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Abstract—Spatial clustering has attracted a lot of research attention due to its various applications. In most conventional clustering

problems, the similarity measurement mainly takes the geometric attributes into consideration. However, in many real applications, the

nongeometric attributes are what users are concerned about. In the conventional spatial clustering, the input data set is partitioned into

several compact regions and data points which are similar to one another in their nongeometric attributes may be scattered over

different regions, thus making the corresponding objective difficult to achieve. To remedy this, we propose and explore in this paper a

new clustering problem on two domains, called dual clustering, where one domain refers to the optimization domain and the other

refers to the constraint domain. Attributes on the optimization domain are those involved in the optimization of the objective function,

while those on the constraint domain specify the application dependent constraints. Our goal is to optimize the objective function in the

optimization domain while satisfying the constraint specified in the constraint domain. We devise an efficient and effective algorithm,

named Interlaced Clustering-Classification, abbreviated as ICC, to solve this problem. The proposed ICC algorithm combines the

information in both domains and iteratively performs a clustering algorithm on the optimization domain and also a classification

algorithm on the constraint domain to reach the target clustering effectively. The time and space complexities of the ICC algorithm are

formally analyzed. Several experiments are conducted to provide the insights into the dual clustering problem and the proposed

algorithm.

Index Terms—Data mining, data clustering, dual clustering.
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1 INTRODUCTION

DATA clustering has been identified as an important
technique for many applications, including similarity

search, pattern recognition, trend analysis, marketing
analysis, grouping, classification of documents, and so
forth [4], [6], [10], [12]. In general, there are two types of
attributes associated with the data points in data clustering,
i.e., numerical attributes and categorical attributes. Numer-
ical attributes are those with ordered values, such as the
height of a person and the speed of a moving vehicle.
Categorical attributes are those with unordered values, such
as the kind of a drink and the brand of a car.

Since the early work in the k-means algorithm [20], data
clustering has been studied for years and several technol-
ogies have been developed, including the nearest neighbor
clustering [19], fuzzy clustering [2], partitional clustering
[8], hierarchical clustering [23], hybrid clustering [18],
artificial neural networks for clustering [13], and support
vector clustering [1], to name a few. Among others, spatial
clustering is an important technique in many applications.
In most conventional clustering problems, the similarity
measurement mainly takes the geometric attributes into
consideration. However, in many real applications, the
nongeometric attributes are what users are concerned
about. Data points which are similar to one another in their
nongeometric attributes may be scattered geometrically. By

using a conventional clustering algorithm, it is infeasible to
partition the geometric region so that the data points in each
subregion are similar to each other in their nongeometric
attributes. To remedy this, we propose and explore in this
paper a new clustering problem in two domains, named
dual clustering, where one domain refers to the optimiza-
tion domain and the other refers to the constraint domain.
Attributes in the optimization domain are involved in the
optimization of the objective function, while those in the
constraint domain need to comply with the geometric
constraints. In the dual clustering problem, we try to
partition the data set into several groups, so that these
groups form nonoverlapping compact regions in the
constraint domain while minimizing the dissimilarity of
the data points in a group on the optimization domain. A
formal description of the dual clustering problem will be
given in Section 2. The dual clustering problem can be best
understood by the example shown in Fig. 1. Each data point
in Fig. 1 consists of four attributes of which two are in the
constraint domain and the other two are in the optimization
domain. For the dual clustering problem, a possible solution
of the input data set is shown in Fig. 1. Note that points of
different clusters are shown with different symbols. The
projection of the input data set in the constraint domain is
shown in Fig. 1a and that in the optimization domain is
shown in Fig. 1b. Note the data point A in Fig. 1b. In
conventional clustering, A will most likely to be grouped
into cluster C2. However, in this example, data point A
belongs to cluster C1 instead. Consider the projection on
constraint domain, i.e., Fig. 1a. Data point A is at the center
of cluster C1. If data point A is assigned to cluster C2, then
clusters C2 and C1 will not form nonoverlapping compact
regions any more. If we move not only point A but also
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other necessary points from cluster C1 to cluster C2 just to
comply with the compact region constraint, the clustering
cost in the optimization domain will be increased. The
compact region constraint accounts for the reason that those
points, such as A, B, and C, do not belong to their closest
clusters in the optimization domain.

