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New Closed-Form Solution for Kinematic
Parameter Identification of a Binocular
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Abstract—This paper proposes a new closed-form solution for iden-
tifying the kinematic parameters of an active binocular head having
four revolute joints and two prismatic joints by using three-dimensional
(3-D) point (position) measurements of a calibration point. Since this
binocular head is composed of off-the-shelf components, its kinematic
parameters are unknown. Therefore, we can not directly apply those
existing nonlinear optimization methods. Even if we want to use the
nonlinear optimization methods, a closed-form solution can be first ap-
plied to obtain accurate enough initial values. Hence, this paper considers
only methods that provide closed-form solutions, i.e., those requiring no
initial estimates. Notice that most existing closed-form solutions require
pose (i.e., both position and orientation) measurements. However, as
far as we know, there is no inexpensive technique which can provide
accurate pose measurements. Therefore, existing closed-form solutions
based on pose measurements can not give us the required accuracy.
As a result, we have developed a new method that does not require
orientation measurements and can use only the position measurements
of a calibration point to obtain highly accurate estimates of kinematic
parameters using closed-form solutions. The proposed method is based on
the complete and parametrically continuous (CPC) kinematic model, and
can be applied to any kind of kinematic parameter identification problems
with or without multiple end-effectors, providing that the links are rigid,
the joints are either revolute or prismatic and no closed-loop kinematic
chain is included. Simulations and real experiments have shown that the
proposed method of using only point measurements is more robust against
noise than those existing closed-form solutions using both position and
orientation measurements when calibrating our binocular head.

Index Terms—Active vision, binocular head, kinematic calibration,
three-dimensional (3-D) circle fitting, 3-D line fitting.

I. INTRODUCTION

A. Motivation

Many computer vision problems that are ill-posed, nonlinear, or
unstable for a passive observer become well-posed, linear, or stable
for an active observer [1]. Since it is able to acquire information
actively, the active vision system has more potential applications than
a passive one has. In an active stereo vision system, the cameras are
able to perform functions such as gazing, panning, and tilting. To
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Fig. 1. A picture of the IIS head.

perform experiments on active vision, we have built a binocular head
(referred to as the IIS head). The IIS head has four revolute joints
and two prismatic joints, as shown in Fig. 1. The two joints on top of
the IIS head are for camera vergence or gazing (referred to as joint
5L and joint 5R). The next two joints below them are for tilting
and panning the stereo cameras (referred to as joint 4 and joint 3).
All of the above four joints are revolute, and are mounted on an
X–Y table which is composed of two prismatic joints (referred to
as joint 2 and joint 1). To control this head, we need to calibrate its
kinematic model in advance. Because kinematic calibration is quite
tedious, many researchers tend to avoid it. For example, Dericheet
al. [2] have shown how to recover the epipolar geometry using an
uncalibrated stereo rig. Krotkov [3] used a simplified model, namely
the calibrated stereo disparity, and achieved the accuracy of about one
part in 100 in estimating three-dimensional (3-D) depth. Our interest
is to accurately control the stereo head for 3-D tracking and 3-D
reconstruction. While the kinematic model is not an indispensable
requirement, it can definitely simplify our task if we have a good
estimate of the kinematic parameters.

B. Why Closed-Form Solutions?

In this paper, our goal is to calibrate the kinematic parameters of
the IIS head for controlling the orientations and positions of the stereo
cameras. Since the IIS head was built with off-the-shelf components,
its kinematic parameters are unknown. Therefore, we cannot directly
apply those existing nonlinear optimization methods, e.g., [4]–[14],
which all require good initial values. Even if we want to use the
nonlinear optimization methods, a closed-form solution can be first
applied to obtain accurate enough initial values. Theoretically, when
using a nonlinear optimization technique, the initial values of the
kinematic parameters must be as accurate as possible in order to
obtain reliable calibration results.

C. Kinematic Calibration and Head/Eye Calibration

Two approaches have been considered in calibrating the binocular
head: an integrated approach and a two-stage approach. The inte-

1083–4419/98$10.00 1998 IEEE

Authorized licensed use limited to: National Taiwan University. Downloaded on January 13, 2009 at 23:29 from IEEE Xplore.  Restrictions apply.



IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART B: CYBERNETICS, VOL. 28, NO. 2, APRIL 1998 259

Fig. 2. By mounting a calibration object to the end-effector of a robot, the
calibration range becomes much larger when using a visual sensor.

grated approach combines the kinematic calibration problem together
with the head/eye calibration problem. Methods proposed by Zhuang
and Roth [15], Shihet al. [16], and Younget al. [17] can be used to
solve this combined problem. However, we encountered the following
two major problems when using the existing methods to calibrate our
IIS head. The first problem is that it is necessary to determine the
poses of the cameras on the binocular head with respect to a calibra-
tion object. With our experience, the pose estimation techniques avail-
able in the literatures are not good enough to yield highly accurate
estimates of the camera poses, especially when the distance between
the camera and the calibration object is large, e.g., larger than 1 m.
The second problem is that it is difficult to keep the calibration object
in the field of view while rotating the cameras. Even if we can keep
the calibration object in the field of view while rotating the cameras,
it will restrict the motion range in the calibration (see Fig. 2). Hence,
after the calibration, the binocular head would have large probability
of working outside the small calibration range, which may lead to
larger kinematic inaccuracy in general. For a Cartesian robot with
eye-on-hand configuration [18], there is no such problem of keeping
calibration object within the field of view because the offset caused by
the revolute motion can be compensated by prismatic motion. How-
ever, since there is no vertical translation joint in our IIS head, there
is no way to compensate the tilt axis rotation to keep the calibration
object in the field of view. In addition to the aforementioned two
problems, we may occasionally need to change the zoom and focus
setting of the lens which would result in a new camera coordinate
system. With the integrated approach, the tedious procedure for
calibrating the head kinematics is needed for obtaining the new
head/eye relation. To avoid the above problems, we chose a two-stage
approach described below for calibrating our binocular head.

The two-stage approach solves the kinematic calibration problem
and the head/eye calibration problem in two different stages. In the
first stage, the two cameras on the IIS head are replaced by two
small end-effector calibration plates having nine circles (see Fig. 3).
The positions of the calibration plates, or equivalently, of the
end-effectors, can be estimated using the stereo vision measurement
system or other more accurate 3-D measurement systems, such
as theodolite and coordinate measuring machines (CMM’s) [19].

Fig. 3. The schematic diagram of the setup for the first stage of the
calibration process.

Fig. 4. The schematic diagram of the setup for the second stage of the
calibration process.

Since the stereo vision measurement system is set apart from the
binocular head and looks back to the calibration plates mounted
on the head (as shown in Fig. 3), it is much easier to keep the
calibration plates in the field of view while moving the joints of
the head. The acquired positions of the calibration plates are then
used to calibrate the kinematic parameters. In the second stage,
the cameras are mounted back to the IIS head as show in Fig. 4.
We can then use either of the methods proposed by Tsai and Lenz
[20] or Shih et al. [21] to calibrate the head/eye relation. After the
two-stage calibration, the robot kinematic and the head/eye relation
are combined to provide a complete kinematic model for motion
control. This paper will focus on the first stage of the calibration,
i.e., the head calibration. However, the method can also be applied
to the kinematic calibration of general robots.

D. Existing Closed-Form Solutions Using Pose Measurements

Most existing techniques that provide closed-form solutions es-
timate the joint axis from the pose measurements (i.e., orientation
and position) of the end-effector, e.g., Lenz and Tsai [18] and
Young et al. [17]. Recently, Zhuang and Roth [15], [22] and Shih
et al. [16] have developed direct solutions to the CPC kinematic
parameters [14], also by using the pose measurements of the end-
effector. Notice that all the existing closed-form solutions estimate the
orientation of the joint axis by finding the rotation axis of the relative
orientation matrices obtained from the pose measurements. While
the translation part of the kinematic parameters are either estimated
joint by joint separately [16], [17] or solved all at one time [15],
[22]. Methods proposed in [15] and [22] that solve all the translation
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parameters at one time can reduce the translation error to some extent,
but the solution is more complicated than those solving translation
parameters joint by joint. Despite of the different kinematic models
and different formulations, existing closed-form solutions based on
pose measurements are essentially similar to each other and their
accuracies are approximately of the same order. One problem of the
existing closed-form solutions based on pose measurements is that
they do not make the full use of all the information contained in the
measurements. Instead, they use only the orientation information of
the pose measurements when estimating the orientation of the joint
axes. Hence, the orientation error of the estimated kinematic model
would be of the same order of the orientation measurement error.
This implies that one should not expect accurate kinematic calibration
results when using the existing closed-form solutions based on
pose measurements, unless accurate orientation measurements are
available. Unfortunately, obtaining accurate measurement of a robot’s
orientation is known to be a difficult problem.

