Systems & Control Letters 20 (1993) 289297 289
North-Holland

Pi-coefficient analysis of update algorithms
for adaptive systems*

Jia-Sheng Heh and I-Kong Fong

Department of Electrical Engineering, National Taiwan University, Taipei, Taiwan 10617, ROC

Jinn-Fwu Wu
Chung-Shan Institute of Science and Technology, Tao-Yuan, Taiwan 32500, ROC

Received 14 February 1992
Revised 16 July 1992

Abstract: This paper finds the appropriate pi-coefficients for a parameter estimation adaptive system and uses them to analyze the
stability of two estimation algorithms. The estimation error dynamics of the system are modeled by a linear time-invariant subsystem
and a nonlinear time-varying update law in a feedback loop. Then the so-called max-p problems are formulated and solved to obtain the
pi-coefficients for the linear subsystem and nonlinear update law. For the investigated system, the quantitative results show that the
least-squares update algorithm has larger stability range than that of the gradient algorithm, and the s-modification scheme gives larger
stability ranges for both algorithms.
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1. Introduction

The pi-sharing theory [5] uses a set of pi-coefficients to describe the generalized concept of energy
distributions of a system, such as passivity or dissipativeness. With different constraints, these coefficients
represent various stability conditions quantitatively. The composite pi-coefficients of a feedback system can
be determined by the pi-coefficients of its subsystems. By choosing proper coefficients, it is possible to get less
conservative conclusions about the system stability than using the conventional stability conditions, such as
the strictly positive realness (SPR) condition.

Towards the objective of maximizing the finite mean-square gain (FMSG) stability range, the max-p
problem [3, 6, 7] is formulated for finding the optimal pi-coefficients. In [7], the optimal constant pi-
coefficients of the second-order linear systems are derived, and applied to the sampling time determination
problem of an adaptive control system.

This paper applies the pi-sharing theory to the stability analysis problem of a parameter estimation
adaptive system [1]. The estimation error dynamics of the system are modeled by a linear time-invariant
(LTI) subsystem and a nonlinear time-varying (NTV) update law in a feedback loop. Then the max-p
problems [6] are formulated and solved to obtain the pi-coefficients for both the LTI subsystem and the
NTYV update law. From the investigated system, the quantitative results show that the least-squares update
algorithm has larger stability range than that of the gradient algorithm, and the s-modification scheme gives
larger stability ranges for both algorithms.
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2. The optimal pi-coefficients

A single-input-single-output ‘factorable’ discrete-time system [5]

x(k + 1) = A(k)x(k) + b(k)u(k), 0
(k) = e'(k)x (k) + d(k)u(k),

where ke N, x(k)e R, u(k)e R, y(k)e R, and A, b, ¢, d are system ‘matrices’ with appropriate dimensions, is
said to be pi-sharing with respect to pi-coefficients { I'(k), Q(k), p(k), r(k)} if for all Te N,

t

Y, u(k)y(k) = xT(t + )t + Dx(zr + 1) — xT(0)'(0)x(0) + i xT(k) Q(k) x (k)
k=0

k=0
£ Y 2Rel+ Y w2k, @)
k=0 k=0

where I'(k) and Q(k) are positive-semidefinite (p.s.d., denoted as > 0 hereafter) matrices for k <t + 1.
Different ranges of the pi-coefficients correspond to various stabilities, one of which is the FMSG stability.
System (1) is said to preserve FMSG stability if there exist two finite real numbers ¢, and ¢, such that
Theo Y2(k) < &y 35 oo uP (k) + £,xT(0)x(0), for all u(-):N— R, x(0)eR", and e N. The equivalent con-
straints on pi-coeflicients have been proven [5] to be that there exist roe R and p, > 0 such that

p(k) = po, r(k) =ro, Vk. (3)

However, the choice of pi-coefficients is not unique, and inappropriate selections may lead to conservative,
or even useless, conclusions. In [5] there is a sufficient condition for ‘legal’ pi-coefficients:

o[ 28 2]
must be negative-semidefinite (n.s.d., denoted as < 0 hereafter) for all k, where