In our opinion, the dual clustering problem cannot be
dealt with by any direct extension of existing clustering
algorithms as is evident from the above example. Conse-
quently, new methods are called for to handle this new
clustering problem. In this paper, we devise a new
approach to solve the problem, named Interlaced Cluster-
ing and Classification algorithm, abbreviated as ICC.
Algorithm ICC integrates the information in both domains
by an interlaced process of executing clustering and
classification on the input data set. Specifically, for better
stability and quality, we employ the complete-link algo-
rithm as our clustering method and the Support Vector
Machine (SVM) as our classification method. In essence,
the ICC algorithm, on one hand, aims at having the
optimal clustering results in the optimization domain and,
on the other hand, gradually shapes the resulting cluster-
ing better in accordance with spatial clustering in the
constraint domain. The ICC algorithm effectively reaches
the target clustering by iteratively performing the cluster-
ing (by the complete-link algorithm) and the classification
(by SVM). The time and space complexities of the ICC
algorithm are analyzed as O l � n2 lognþ k2 � n � tð Þð Þ, where
k is the number of clusters, l is a small integer specified by
users, and t is the number of iterations taken by the SVM
algorithm to converge at the training phase [5], [15]. In
addition, we conduct several experiments to exhibit the
properties of the proposed the ICC algorithm. To the best
of our knowledge, there were no prior works on the dual
clustering. We hence deliberately design two alternative

algorithms in this paper for comparison purposes. In
contrast to the ICC algorithm which moves back and forth
between the optimization domain and the constraint
domain, another approach to solve the dual clustering

problem is to modify the similarity measure in the
optimization domain so as to explicitly specify the penalty
in the constraint domain. This algorithm is referred to as a
cost revision algorithm. By doing so, conventional cluster-

ing algorithms can be applied in the optimization domain.
In addition, we devise another algorithm for this dual
clustering problem, called k-NN Clustering, which is in
essence an extension to KNN classification algorithm. The
performance comparison results provide insights into the

dual clustering problem and also show the advantages of
the ICC algorithm.

We mention in passing that several prior works have
been conducted on data clustering with some constraints.
The work in [24] defines a taxonomy of constraints for

clustering with the focus on exploring the constraints which
can be formulated with SQL aggregates and imposed on
individual clusters. Some works are proposed to cope with
the total mass constraints [21], [22]. In the situation of high
dimensions and large cluster numbers, the phenomena of

empty clusters or clusters with very few items are observed.
The constraint that each cluster has to contain a minimum
number of points is added to the k-means clustering
algorithm to deal with such phenomena [3]. Also, the work

in [17] focuses on the continuous constraint: All the data
points in each cluster form a continuous region on the time
sequence. The work in [7] studies a problem that the data
points of each group must be within a specified range in
those constraint attributes. The clustering techniques for

spatial data in presence of physical constraints are dis-
cussed in [9], [25], [29]. The work in [11] proposed a kernel
function for structured data and applied the kernel with a
modified k-means algorithm on spatial data clusters.

However, by that kernel function, the attributes in the
constraint domain are only treated with higher weights, but
the clusters are not constrained to form compact regions.
These methods are, however, not applicable to the dual
clustering problem addressed in this paper which, in fact,

occurs in many real applications, such as public facility
allocation, electioneering planning, and market analysis, to
name a few. As pointed out earlier, despite its importance,
no prior work explicitly explored this dual clustering

problem, let alone developing solution algorithms for it.
This fact distinguishes this paper from others.

The rest of this paper is organized as follows: Some
related works and the problem description are given in
Section 2. Section 3 presents the proposed ICC algorithm to

deal with this dual clustering problem. The experimental
studies are presented in Section 4. This paper concludes
with Section 5.

2 PRELIMINARIES

We will first introduce related technologies in Section 2.1

and then present the formal problem definition of the dual
clustering problem in Section 2.2.
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Fig. 1. An illustrative example of the dual clustering problem.