E. Existing Methods Using Only Point Measurements

The method presented in this paper requires no orientation mea-
surements. The main idea is that the error-prone orientation estimation
should be avoided, unless either a highly accurate CMM is available
(not in normal vision laboratory setup, including ours), or a great
amount of measurements are available to gain the robustness of the
estimation (available in our setup). Our method is similar to that
proposed by Stone [23] and Sklar [24]. With their approaches, the
position and orientation of the joint axis are estimated from the
measurements of the 3-D coordinates of a calibration point attached
to the robot arm. When moving a revolute joint, the trajectory of
the calibration point forms a 3-D circle. First, a plane is fitted
to the measured calibration points by least-square technique. The
resulted plane normal defines the orientation of the revolute joint
axis. The measured calibration points are then projected along the
plane normal onto the plane. A two-dimensional (2-D) circle is then
fitted using nonlinear optimization method (which is achieved by
iteratively applying a linear regression method), to find its center
which defines the location of the joint axis. Notice that, in this
approach, the orientation and location of the joint axis are separately
estimated without using the information contained in the amount of
rotation angles.

F. Organization of This Paper

In this paper, we propose a new closed-form solution based
on the CPC kinematic model using 3-D point measurements of
a calibration point. The advantages of using the CPC kinematic
model are described in [14] and [15]. We shall show that by
incorporating the information contained in the amount of rotation
angles, a closed-form solution to the 3-D circle fitting problem
can be derived. This paper is organized as follows. The kinematic
calibration problem is formulated in Section II. The new closed-form
solution is described in Section III. Experimental results are shown
in Section IV. Conclusions are given in Section V.

II. PROBLEM FORMULATION

Different coordinate systems associated with different joints of the
IIS head are shown in Fig. 5. The coordinate frames6L and6R are
the end-effector coordinate systems. The relation between any two
consecutive joint frames can be characterized by a kinematic model.
Consider Figs. 6 and 7. The CPC kinematic model we use for a
revolute or prismatic joint is summarized below (see [14] and [25]

Fig. 5. The skeleton diagram of the IIS head.

Fig. 6. CPC modeling convention for a revolute joint.

Fig. 7. CPC modeling convention for a prismatic joint.

for more details)

i
TTT i+1 =

i
TTT i

i
TTT i+1 (1)
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Fig. 8. Kinematic reference frames of the IIS head.

where
i
TTT i =QQQi (2)

i
TTT i+1 =VVV i (3)

QQQi =
Rotz(qi); for revolute joint,
Trans([0 0 qi]

t
); for prismatic joint,

(4)

Rotz(�) =

cos(�) � sin(�) 0 0

sin(�) sin(�) 0 0

0 0 1 0

0 0 0 1

(5)

Trans([x y z]
t
) =

1 0 0 x

0 1 0 y

0 0 1 z

0 0 0 1

(6)

qi = siq
0

i; si 2 f+1;�1g (7)

q0

i is the ith joint value

VVV i =RRRi Rotz(�i) Trans([li;xli;yli;z]
t
) (8)

RRRi =

1�
b2i;x

1 + bi;z

�bi;xbi;y

1 + bi;z
bi;x 0

�bi;xbi;y

1 + bi;z
1�

b2i;y

1 + bi;z
bi;y 0

�bi;x �bi;y bi;z 0

0 0 0 1

(9)

[bi;x bi;y bi;z]
t is the unit orientation vector of the(i + 1)st joint

axis with respect to framefig and li;x; li;y; and li;z are thex-, y-,
andz-components of the translation vector between two consecutive
joint frames, respectively.

Note that the parameters,f�i; li;x; li;y; li;zg; and f�i; li;zg; are
redundant for a prismatic and a revolute joint [14], respectively.
Also, notice that for convenience we have introduced an intermediate
coordinate system between theith and(i + 1)st frames, i.e., frame
fi0g in (8). From framefig to framefi0g, it is either a rotational or
a translational motion matrix depending on the joint type, and from
frame fi0g to frame fi + 1g, it is a fixed link matrix (referred to
as a “shape” matrix in [14]) as defined in (8). By using the CPC
kinematic model, the forward kinematic equation of the IIS head can
be represented as follows (see Fig. 8):

wTTT 6L(qj)
wTTT 6R(qJ )

=
w
TTT 1

1
TTT 2(qj)

2
TTT 3(qj)

3
TTT 4(qj)

�
4TTT 5L(qj)

5LTTT 6L(qj)
4TTT 5R(qj)

5RTTT 6R(qj)
(10)

where qj = [q1j q2j q3j q4j q5Rj q5Lj ] denotes the joint values
for the jth robot configuration,iTTT k denotes the transformation
matrix from framefig to framefkg. For convenience, each of the
transformation matrix is written as a function of the joint value vector,
qj , instead ofqij .