M, (k) = AT(k) I'(k + 1) A(k) — T'(k) + Q(k) + p(k)e(k)cT (k), (4b)

m; (k) = AT(k)I'(k + 1)b(k) — 3¢(k) + p(k)d(k)e(k), (4c)

my(k) = bT(k)(k + 1)b(k) — d(k) + r(k) + p(k)d* (k). (4d)

For the composite system S, in Figure 1, suppose the subsystem &; has a set of pi-coefficients {I3(-), Qi(),
pi(),r:(*)}, i = 1,2. Then it is easy to see that S, has FMSG stability if , (k) and p, (k) are finite for all ke N,
and

inf r; (k) + p,(k) >0, (5a)
keN
inf p, (k) + r,(k) > 0. (5b)
keN

u uy ¥q y

&, {Ty(k),0,(k),p,(K),r; ()}

S, {Ty(k), 0y (K) ,py(K) 1y (k)}

L) Uy

Fig. 1. A feedback system &_ with subsystems &, and &,.
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Thus, to maximize the FMSG stability range for the system &, we would like to find the pi-coefficients for
&;’s with p/’s and r;’s as large as possible, under the conditions I;(k) > 0, Q;(k) > 0, and M(k)'s < 0, for
i =1,2. Now, from (2) it is clear that p’s and r’s cannot be large simultaneously. Hence, we may choose to
maximize the coefficient p, requiring r(k) to be greater than or equal to a parameter r,. This forms the max-p
problem:

Maximize p(k) (6a)

k), Qo) r(k)

subject to I'(k}) >0, Qk)=0, r(k)=ro, (6b)
M(k) <0. (6¢)

Although in [7] we have shown that the optimal solutions to (6) occur at Q(k) = 0 and r(k) = ry, which
largely simplifies the problem, the general solutions are still hard to find. For LTI systems with order < 2,
i.e., with the transfer function

1+ b12_1 + bzz_z

H(Z-1)=K 1 3 (7)

l—a;z7" —ayz™

a set of time-invariant suboptimal solutions are given in [7] for I' restricted to be diagonal. The solutions are
derived by applying the method developed in [6].

3. The parameter estimation adaptive system

Consider the parameter estimation adaptive system shown in Figure 2, where

y(k+1)= 0"y (k) ©®)
is the plant with the parameter vector 8" =[a, a; - - a, by b, - - - b,] and the regressor yT(k) =
[yk) -~ - y(k—n+1) u(k) - - - u(k — m+1)]. The estimated output is

Pk + 1) = 87(k + 1)g(k), )

with the estimated parameters and regressor, respectively, being
6Tk +1)=[ay(k+1) -~ ak+1) by(k+1) -+« bk + 1)]
and

$T(k)=[9(k) - - Pk —n+1) u(k) -~ u(k —m+ 1)].

plant

— B /A P et e

]
| |
—{ 8¢} / k@) PO

estimator

u(k)

Fig. 2. A parameter estimation adaptive system.
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Fig. 3. The error model.

The update rule for the parameters chosen in [5] is the least-squares algorithm:

O(k + 1) + (k) + h(k) P(k)p(k)v(k + 1), (10)
where h(k) > 0 is the step size, the covariance matrix P(k) iterates through

P ik + 1)=y(k)P (k) + d(k)p(k)¢"(k), 0<yk)<1, 0<d(k)<oo,

andvk+ 1)=yk+ 1) — Pk + 1) + &(k + 1) with output noise {(k + 1).
Let the parameter error be 8(k + 1) = 8 — 8(k + 1). Then the estimation error is

ek +1)=0"g(k) — 0" (k + 1) g(k) = 07 (k + 1)¢(k). (11)

Denote g~ ! as the delay operator. The error model shown in Figure 3 can be obtained by introducing an
‘input noise’ w(k + 1) = A(qg~')é(k + 1), where A(q™!) is defined below. The LTI feedforward subsystem
& comes from the relation between e(-),v(-)} and w(-) [5]:

vk + 1) = H,,(g" Y[etk + 1) + wk + 1)], (12)
where
Hole™") = oo = L

Az™Y 1 —az7t—ayz” C—a,z

The parameter error and the update rule constitute the NTV feedback subsystem &,, which can be described
by the ‘state equations’ [5]

Ok + 1) = A,(k)B(k) + by (k)v(k + 1), —e(k + 1) = cL(k)O(k) + dy(k)v(k + 1), (13)
where
{A,(k), b, (k), c3(k),d>(k)} = {I, — h(k) P(k)$(k), — ¢ (k), h(k)@" (k) P(k)$(k)}.