(a) Projection on constraint domain. (b) Projection on optimization
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2.1 Related Technologies

2.1.1 Clustering Techniques

A hierarchical clustering algorithm starts with every input
data instance as a subcluster and then continuously merges
the two closest subclusters until a predefined number of
clusters are found. Most existing hierarchical clustering
algorithms are variations of the single-link and complete-
link algorithms [16], [23]. Both algorithms require the time
complexity of O n2 lognð Þ, where n is the number of data
points. The space complexity of the single-link algorithm is
O nð Þ, while that of the complete-link algorithm is O n2ð Þ.
The outline of a general hierarchical clustering algorithm is
given below.

Hierarchical Clustering Algorithm

1. Initially, each data point forms a cluster by itself.

2. The algorithm repetitively merges the two closest

clusters.

3. Output the hierarchical structure constructed.

A single-link clustering algorithm and a complete-link
one differ in the intercluster distance measurement, i.e.,
Step 2. The single-link algorithm uses the distance between
the two closest points of the two clusters as the intercluster
distance, i.e.,

dðCi; CjÞ ¼ min dðoi; ojÞjoi 2 Ci; oj 2 Cj

� �
;

while the complete-link algorithm uses the distance of
two farthest points as the intercluster distance, i.e.,
dðCi; CjÞ ¼ maxfdðoi; ojÞjoi 2 Ci; oj 2 Cjg.

As shown in Fig. 2a, the single-link algorithm suffers
from so-called chaining effect and the complete-link
clustering algorithm has problems in dealing with parti-
cular shapes such as circles shown in Fig. 2b. Because of the
difference of the intercluster distance, the single-link
algorithm can find the clusters of any shape while the
complete-link algorithm finds isotropic clusters.

2.1.2 Classification Techniques

While clustering is called an unsupervised learning,
classification is said to be a supervised learning. In general,

the classification has two phases, i.e., training phase and
testing phase. In the training phase, we build a classifier
from the training data set. In the testing phase, we classify
the testing data with the classifier. Several techniques have
been proposed for classification, including neural network,
SVM, decision tree, regression model, and so on.

The k-nearest neighbor (abbreviated as KNN) classifica-
tion algorithm is one of the most intuitional algorithms [28].
In the training phase, it simply records all the training data.
In the testing phase, KNN selects the k most similar cases in
the training data set for the given tested entry and use their
categories as votes to decide the category of the tested entry.
The KNN algorithm is quite simple while having high
accuracy at testing. The main drawback of the KNN
algorithm is the need of keeping the whole training set
while testing, which makes KNN infeasible when the
training set becomes large.

In recent years, the Support Vector Machines (abbre-

viated as SVM) has been developed and applied to many

cases [1], [11]. It also has proven itself as one of the most

accurate classifiers. The SVM is a new generation of learning

system based on statistical learning theory [26], [27]. The

SVM model only does the binary classification. However, it

is easy to extend SVM to do multicategory classification.

Among various methods, the ”one-against-one” approach

[14] constructs a classifier for each pair of classes and then

uses a voting strategy to designate a point to be in the class

with the maximum number of votes. The idea behind SVM

is to map the input data set to another feature space in order

to find an optimal hyperplane which separates the two-

category input data set. More specifically, given a data set of

n points x1;x2; . . . ;xnf g and their category vector

y1; y2; . . . ; ynf g, where yi ¼ 1 or �1, SVM tries to find an

optimal hyperplane, wxþ b ¼ 0, which separates the two

categories of input data set, i.e., yi wxi þ bð Þ � 1, as shown in

Fig. 3a. The hyperplane is said to be optimal if it separates

the two categories with the maximum margin, i.e., r. It can

be proved that r ¼ 2
wk k , so maximizing the margin is

minimizing the value of wk k. However, the input data set

could be linearly inseparable. In that case, SVM adds a soft

margin, �i, for each data point xi, and the criteria becomes

yi wxi þ bð Þ � 1� �i. An example of three misclassified

points is shown in Fig. 3b. The SVM is then trying to
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Fig. 2. Examples of the clustering capabilities of the single-link and

complete-link clustering algorithms. (a) Clustering results of the single-

link algorithm. (b) Clustering results of the complete-link algorithm.