Let yL and yR be the fixed coordinates of the calibration points
mounted on the left and right end-effectors with respect to the
left end-effector coordinate system (LECS) and right end-effector
coordinate system (RECS), respectively. LetwpjL andwpjR denote
the coordinates of the calibration points mounted on the left and
right end-effectors, corresponding to thejth robot configuration,qj ,
measured in the WCS. Transforming the coordinates of the calibration
points,yL andyR, from LECS and RECS to the WCS, we have

w
~pjL =

w
TTT 6L(qj)~yL (11)

and

w
~pjR =

w
TTT 6R(qj)~yR (12)

wherew ~pjL;
w
~pjR; ~yL; and~yR are the 3-D homogeneous coordinates

of wpjL;
wpjR; yL; and yR, respectively.

With our new method, each joint is calibrated from the base toward
the end-effectors. Without loss of generality, we assume that the
kinematic parameters of the joints from the base to theith joint have
been known when calibrating theith link matrix, i.e.,VVV i. Only those
joints with known kinematic parameters plus the(i + 1)st joint are
permitted to be moved. For example, when calibratingVVV 4L, joints 1,
2, 3, 4 and5L are allowed to be moved. From (10)–(12), we have

i
~pjL =

i
TTT i+1

i+1
TTT (i+1)

(i+1)
~yL (13)

and/or

i
~pjR =

i
TTT i+1

i+1
TTT (i+1)

(i+1)
~yR (14)

where

i
TTT i+1 =VVV i (15)

i+1
TTT (i+1) =QQQi+1 (16)

i
~pjL =

w
TTT i (qj)

�1 w
~pjL (17)

i
~pjR =

w
TTT i (qj)

�1 w
~pjR (18)

(i+1)
~yL =

(i+1)
TTT 6L(qj) ~yL (19)

and

(i+1)
~yR =

(i+1)
TTT 6R(qj) ~yR: (20)
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Note that if theith link is a common links, i.e., a link between
the world reference frame and joint 4, then both of the above two
equations are valid (see Fig. 5); otherwise, only one of the (13) and
(14) is valid.

From (13) and (14), we have

VVV
�1
i

i
~pjL = QQQi+1

(i+1)
~yL (21)

and/or

VVV
�1
i

i
~pjR = QQQi+1

(i+1)
~yR: (22)

Note that in our method, a robot kinematic calibration problem is
divided into a sequence of subproblems of calibrating single revolute
or prismatic joint. When calibrating a single joint, in addition to
estimating unknown kinematic parameters, we also have to estimate
the unknown 3-D position of a calibration point, i.e.,~yL and ~yR

in (21) and (22), respectively. Therefore, the calibration point can
be mounted at different positions when calibrating different joints.
If link i is shared by both the left and right kinematic chains, we
can simply use either of the two calibration (21) and (22). However,
because taking the average of (21) and (22) can reduce some effects
of measurement noise, we chose to use the average of (21) and (22).
This is equivalent to using a pseudocalibration point in the middle
of the left and right calibration point. Hence, we have (23)–(26), as
shown at the bottom of the page.

Then, (21)–(23) can be unified as follows:

VVV
�1
i

i
~pj = QQQi+1

(i+1)
~y: (27)

Note that (27) is actually formulating the 3-D circle and 3-D line
fitting problems for a revolute and prismatic joints (see Figs. 9 and
10), respectively. The unknown parameters to be estimated are the
link matrix, VVV i, and the vector,(i+1) y. For the case of IIS head, our
goal is to estimate the kinematic parameters:VVV 0; VVV 1; VVV 2; VVV 3; VVV 4L,
andVVV 4R, using (27). In this case, we can setVVV 5L = I andVVV 5R = I,
because no matter what valuesVVV 5L andVVV 5R assumed in this stage,
we always have to estimate a new head/eye relations, i.e., newVVV 5L

andVVV 5R, when cameras are mounted to the IIS head.

III. N EW METHOD FOR KINEMATIC PARAMETERS IDENTIFICATION

Using (27), our new method will calibrate theith link matrix by
moving the(i+1)st joint (joints 1, 2,� � � ; i can be moved too). For
convenience, letRV ; Ri; andRotz(�) be the 3� 3 rotation matrix of
VVV i;RRRi andRotz(�), respectively. LettV be the 3� 1 translation
vector of matrixVVV i, and li denote the 3-D vector[li;x li;y li;z]

t.
Using (8), we have

RV =RiRotz(�i) (28)

tV =RV li (29)

Fig. 9. Equation (27) is equivalent to a 3-D circle fitting problem for a
revolute joint.