To analyze the stability of this feedback system by the pi-sharing theory, Lawrence and Johnson [5]
choose the following pi-coefficients:

{I,Q,pi,r} = {diag[noz,(n —Da,...,al, 4ol — na,%}, (14)

¢' (k) P(k)$(k) } (15)

{I2(k), @2(k), p2(k), r2(k)} = {P"(k), (1 —y(®)1P™"(k), —5(k), 700
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where « = ¥7_, a? and h(k) = 1/(2y(k)). Then the FMSG stability conditions are:
inf {r, + pa(k)} = % — sup 6(k) > 0, (16a)
k k
¢ (k) P(k) (k)
4y(k)

where (16b) is a signal condition of the regressor. If

inf {p, + ry(k)} =4 — na + inf >0, (16b)
k k

p1=3—-ne<0,
the regressor vector ¢(k) has to satisfy

. @7 (k) P(k)g(k)

to ensure the FMSG stability.
Take n = 2 as an example. Then

1

-1y _ 18

Holz™) l—a;z ! —a,z7? (18)
whose SPR condition [4] is

1+a,—a; >0, l1—a;—a,>0, and 1+ 3a, >0 or a? + 8a, + 8aZ < 0. (19)

Witha; = —0.85and a, = — 0.10, it is clear that H,,(z ') is SPR. By the passivity theorem [1], this system is
FMSG-stable, no matter what ¢(k) is. However, from (17), ¢(k) has to satisfy
. T (k)P(k) (k)
inffm——— "7 5 |4 —
e Yk :

to ensure the FMSG stability. So, (17) is more conservative than the passivity theorem. But, when we use the
suboptimal pi-coefficients in [7] for &4, ie.,

na| = |4 — 2-(0.852 + 0.12)| = 0.965

0.475 — 0.0475r 0
{I'I,Ql,pl,rl}={|: 0 ° 0‘05_0.005%], 0,0.05—0.0025r0,r0}, (20)
the FMSG stability conditions become
T
ro —supd(k) >0 and 0.05— 0.0225r, + inff—%k))—"@ >0. (21)
k k

An appropriate choice of r, can make all regressor vectors ¢(k) satisfy (21).
Moreover, if a; = 0.85 and a, = — 0.90, it is known from (19) that H,,(z ') is not SPR. Then the passivity
theory and the Lyapunov method fail. However, the suboptimal pi-coefficients [7] for &,,

0.875 — 1.3125-r, 0
{rl’Ql,pl’rl}_{[ 0 0.450—0.675-r0]’ 0, —0.75—0.5625r0,r0},

lead to the FMSG stability conditions

T
- $TPRS(K)
K 4y(k)

From the above results, we see that, by choosing the appropriate pi-coefficients for a subsystem in a feedback
configuration, we may obtain a less conservative conclusion about the FMSG stability.

ro —supdo(k) >0 and > |0.75 + 0.5625r,|. (22)
k
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4. Pi-coefficient analysis of the update algorithms

In Section 3, though the suboptimal pi-coefficients [7] are used for &, to get the less conservative results
(21) and (22), these FMSG stability conditions are still based on the original pi-coefficients [5] for S,. To
further improve the results we may try to find ‘better’ pi-coefficients for S,. However, the update rule (13) is
an NTV system, which makes the corresponding max-p problem more difficult to solve. So, we add some
more constraints to the max-p problem for &,, and form the constrained max-p problem:

Maximize p(k) (23a)

k), @Ky rik)

subject to I'(k) >0, Q(k)>0, (23b)
M, (k) <0, my(k)=0, my(k)=0. (23c)

As we shall see later, the value of r(k) will be decided by the equality m4(k) = 0. Hence, there is no need
to put an additional constraint for r(k). The purpose of the constraints in (23c) is to form a more
tractable mathematical problem. As it turns out, the solutions of this problem can give still more analytic
results.

4.1. The least-squares update law

When the parameter update rule is the least-squares law (10), we have the following theorem.