Fig. 3. Illustrative examples of the SVM algorithm with linear separable

and linear inseparable data sets. (a) Linear separable and (b) linear

inseparable.
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minimize the cost: 1
2 wk k2þC

Pn
i¼1 �

2
i , where C is a positive

value representing the tolerance of such misclassified data

points. It has been proven that with a larger margin, i.e.,

smaller wk k, the classifier has better generality, meaning it

can be applied to unseen data set better. Thus, by controlling

the value of C, we can find the balance between the training

error and the testing error. In this paper, we control the

number of those outliers by controlling the value of C.
In concept, SVM maps the data points to another

feature space. However, it is not necessary to find the

mapping, � xið Þ, explicitly. Instead, one only has to find
the kernel of the feature space which defines the inner

product of two input data points on the feature space,

i.e., Kðxi; xjÞ ¼ h�ðxiÞ;�ðxjÞi. Moreover, a kernel can be
obtained by a combination of other kernels. This property

allows us of mapping the data points to the various
feature space directly.

2.2 Problem Description

The conventional spatial clustering problem is trying to

partition the input data into several compact regions. The

general clustering problem is trying to partition the data
into several groups so that the data instances in a group are

similar to one another. Though being similar to each other,
these two clustering problems differ in a subtle aspect.

Specifically, by spatial clustering, we form clusters as

shown in Fig. 4a, while the result of a general clustering
is the one shown in Fig. 4b. These figures are expected to be

viewed in color. Bigger versions of figures in this paper can

be found in http://arbor.ee.ntu.edu.tw/dualclus. In the
spatial clustering problem, we require each cluster to form a

compact region. As a result, although being closer to the
points of cluster C2, the data point A in Fig. 4a still belongs

to cluster C1. However, in the general clustering problem,

we try to keep data points in a cluster as similar to each
other as possible. The data point A hence belongs to cluster

C2 as shown in Fig. 4b. The dual clustering problem we
studied in this paper is to conduct the general clustering in

the optimization domain and the spatial clustering in the

constraint domain. Explicitly, we use the following formula
as our clustering cost measurement.

Definition. Given a clustering partition P ¼ C1; C2; . . . ; Ckf g
of the input data set of n points o1; o2; . . . ; onf g, we define the
clustering cost as

CostðP Þ ¼
P

Ci

P
o2Ci

o� Ci:centerð Þ2

n
;

where Ci:center is the center of cluster Ci.

The problem of the dual clustering can be stated below.

Problem of Dual Clustering. Given a data set of n points:

o1; o2; . . . ; onf g, where each point consists of several attributes

of two domains, constraint domain and optimization domain,

the dual clustering problem is the process to partition the input

data set into several groups in such a way that each group

forms a compact region in the constraint domain while

minimizing the clustering cost in the optimization domain. A

compact region is a connected region of a simple shape whose

boundary is a simple closed curve.

3 ALGORITHM OF DUAL CLUSTERING

To solve the problem of dual clustering, the Interleaved

Clustering-Classification (ICC) algorithm is developed in

Section 3.1. We also explore the properties of the ICC

algorithm in Section 3.2. Finally, an illustrative example is

presented in Section 3.3.

3.1 Interlaced Clustering-Classification

To facilitate our presentation, we use distopt oi; oj
� �

to

represent the distance between data points oi and oj in the

optimization domain and distcons oi; oj
� �

for the distance in

the constraint domain. Then, the ICC algorithm for dual

clustering can be presented as follows:

ICC Algorithm

//Given a data set, o1; o2; . . . ; onf g, a desired cluster number in

optimization domain, k, weight in optimization domain, w, and

the execution level, l.

1. Perform the complete-link clustering algorithm with the

distance measurement

disthybrid oi; oj
� �

¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w � distopt oi; oj

� �2þð1� wÞ � distcons oi; oj
� �2q

to form a partition P of k clusters.

2. Set t ¼ 1.

3. Assign different labels to the clusters found in P . Mark

each data points with the same label of its own cluster.

4. Apply the SVM training algorithm to the attributes in the
constraint domain along with the labels marked in

previous step to obtain a classifier C.

5. Apply the classifier C on the whole data set to form a

clustering result. The data points classified to the same

group belong to the same cluster.