Fig. 10. Equation (27) is equivalent to a 3-D line fitting problem for a
prismatic joint.

and

VVV i = RRRV Trans(li) (30)

which will be used in the following derivation.

A. Kinematic Parameter Identification for a Prismatic Joint

The redundant parameters and the unknowns for a prismatic joint
are listed as follows for clarity of our derivation:

1) four given redundant parameters (typically set to zero if not
prespecified for specific reason):�i and li;

2) the unknowns:Ri;
(i+1)

~y and the sign parameter,si.

Consider (27). For a prismatic joint, we have

VVV
�1
i

i
~pj = Trans([0 0 q(i+1)j ]

t
)
(i+1)

~y (31)

or, using (30)

R
t
V

i
pj � lj =

(i+1)
y + [0 0 q(i+1)j ]

t
: (32)

VVV
�1
i

i
~pjLR = QQQi+1

(i+1)
~yLR (23)

where

i
~pjLR =

(
i
~pjL +

i
~pjR)

2
(24)

and

(i+1)
~yLR =

(
(i+1)

~yL +
(i+1)

~yR)

2
(25)

Here, we let

i
~pj =

i
~pjLR;

i+1)
~y =

(i+1)
~yLR if link i is shared by the left and right kinematic chains

i
~pj =

i
~pjL;

(i+1)
~y =

(i+1)
~yL; if link i belongs to the left branch only

i
~pj =

i
~pjR;

(i+1)
~y =

(i+1)
~yR; if link i belongs to the right branch only

(26)
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Notice that the value ofi pj depend on the movements of joints
1; � � � ; i and can be computed using equations (17) and/or (18).

Multiplying RV to both sides of (32) and noticing that

RV

0

0

q(i+1)j

= RiRotz(�i)

0

0

q(i+1)j

= q(i+1)jbi (33)

wherebi = [bi;xbi;ybi;z]
t is the third column vector of the rotation

matrix Ri, we have

i
pj = a+ q(i+1)jbi (34)

where a = RV (li +
(i+1) y) is independent of configurationqj .

It is obvious thatli is redundant, sinceli and (i+1) y can not be
independently estimated. Therefore,li can be set to zero if it is not
prespecified for specific reason.

Suppose there areM measurements fromM robot configurations,
i.e., i pj and q(i+1)j ; j = 1; 2; � � � ;M: The kinematic parameterbi
can be estimated by minimizing the following error:

� =

M

j=1

ki pj � a� q(i+1)jbik
2 (35)

subject tobtibi = 1.
The solution is (refer to [25] for the proof)

bi =

M

j=1

(�pj�q(i+1)j)

M

j=1

(�pj�q(i+1)j)

(36)

where

�pj =
i
pj �

i
p (37)

�q(i+1)j = q(i+1)j � q(i+1) (38)

i
p =

1

M

M

j=1

i
pj (39)

and

q(i+1) =
1

M

M

j=1

q(i+1)j : (40)

Notice that if the third component ofbi is negative, in order to be
consistent with the CPC convention, we should change the sign of
bi and letsi = �1; otherwise, letsi = +1. Once the unit vector
bi is obtained, the rotation matrix,Ri, can be computed with (9).
Finally, (i+1) y can be solved by using (32). However, we do not
have to calculate(i+1) y if it is not of interest.

B. Kinematic Parameter Identification for a Revolute Joint

The redundant parameters and the unknowns for a revolute joint
are listed below for clarity of the derivation:

1) two given redundant parameters (typically set to zero if not
prespecified for specific reason):�i and thez-component ofli;

2) the unknowns:Ri, the sign parameter,si; (i+1) y; and the first
two components ofli.