Theorem 1. A feasible solution to (23), which may not be optimal, is

{Fa(k +1), @2(k), p2(k), r2 (k) }
= {$h7 1 (k) P~ (k) — n* (k) g(K) 7 (K), 0, n* (k), 3h(k) ¢ (k) P(K)$(k)}, 24)
where n* (k) is the largest n(k) satisfying the following inequality:
STh™ k) — h™ Mk + 1)y (k)1 P~ (k) — [n(k) + 3h ™' (k +1)3(k) 1 $(Kk) 7 (k) = O.

Proof. From (4c) and (13), requiring m, (k) = 0 is equivalent to requiring
[T, (k +1)-h(k): P(k) + 31 — py(k)h(k) (k)¢ (k) P(k)]$(k) = O,

which F(k +1)=31h" (k)P (k) — p,(k)p(k)¢T (k) satisfies. From (4d) and P(k)= P(k)”, requiring
m, (k) = 0 is equivalent to requiring

$h(k) 9T (k) P(k) g (k) — h(k) 8T (k) P(k) p> (k) $(k) T (k) h(k) P(k) § (k)
— h(k)$" (k) P(k) $(k) + r2 (k) + p>(k)h? (k)$™ (k) P(k) (k) ¢ (k) P(k) $(k) = O.

Thus, r, (k) is obtained. Finally, from (4b) and the iteration formula of P(k), requiring M, (k) < 0 is equivalent
to requiring

— T k=P (k=) = b7 R P ()] + Qa(k) + pa(k — gk — 1)@ (k — 1)
=—4[h (k=1 =h7 (k) —DIP "k —1) + Qx(k)
+ [patk —1) + $3(k —1)h™ ' (k)1p(k —1)¢T(k —1)

<0,
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from which it is seen that @, (k) = 0 makes n* (k) the largest solution for p, (k). Note that this choice will meet
the p.s.d. constraint on I (k).

Lk +1)=3h™ Y (k) P~ (k) — p2(k)p(k)$T (k)
= 3h7Hk + 1)[y(K) P (k) + 5(k)$(k)$T (K)]
>0 g

Although these pi-coefficients in (24) may not be the optimal solution for the max-p problem, they can be
used to produce good results, as the discussions below show. By setting h(k) = 1/(2y(k)), the pi-coefficients
(15) from [5] are

{G(k +1), Q5 (k), p2(k), r2(k)}

- 0P~ 00— 5004008700, 1 101 P10, — a0, SO 29)
and the pi-coefficients in (24) become
T(k)P(k)g(k
(k1. 0:00 20,8} = fy 0P~ 60 = (g0 0.1 0, EETIRE

where n*(k) is the largest n(k) satisfying

YR = y(k +DIP™' (k) — [n(k) + 5(k)y(k +1)14(k) (k) > 0. (26)

The setting n(k) = — d(k) will satisfy (26), hence n*(k) > — 3(k), i.e,, the pi-coefficients in (24) imply a larger
stability range than those in (25). Furthermore, the condition 0 < y(k + 1) < 1 makes n*(k) > — (k). If y(k)
is chosen properly, we can even have n*(k) > 0. When a, = 0.85 and a, = —0.90, the FMSG stability
condition (22) becomes

T(k)P(k)¢(k
ro + infp*(k) >0 and infMj(—) >10.75 + 0.5625 - ro|, ex)
k

K 4y(k)

which reduce the restriction on ¢(k) for small r,.

4.2. Gradient algorithm

Compared with the least-squares update law, the gradient algorithm has a simpler form,
O(k +1) = O(k) + (k) p(k)v(k +1), (28)
whose ‘state matrices’ in the “state equation” (13) are
{A2(k), b2 (k), 3 (k), da (k) } = {I, —e(k)g(k), — ¢7(k), (k) $" (k) $(k)}. 29

For analyzing its FMSG stability, we have the following theorem.

Theorem 2. A feasible solution to (23), which may not be optimal, is

{D(k +1), @2 (k), p2(k), r2(k)} = {3&™ (k)T — n* (k) g(k) 7 (K), 0, n* (k), e (k) #T (k) $(k)},
where n*(k) is the largest n(k) satisfying
3l (k) —e " Mk + 1)1 — n(k)$(k) @™ (k) = 0.