6. Split each disconnected cluster into two or more

connected clusters.

7. If t ¼ l, then output the clustering result obtained in
previous step.

8. Perform the complete-link algorithm in the optimization

domain to form a k-cluster partition P with distance

definition:
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Fig. 4. Possible results of spatial clustering and general clustering.

(a) Result of spatial clustering and (b) result of general clustering.
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distICC oi; oj
� �

¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� � distopt oi; oj

� �2þ 1� �ð Þ � � C oið Þ; C oj
� �� �2q

where � x; yð Þ ¼ distcons oi; oj
� �

if x ¼ y

1 otherwise

(

� ¼ 0:5þ t� 1

2l
; and C oið Þ is the category of oi:

9. Set t ¼ tþ 1 and goto Step 3.

The ICC algorithm first partitions the input data set with
a hybrid distance measure which uses the information in
both domains. The weight in the optimization domain w is
used to specify an initial partition for later interlaced
classification and clustering. After determining the clusters
by the hybrid distance measurement, the ICC algorithm
tries to mark the scope of each cluster in the constraint
domain. In Step 3, each data point in the same cluster is
marked with a unique label. In Step 4, the ICC algorithm
trains a SVM classifier to learn the scope of each cluster on
constraint domain. The one-against-one approach is
adopted to do multicategory classification. In Step 5, the
knowledge learned by the SVM model is outputted by
applying the SVM classifier on input data set. However, the
SVM classifier C may generate some disconnected regions
for a cluster. Thus, in Step 6, the ICC algorithm further
refines the partition results by splitting those disconnected
regions with a single-link clustering algorithm. In this
splitting procedure, the distance between two data points is
defined as

distsplit oi; oj
� �

¼ 1 if CðoiÞ 6¼ C oj
� �

distcons oi; oj
� �

otherwise:

�

The single-link clustering algorithm merges the two closest
subclusters until a significant increase in the merged
distances is being detected. After that, the ICC algorithm
integrates the information of the compact region constraint
into the clustering process, i.e., the distance measured at
Step 8. The execution level l specifies the granularity level of
the interlace loop. Then, in the subsequent iterations, the
ICC algorithm gradually and linearly increases the im-
portance of the information found in the constraint domain
by increasing the value of �. The concept behind the design
of the function for the value of � is trying to integrate the
information in the constraint domain gradually and linearly
into the optimization domain. By doing so, the ICC
algorithm tries to reduce oscillating range and, thus, results
in a stable clustering solution in optimization domain. In
essence, the ICC algorithm, on one hand, aims to have the
optimal clustering results in the optimization domain and,
on the other hand, gradually shapes the resulting clustering
better in accordance with spatial clustering in the constraint
domain. The ICC algorithm effectively reaches the target
clustering by iteratively performing the above two inter-
laced procedures (i.e., Step 4, 5, and Step 8). Finally, it
outputs the clustering results at Step 7.

3.2 Properties of the ICC Algorithm

In our implementation, we use the Gaussian kernel in the
SVM algorithm, i.e.,

K oi; oj
� �

¼ exp �
oi � oj
�� ��2

2�2

 !
:

Note that the parameter � plays an important role in this
algorithm. When � is small, we will have many sparse and
small clusters in the constraint domain; when � grows these
small clusters will be merged to form a larger cluster. The
parameter � is called the width of the Gaussian kernel. As
shown in the formula, the Gaussian kernel has the form
oi � oj
�� ��2 in the exponential term. Thus, all the points with
the same distance from oj will have the same value of the
kernel function. Also, points far from each other will have a
very small value of the kernel function. These properties are
indeed instrumental to the clustering.

Furthermore, omitting its proof, we can show that the
normal vector of the hyperplane in SVM, i.e., w, is a linear
combination of some of input data points on the feature
space. More specifically, w ¼

Pl
i¼1 �i � � xið Þ. Those vectors

with nonzero � are called support vectors. Thus, the
hyperplane in the feature space, w � � xið Þ þ b ¼ 0, can be
rewritten as

Pm
i¼1 �i �K svi; xð Þ þ b ¼ 0, where m is the

number of support vector, and svi, i 2 1;m½ �, are the
support vectors. The projection on the original space of a
hyperplane with three support vectors is shown in Fig. 5.
The left two support vectors belong to a class and the right
one belongs to the other. As shown in Fig. 5, the support
vectors are the centers of these circles of these contour plots.
The contour plots are formed by different values of b. It can
be verified that the value of b controls the balance of the
margin of the two classes, while the value � controls the
granularities of the partition.