For a revolute joint, the calibration equation can be derived from
(27) that

R
t
V

i
pj � li = Rotz(q(i+1)j)

(i+1)
y (41)

by using (30). For convenience, we decompose(i+1) y into two
portions as follows. Let(i+1) y = [y1 y2 y3]

t; and

(i+1)
y = ya + yb (42)

whereya = [y1 y2 0]t and yb = [0 0 y3]
t: Note that for anyy1

andy2; y21 + y22 6= 0; there exists a scalar� and a rotation angle!
such that

ya = �Rotz(!)e1 (43)

where e1 = [1 0 0]t; � = y21 + y22 ; ! is the angle between the
vector ya and thex-axis. Substituting equations (42) and (43) into
(41), we have (by noting thatyb = Rotz(�)yb)

Ruj + t = �vj (44)

whereR = Rotz(��i � !)Rt
i ; uj = i pj ; t = �Rotz(�!)li � yb

andvj = Rotz(q(i+1)j)e1: R; t and� can be solved by minimizing
the following error using the least-square method:

e =

M

j=1

kRuj + t� �vjk
2
: (45)

The procedures for calculating a closed-form solution to (45) are
listed in the following (refer to [25] for more details).

Step 1: Computeu = (1=M)�M
j=1 uj ; v = (1=M)�M

j=1 vj ; uj =

uj � u and vj = vj � v:

Step 2: Let A = [v1 � � � vj � � � vM ] andB = [u1 � � �uj � � �uM ]:

Step 3: Compute the3 � 3 matrix C = BAt:

Step 4: Compute the singular value decomposition

C = U

s1 0 0

0 s2 0

0 0 s3

V
t

where s1 � s2 � s3 � 0:

Step 5: If det(V U t) = +1; then computeR̂ = V U t; otherwise,
let

R̂ = V

1 0 0

0 1 0

0 0 �1
U
t
:

Step 6: Compute� = [�M
j=1 utRvj ][�

M
j=1 vtjvj ]

�1:

Step 7: Computet = �v � Ru:

We now show how to compute the kinematic parameters,Ri and
li, from R andt. Remember thatR = Rotz(��i�!)Rt

i , as defined
following (44). It is obvious that the third rows ofR andRt

i , i.e.,bti,
should be the same. Therefore,bti can be obtained from the third row
of the matrixR. Notice that if the third component ofbi is negative,
in order to be consistent with the CPC convention, we should change
the sign ofbi and letsi = �1; otherwise, letsi = +1. From (8)
and (9), we can computeRV from bi and�i. Then we can compute
Rotz(!) using the following relation:

Rotz(!) = R
t
V R

t
: (46)

Remember thatyb = [0 0 y3]
t andt = �Rotz(�!)li�yb as defined

following (42) and (44), respectively, hence

li + yb = �Rotz(!)t (47)

where thez-component ofli is a given redundant parameter, and
yb should be determined to make the above three equations of three
unknowns consistent.
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IV. EXPERIMENTS

To evaluate the accuracy of robot calibration in the experiments, we
use both positioning and orientation errors defined below as the error
measures. Thepositioning erroris defined as the Euclidean distance
between the measured and predicted positions of the end-effector,
where the predicted position is obtained by using the identified
kinematic parameters. Theorientation error is defined as the angle
between the true and predicted orientation of the last two joint axes,
i.e., joint 5L and joint 5R. Notice that, in the real experiments,
because the true orientation of the last two joint axes are unknown,
only the positioning error was evaluated.

For comparison, we have also implemented two kinematic cal-
ibration methods modified from the methods proposed by Zhuang
[22] and by us [16], both of which use pose measurements. The
major modification we have made here is to reverse the order of
the kinematic parameter identification in the original methods such
that the kinematic parameters are calibrated from the base toward
the end-effector. Notice that this modification is important, because
if we calibrate a multiple-end-effector robot from the end-effectors
to the base, at the link having two branching kinematic chains, we
need to estimate an additional transformation matrix for unifying
the coordinate systems from different end-effectors, which would
introduce additional estimation error. The results of our original pose
method [16] were shown in [26], which is three times worse than
the modified pose method implemented here. Nevertheless, the point
method proposed in this paper is at least twice more accurate than the
modified methods using pose measurements, as shown in Figs. 15–17.
For convenience, the proposed point method will be referred to as
Method-Iand the pose methods modified from [22] and [16] will be
referred to asMethod-IIandMethod-III, respectively. Notice that, for
Method-II and Method-III, the procedure for estimating orientation
kinematic parameters are exactly the same; therefore, the orientation
error of these two methods will be identical.

