PL/I database application program [3] listed in 
Table 2 .  The data is reported once per week, and con- 
sequently a test instance is "a week of observation". 
Table 2 shows the execution time U,, the number of 
newly detected faults 2; , and the cumulative numbers 
of faults C, for the 19 test instances. In this data set, 
Ma equals 358; that is, 30 faults are still detected after 
the test-and-debug process. 

Table 3 shows the estimated parameters of the 
HGDM with Eq.(d), Eq.(e), and Eq.(f), respective- 
ly. Table 4 shows the estimated initial faults 6, SSE, 
and E for each model. F'rom Table 4 ,  it shows that 
the HGDM with Eq.(f) fits the data best because GI 
(356.3) is very close to the real observed number of ini- 
tial faults Ma (358) and SSE (1709.7) is the smallest. 
Besides, SSE and E of the HGDM with Eq.(e) are less 
than those of the HGDM with Eq.(d). The estimated 
growth curve e; for the HGDM with Eq.(f) is plotted 
in Fig.2. Applying the Kolmogorov-Smirnov test [15] 
to the HGDM with Eq.(f) shows that the model ad- 
equately fits the data at the 5% level of significance 
(the value of the Kolmogorov-Smirnov test statistics 
is 0.106). Hence, we can conclude that the HGDM 
with the logistic learning factor (i.e., the HGDM with 
Eq.(f)) fits the data very satisfactorily and gives a bet- 
ter fit in this experiment. 
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7.2. Second Data Set 
The second set of real data is the test-and-debug 

data of a software system [16]. The cumulative num- 
bers of faults C, for the 24 test instances and the newly 
detected faults x i  are gathered week by week. Since 
the information of ui is unavailable, ui is assumed to 
be a constant for all i .  Besides, the actual initial faults 
are unknown (i.e., Ma is unknown), and then E can- 
not be used for comparison. 

Table 5 shows the estimated parameters of the 
HGDM with Eq.(a), Eq.(b), and Eq.(c), respective- 
ly. Table 6 shows the estimated initial faults & and 
SSE for each model. From Table 6, the HGDM with 
Eq.(c) has the smallest SSE value (34314.3). Besides, 
SSE of the HGDM with Eq.(b) is less than that of the 
HGDM with Eq.(a). The estimated growth curve ej 
for the HGDM with Eq.(c) is plotted in Fig.3. The val- 
ue of the Kolmogorov-Smirnov test statistics for the 
HGDM with Eq.(c) is 0.11 which shows that the mod- 
el fits the data a t  the 5% level of significance. From 
the above discussion, we know that the HGDM with 
the logistic learning factor (i.e., the HGDM with E 
q.(c)) fits the data better than others, and also gives 
a preferable fit in this experiment. 

W i  

Eq.(d) 

8. Conclusisns 
In this paper, we have proposed two new w, func- 

tions based on the exponential and the S-shaped 
learning curves, respectively. The HGDM with dif- 
ferent wi functions, the Goel-Okumoto model, the De- 
layed S-shaped model, the Inflection S-shaped model, 
and the logarithmic poisson execution time model are 
compared by using two sets of real data. Experimental 
results show that the HGDM with the logistic learn- 
ing factor fits these data sets satisfactorily in terms of 
the sum of squares of errors criterion. Besides, we al- 
so show that both of these two new sensitivity factors 
can derive the exponential and the S-shaped growth 
curves of the cumulative number of discovered faults 
under certain conditions. 

There currently exists no general software reliabili- 
ty growth model applicable to all applications. A suit- 
able model has to  be selected among many candidates 
for each application. The HGDM with the logistic 
learning factor is certainly one of the candidates. 

a 6 &T 
h .. m 

387.7094 0.0017 0.0224 

Neeh - - 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

Model 
HGDM with Eq.(d) 
HGDM with Eq.(e) 
HGDM with Eq.(f) 
Goel-Okumoto, MLE 
Goel-Okumoto, LSM 
Delayed S - - S ( ~ ) ,  MLE 
Delayed S-s, LSM 
Inflec. S-s('),  MLE 
Inflec. S-s, LSM 

LOGM, LSM 
LOGM('), MLE 

- 
X i  - - 
15 
29 
22 
37 
2 
5 

36 
29 
4 

27 

6 SSEr') E'2) 
387.7 2624.2 8.30% 
385.1 2113.6 7.56% 
356.3 1709.7 0.47% 
455.4 3932.3 27.21% 
562.8 2997.2 57.21% 
351.4 5673.2 1.84% 
353.5 5523.2 1.26% 
347.2 3406.2 3.02% 
389.1 2537.1 8.69% 

*** 3253.5 *** 
* * * C 6 )  27541.4 *** 

Table 2: First data set. 
- 
Ci 
15 
44 
66 

103 
105 
110 
146 
175 
179 
206 

- - ut 
2.450 
2.450 
1.960 
0.980 
1.680 
3.370 
4.210 
3.370 
0.960 
1.920 
aults. 

p 14 22 

15 
16 
17 
18 
19 

- 
Ci - - 
233 
255 
276 
298 
304 
31 1 
320 
325 
328 

U i  - - 
2.880 
1.440 
3.260 
3.840 
3.840 
2.300 
1.760 
1.990 
2.990 

C,: Cumulative number of real observed detected faults. 
U,: Execution time. 

Table 3: Estimated parameters of HGDMs for the 
first data set. 

385.1323 1 0.2797 I 
356.2711 0.0340 14.661 0.8475 

I 0.0634 I 
358 

(5) LOGM: Logarithmic poisson execution time model. 
(6) Concept of the number of initial faults for LOGM 

does not exist. 
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Table 5: Estimated parameters of HGDMs for the 
second data set. 

W i  

Ecl.(a) 

h 
_-  

a l b ]  PLT I .. A m 
2183.3 0.0104 I 0.0197 I I 

- \  I 

Eq.(b) 
Eq.(c) 
Initial 

Table 6: Comparison results for the second data set. 

2300.8 0.1206 0.1602 
2313.4 0.3362 5.5395 0.1363 

unknown 

300 3501 
m j  

Model  
HGDM with Eq.(a) 
HGDM with Eq.(b) 
HGDM with Eq.(c) 
Goel-0 kunioto, M LE 
Goel-Okumoto, LSM 
Delayed S-s, MLE 
Delayed S-s, LSM 
Inflec. S-s, MLE 
Inflec. S-s, LSM 
LOGM, MLE 
LOGM. LSM 

h 

m 

2183.3 
2300.8 
2313.4 
3306.3 
4108.9 
2386.8 
2381.5 
2304.4 
2205.9 
*** 
*** 

SS E 
44259.1 

34314.4 
31 1935.1 
252654.7 

49919.4 
49865.2 
52011.7 
40946.7 

1490567.0 
279053.2 

42890.9 

Observed cumulative faults /” - Estimaled by HCDH rlLh Eq.(f) 

I /  
0 , , , , , , , , , , , 

Week 

Fig.2 Fitness of (?:s to Cis for the first data set 

0 
I 

5 10 15 20 

2500 3 
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Fig.3 Fitness of cis to C,!s for the second data set 
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