Theorem 1. The time complexity of the ICC algorithm is
O l � n2 lognþ k2 � n � tð Þð Þ, where k is the number of clusters
and t is the number of iterations taken by the SVM algorithm
to converge at the training phase.

Proof. During the clustering phase, we use the complete-
link clustering technique with only a modified distance
measure, which has time complexity of O n2 lognð Þ.
During the classification phase, the time complexity of
SVM to train a single classifier is O n � tð Þ, where t is
the number of iterations in the SVM training algorithm
[5], [15] and a total of kðk� 1Þ=2 support vector
classifiers are constructed to perform the k-class
classification. Therefore, the time complexity of the
classification phase is Oðk2 � n � tÞ. In addition, the time
complexity of SVM to apply the classifier to the input
data set is O mnð Þ, where m is the number of support
vectors. Since the number of support vectors is always
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Fig. 5. The projections of hyperplanes in the feature space of Gaussian

kernel.
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smaller than the size of input data set, the time

complexity is subsumed by the term O n2 lognð Þ. With
the number of iterations being l, the time complexity of

the ICC algorithm is Oðl � n2 lognþ k2 � n � tð ÞÞ. tu
Theorem 2. The space complexity of the ICC algorithm is O n2ð Þ.
Proof. The space complexities of both complete-link and

SVM are O n2ð Þ. This theorem follows. tu

3.3 An Illustrative Example

Consider the Data Set 1 shown in Fig. 6 where each point
consists of four attributes, two in the constraint domain
and the other two in the optimization domain. There are
1,000 data points in this data set, i.e., n ¼ 1; 000. Since it is
difficult to present a 4-dimensional data set on a plane,
we display the data set by showing the projection of each
cluster in both domains. Note that the clusters shown in
Fig. 6 are the output of our data generation procedure,
which will be described in Section 4, and can be taken as
the target answer of this example. Detail information,
such as the number of points and center of each group, is
shown in Table 1. We execute the ICC algorithm with

k ¼ 5, w ¼ 0:7, and l ¼ 5. After executing a complete-link
clustering algorithm, i.e., Step 1 of the ICC algorithm, five
clusters are found as shown in Fig. 7. It is seen that this
intermediate clustering result is not ideal because two of
them are very close in our input data set. Then, we
execute the SVM algorithm with C ¼ 1 by the Gaussian
kernel with � ¼

ffiffiffi
n

p
in the constraint domain (i.e., Fig. 7a)

and try to locate the scope of each cluster. The SVM
model is able to identify the scopes of only four clusters,
as shown in Fig. 8. We next execute the clustering
algorithm with modified distance measurement described
in the Step 6 of the ICC algorithm with � ¼ 0:5. The
partition is shown in Fig. 9 where the input data set is
accurately partitioned. Then, we use SVM algorithm to
identify the scope of each cluster more clearly in the
constraint domain and employ a complete-link clustering
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Fig. 6. Data Set 1. (a) Projection on the constraint and (b) projection on

the optimization domain.

TABLE 1
The Clusters of Data Set 1

Fig. 7. The output of Step 1 in the ICC algorithm. (a) Projection on the
constraint domain and (b) projection on the optimization domain.

Fig. 8. The classification result of Step 4 in the ICC algorithm.

(a) Projection on the constraint domain and (b) projection on the

optimization domain.

Fig. 9. The output of Step 6 in the ICC algorithm. (a) Projection on the

constraint domain and (b) projection on the optimization domain.

Fig. 10. The final result of algorithm. (a) Projection on the constraint
domain and (b) projection on the optimization domain.
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algorithm to adjust the partition in the optimization
domain with � ¼ 0:75. Finally, we complete the ICC
algorithm by using SVM to get the final partition, as
shown in Fig. 10. The detail information of the clusters
found by the ICC algorithm is shown in Table 2.