The 3-D measurement system we used was a stereo vision system
consisted of two Panasonic GP-MF 502 CCD cameras with a baseline
of 524 mm, where their focal lengths were approximately 15 mm and
the dimension of the sensor cell was about 10�m, which provided
3-D measurement accuracy of 0.4 mm inz-direction and 0.2 mm
in bothx- andy-directions if the object distance was approximately
1.5 m and the deviation of the 2-D observation error was 0.1 pixel.
Each small calibration plate attached to the camera mount has nine
white disks as shown in Fig. 11. As shown in Fig. 12, in this paper,
the input measurement data forMethod-I, Method-II andMethod-III
are extracted from the same set of raw measurements, i.e., the 3-D
position measurements of the nine disks on the calibration plate. The
pose measurements were obtained by using the following procedure:

1) use the stereo vision system to measure the 3-D coordinates of
the nine disks on the calibration plate,~ci; i = 1; 2; � � � ; 9;

2) compute the optimal solution of the following error function
by using the Arunet al. method [27]

min
TTTmmm

9

i=1

k ~di � TTTmmm~cik (48)

where ~di is the homogeneous 3-D coordinates of the nine disks
on the calibration plate with respect to the calibration plate
coordinate system (see Fig. 11).

Both the position and orientation measurements, i.e.,TTTmmm; were fed
to Method-II andMethod-III, while only the position measurements,
i.e., the translation vector ofTTTmmm; were fed toMethod-I. Computer
simulations have been conducted for studying errors of both the
position and orientation of the estimated pose of the end-effector
calibration plates, i.e.,TTTmmm. In this simulation, we assume the error

Fig. 11. The aspect of our end effector calibration plate and the calibration
plate coordinate system defined on it.

source is mainly in the estimation of the 2-D image location of the
nine disks on the calibration plate. Each data point shown in Figs. 13
and 14 are obtained from the root mean square error of 1000 random
trials. The relation between the 2-D image measurement noise and the
3-D positionmeasurement error of our system configuration is shown
in Fig. 13, while the relation between the 2-D measurement noise and
the orientation error of TTTmmm is shown in Fig. 14. Because the 2-D
image measurement noise in our stereo vision measurement system is
approximately of 0.1 pixel, the induced 3-D orientation error ofTTTmmm

is approximately 0.25� which is not good enough for the kinematic
calibration. Although the orientation estimation error can be reduced
by choosing a larger calibration object, it is difficult for us to increase
the size of the calibration object due to the limitations both on the
payload of the binocular head and on the effective view field of our
stereo vision system.

In the first experiment (real experiment), twenty measurements
were taken for each joint. Also, for testing the calibration accuracy we
took extra 19 measurements with arbitrary configurations. We then
choseM from the 20 measurements to calibrate the robot and used
all of the 19 testing measurements to test the estimated parameters.
The results are shown in Fig. 15 forM = 4; 6; � � � ; 20. One purpose
of this experiment is to determine a proper number,M , such that the
position error is less than 1 mm. Fig. 15 shows thatMethod-I can
achieve higher accuracy thanMethod-II andMethod-III. Notice that
Fig. 15 does not show the potential that the position error decreases
whenM increases. We believe that it is because the nongeometric
error dominates and the random noise induced error is relatively
negligible. However, whateverM is, the error is less than 1 mm.
As a result, we simply useM = 20 in the following experiments.

In the second experiment, computer simulations were conducted
using the kinematic parameters obtained from the previous real ex-
periment. Because the calibration plates were manufactured with very
high accuracy—much higher than our 3-D stereo vision measurement
accuracy, we assume that the 3-D stereo measurement noise is mainly
due to the 2-D image observation error with a standard deviation
of 0.1 pixels. Each data points shown in Fig. 16 is the average
of 50 random trials. Fig. 16 also shows thatMethod-I can achieve
higher accuracy thanMethod-II and Method-III. Notice that in the
real experiments, the test data also contain measurement errors. Also,
the joints of the IIS head are not ideal at all. Therefore, the real
experimental results (in Fig. 15) have larger position error than the
simulation ones (Fig. 16).

The last experiment is to test the robustness of the calibration
algorithm. The 2-D observation error is assumed to be a normal
random noise with zero mean and variance�2D. Fig. 17 shows the
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Fig. 12. The procedure for acquiring the pose (position and orientation) measurement of the calibration plate mounted on the end-effector for different
methods tested in this paper.

Fig. 13. The point measurement error of end effectors induced by the 2-D
measurement noise.

results from computer simulations, where each point is obtained from
the average of 50 random trials, for�2D = 0:0–1:0 pixel. The
number of measurements for each joint is set to 20 as in the real
experiment. The positioning error of this experiment shows that the
proposed method is robust against the observation noise than the
other two methods using pose measurements. However, these three
methods have almost the same performance in estimating orientation
parameters in this experiment.