296 J.-§. Heh et al. j Pi-coefficient analysis of update algorithms for adaptive systems

Proof. This is a special case of Theorem 1, as can be seen by setting h(k) = e(k) and P(k) = I, with y(k) = |
and 6(k)=0. O

For the gradient algorithm with fixed step size, i.e., e(k) = constant, n*(k) must be zero, which implies that
its r, (k) and p,(k) cannot be positive at the same time. On the other hand, the least-squares method allows
both r,(k) and p, (k) to be positive, provided y(k) and 5(k) are chosen carefully. In this case, our analysis
results reveal that the system with gradient update algorithm preserves smaller stability range than that with
least-squares algorithm.

4.3. The effect of o-modification

In practice, the adaptive systems will encounter some unmodeled dynamics and/or perturbations, which
will make the performances of the previous update laws poor. To attain robustness, the update laws have to
be modified by some schemes, such as ¢-modification [2]. The gradient algorithm with o-modification is

O(k +1) = B(k) — e(k)p(k)e(k) — aO(k) = (1 — 0)B(k) — e(k)p(k)e(k), 0<o <1, (30)
whose ‘state matrices’ in the ‘state equation’ (13) are
{42(k), by(k), c3 (k) d2 (k) } = {(1 — o)L, — e(k)P(k), —(1 —0)@"(k), e(k)¢" (k)$(k)}. (31

For analyzing its FMSG stability, we have the following theorem.

Theorem 3. A feasible solution to (23), which may not be optimal, is

{L(k +1), Qa(k), pa(k), oK)} = {3&™ (k)T — n* (k) p(k) 7 (k), 0, n* (k), Je(k) ¢ (k) p(k) }, (32)
where n*(k) is the largest n(k) satisfying

$le™ (k) — (1 —a)?e™ " (k + )] —n(k)$(k) ¢ (k) = 0.

Proof. This proof is similar to those of Theorems 1 and 2. O

Comparing (32) with the previous results, we know that the pi-coefficients of the gradient algorithm with
o-modification can have n* (k) > 0, even with the step size ¢(k) fixed. Hence, the pi-coefficients r, (k) and p, (k)
may both be positive. The magnitude of n*(k) is directly related to the quantity of the modification o.

Finally, consider the least-squares method with g-modification. The ‘state matrices’ of ‘state equation’ (13)
become

{A2(k), b2 (k), €1 (k), dy(K)} = {(1 — o)L, — h(k)P(k)$(k), — (1 — 0)@"(k), h(k)$™ (k) P(k)¢(k)} (33)

after adding s-modification with ¢ €(0, 1). For analyzing its FMSG stability, we have the following theorem.

Theorem 4. A feasible solution to (23), which may not be optimal, is
{L(k +1), @y (k), py (k). r2 (k) }
= {3h7 1 (k) P71 (k) — n* (k) $(Kk) $T (K), 0, n*(k), 3h (k) §" (k) P(K) (k) }, (34
where n* (k) is the largest n(k) satisfying
LA™ k) = (1 —0)*h™ Mk + 1)y (k)1 P~ (k) — [n(k) + 3(1 —0)*h ™ ' (k +1)3(K) 1 (k) $" (k) > 0.

Proof. This proof is similar to those of Theorems 1 and 2. O
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Compare the two n*(k)’s in Theorems 1 and 4. From the inequalities they must satisfy, respectively, we see
that the one in Theorem 4 should have a larger positive range, since (1 —o)?€(0,1). That is to say, the
least-squares update law with o-modification may have more positive r, (k) and p, (k) to compensate for the
possible non-SPR of the subsystem &, than that without.

5. Conclusions

In this paper, pi-sharing theory is used to study the FMSG stability of a parameter estimation adaptive
system, whose error model includes an LTI subsystem and an NTV update rule in a feedback configuration.
For the linear subsystem, a set of suboptimal pi-coefficients are found and shown to be more suitable for
analysis purposes. For the nonlinear time-varying update laws, a constrained max-p problem is formulated
for solving useful pi-coefficients. From the use of these coefficients, the quantitative results show that the
system with the least-squares algorithm has a larger stability region than that with the gradient algorithm,
and o-modification gives both algorithms larger stability ranges.
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