4 EXPERIMENTAL STUDIES

In this section, we conduct a series of experiments to assess
the performance of the ICC algorithm. These experiments
are performed on a computer with a P4 1.7 Ghz Intel CPU
and 896MB of memory. Section 4.1 describes the generation
of the synthetic data. In Section 4.2, we show the clustering
quality by some visualization output. The scaling-up
experiments are performed in Section 4.3. We also explore
the impact of parameter w in Section 4.4. We present
performance comparison results between the ICC algorithm
and other algorithms in Section 4.5. The SVM module used
in our algorithm is implemented by our colleagues, and can
be accessed by http://www.csie.ntu.edu.tw/~cjlin/libsvm.

4.1 Data Generation

We use synthetic data as the input of our experiments so as
to control the features of the data generated. The parameters
used in data generation are listed in Table 3. There are two
attributes in the constraint domain and another two
attributes in the optimization domain. First, for each cluster,
we select the cluster centers in both domains, denoted by
Copt

i and Ccons
i , where i ¼ 1 . . . k and k is the number of

clusters. These data points are selected uniformly from a
square of width one. Then, we randomly generate a point, p,
in the constraint domain and decide the cluster to which
this point belongs by the following formula:

P p 2 Clið Þ ¼
1

dist p;Ccons
ið Þ

f

Pk
j¼1

1
dist p;Ccons

jð Þ
f
;

where dist p; qð Þ is the distance between p and q in the
constraint domain. With this probability distribution, point
p is inclined to belong to a cluster whose center is close to p.
Note that, parameter f is used to control the randomness. If
f ¼ 0, then the point will join any of the k clusters with
same probability. For a large value of f , the point will be
assigned to the cluster with the closest center with a

probability close to one. Suppose that point p is assigned to
Cli. We next decide the attributes of p in the optimization
domain by a normal distribution with Copt

i being the center
and r as the standard deviation. We repeat this procedure to
generate n points. An example of the generated data is
shown in Fig. 11. The detail information of the generated
clusters is shown in Table 4.

4.2 Experiment I: Clustering Quality

In this experiment, we apply the ICC algorithm on a
complex data set, referred to as Data Set 2, in Fig. 11 in
order to demonstrate the clustering qualities achieved. It
can be noted that in this data set, three clusters are very
close to each other and the other two are also close to each
other in the optimization domain. As shown in Fig. 12,
although clusters are heavily overlapped with one other,
the ICC algorithm can still partition them into a consider-
ably good clustering result. The detail information of the
clusters found is also shown in Table 5. The ICC algorithm
is performed with parameters settings as k ¼ 5, w ¼ 0:5, and
l ¼ 3. The equal weights in both domain are chosen such
that our initial partition does not show bias toward either
the constraint domain or the optimization domain. For our
data set, the selected execution level suffices and any
further increase in the value generates clustering results of
similar quality to Fig. 12.

4.3 Experiment II: Scaling Up

The execution times of the ICC algorithm against different
data set sizes are shown in Fig. 13. It can be seen that the
ICC algorithm scales approximately quadratically with the
size of the input data set. This conforms to our analysis on
the complexity of ICC by Theorem 1.

4.4 Experiment III: On Parameter w

In this experiment, we execute the ICC algorithm with the
parameter setting as w ¼ 0:9 and l ¼ 1. Step 1 of the ICC
algorithm is the data preprocessing stage, where the user
specifies the weight in optimization domain, i.e., w, to
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TABLE 2
The Clusters found by ICC in Data Set 1

TABLE 3
Parameters of Data Generation

Fig. 11. Data Set 2 (generated with k ¼ 5, f ¼ 4, r ¼ 0:15, and

n ¼ 1; 000). (a) Projection on the constraint domain and (b) projection

on the optimization domain.
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produce a starting point for the later interlaced optimiza-
tion. The clustering result obtained by this preprocessing
stage is shown in Fig. 14. The result is not desirable since
the initial overweight in the optimization domain is biasing
the ICC optimization process toward the optimization
domain. However, in the next step, algorithm SVM still
tries to identify the geometric scope of each cluster. Note
that there are too many noises on the constraint domain.
After this SVM stage, these noises will be assigned to
different clusters on constraint domain and, thus, greatly
increase the clustering cost on the optimization domain.
Finally, the results of the ICC algorithm is shown in Fig. 15.
Thus, although with greater value of w, the final clustering
cost will not be smaller. Similarly, with smaller value of w, a
more clear clustering results on constraint domain will be
obtained after the preprocessing stage. However, the
clustering cost on the optimization domain will be much
larger. A suitable value of w is needed to obtain a good
clustering result on both domains.