V. CONCLUSIONS

Active vision is attracting more and more research interest in the
field of computer vision. Being able to acquire information actively,
an active vision system has more potential applications than a passive
one has. To control the positions and orientations of the cameras,
the kinematic parameters of an active vision mechanism have to
be known. Unfortunately, exact kinematic parameters are usually
unknown. In this paper we have solved the kinematic parameter
identification problem for the IIS head based on the CPC kine-
matic model. Four main features of our new method are described
below.

1) With our new method, the kinematic parameters estimation
problem is decomposed into many subproblems of single
joint axis. Hence, the complexity is reduced and an easier
implementation is derived. Also, this decomposition leads to
a general solution for kinematic calibration of any robot with

Fig. 14. The orientation measurement error of end effectors induced by the
2-D measurement noise.

Fig. 15. The 3-D positioning error of two end effectors with respect to three
calibration methods versus the measurement number (19 test points).

arbitrary combination of prismatic and revolute joints. Notice
that this does not mean that only one joint can be moved at a
time during the data collection phase. Instead, all thecalibrated
joints can be moved to gather more information.
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(a) (b)

Fig. 16. (a) The 3-D positioning error of the two end effectors with respect to three calibration methods versus the measurement number. (b) The orientation
error of the left and right vergence axes with respect to three calibration methods versus the measurement number.

(a) (b)

Fig. 17. (a) The 3-D positioning error of the two end effectors with respect to three calibration methods versus the 2-D measurement noise. (b) The
orientation error of the left and right vergence axes with respect to three calibration methods versus the 2-D measurement noise.

2) It is easier to obtain an accurate point measurement than to
obtain an accurate pose measurement. Moreover, the calibration
object can be of smaller size when using point measurements,
which allows larger motion range of a joint in kinematic
calibration and leads to more accurate and robust estimations
of kinematic parameters.

3) With our method, each joint is calibrated in the order of from
the base to the end-effectors. Therefore, it is very suitable for
kinematic calibration of robots having multiple end-effectors.
On the contrary, if we calibrate a robot having multiple

end-effectors from its end-effectors to the base then at the
link having two branching kinematic chains, we will need to
estimate an additional transformation matrix for unifying the
coordinate systems from different end-effectors [28].

4) The accuracy of our method depends upon two major factors,
i.e., the calibration range and the radius of the 3-D circle (the
distance between the calibration object and the rotation axis).
For calibrating a prismatic joint, larger calibration range can
make the calibration result more robust and accurate, because
the 3-D line fitting will be more accurate when using a longer
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linear trajectory of the calibration object. For calibrating a
revolute joint, the calibration results obtained by our method
can be more accurate when the calibration range and the radius
of the trajectory are large enough. This is because when the
calibration range approaches 360�, the circular trajectory of the
calibration object tends to be a complete 3-D circle, and the 3-
D circle fitting using data distributed in the complete circle will
be more accurate than the one using only partial information
of a circle. Also, larger radius will provide larger S/N ratio,
and a very small radius will make the circular trajectory of
the calibration object indistinguishable from the measurement
noise.

We have performed the error analysis of several closed-form
solutions for kinematic calibration (including the methods using pose
measurements and the method using point measurements) and have
described the results in [29]. From the error analysis results, we found
that one limitation of the proposed method is that, when the calibra-
tion range of a revolute joint is very small (e.g., less than 40�), our
method using only point measurements will become more sensitive
to noise than with the methods using pose measurements. However,
because we only have to measure the position of a single calibration
point, the calibration object can be made very small. Therefore,
when using stereo vision measurement systems, the calibration range
can be easily made much larger. As the calibration range becomes
larger, the calibration results will become much more accurate. The
proposed closed-form solution has been applied to solve the kinematic
calibration problem of a branched kinematic chain having two end-
effectors. Notice that the complexity of implementing the proposed
method is approximately equal to that of implementing existing
closed-form solutions using pose measurements. The experiments on
calibrating our binocular head have shown that based on the same set
of measurement data, our method of using point measurements can
achieve higher accuracy than that of using pose measurements.

Theoretically, there should exist a closed-form solution using both
the position and orientation measurements to provide an optimal
estimate of the kinematic parameters. However, existing closed-
form solutions based on pose measurements only use the orientation
information when estimating the orientation of the joint axes. Hence,
the orientation error of the estimated kinematic model would be of
the same order of the orientation measurement error. Furthermore, it
is well known that to accurately estimate the orientation of a robot
is a very difficult problem. Therefore, if no accurate pose estimation
method is provided, we should not expect accurate kinematic cali-
bration results when using the existing closed-form solutions based
on pose measurements.
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