4.5 Experiment IV: Comparison with Other
Algorithms

As mentioned before, there were no prior works on dual
clustering. Therefore, we deliberately designed two alter-
native algorithms here for comparison purposes. In contrast
to the ICC algorithm which moves back and forth between
the optimization domain and the constraint domain,
another approach to solve the dual clustering problem is

to modify the similarity measure in the optimization
domain so as to explicitly specify the penalty factor p for
the similarity measure in the constraint domain, i.e.,

distRC oi; oj
� �

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
distopt oi; oj

� �2þp � distcons oi; oj
� �2q

:

This algorithm is referred to as a cost revision algorithm
(abbreviated as CR). By doing so, conventional clustering
algorithms can then be applied in the optimization domain.
Note that p ¼ 1

w , where w is the weight of optimization
domain as in disthybrid of the ICC algorithm. Different values
of p is used to evaluate the clustering results on optimiza-
tion domain and the respective projected clustering in the
constraint domain, as shown in Fig. 16. In addition, we
devise another algorithm for this dual clustering problem,
called k-NN Clustering (abbreviated as KNNC). The KNNC
algorithm first finds k nearest neighbors in the constraint
domain for each point. Next, the KNNC algorithm uses the
average values of the k neighbors in the optimization
domain as the new attributes of the point and then applies a
complete-link algorithm to the new attributes for obtaining
a solution clustering.

We apply the above two algorithms, i.e., CR and KNNC,
to the data set used in Section 3.3, and the clustering results
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TABLE 4
The Clusters in Data Set 2

Fig. 12. The clustering result of the ICC algorithm on Data Set 2.

(a) Projection on the constraint domain and (b) projection on the

optimization domain.

TABLE 5
The Clusters found by Algorithm ICC in Data Set 2

Fig. 13. Execution time against various sizes of data set.

Fig. 14. The clustering output of Step 1 of the ICC algorithm with
w ¼ 0:9.

Fig. 15. The result of the ICC algorithm with w ¼ 0:9.

Authorized licensed use limited to: National Taiwan University. Downloaded on January 16, 2009 at 02:13 from IEEE Xplore.  Restrictions apply.



in the constraint domain are shown in Figs. 16 and 17. The
resulting clustering, however, tends to show bias toward
either the optimization domain or the constraint domain if
one of corresponding terms in the modified similarity
measure dominates. In contrast to the good clustering result
by the ICC algorithm in Fig. 10, the resulting partitions
shown in Figs. 16 and 17 do not meet the requirement of
compact region in the constraint domain, meaning that
though with our best effort, conventional clustering algo-
rithms are not applicable to solving the dual clustering
problem. More precisely, in the CR algorithm, the points
near the boundaries of two clusters are mingled with those
of the neighboring cluster even for a large value of p. For a
large value of p, the clustering cost on the optimization
domain will increase. In the clustering results of the KNNC
algorithm, the points at boundaries of two clusters are
inclined to form a new cluster by themselves. This
phenomenon can be seen in Fig. 17.

We also compare the clustering cost defined in Section 2.2
in the optimization domain obtained by these algorithms
with that obtained by ICC. The results are shown in Fig. 18.
The clustering cost of the ICC algorithm is very close to that
of the others even after we consider the requirement in the
constraint domain, showing the very advantage of the ICC
algorithm. For the purpose of comparison, we choose the
parameters of the alternative algorithms that produce
similar results in constraint domain, i.e., p ¼ 3 for the CR
algorithm, and k ¼ 50 for the KNNC algorithm.

5 CONCLUSION

We proposed and explored in this paper a new clustering
problem on two domains, called dual clustering, where one
domain refers to the optimization domain and the other
refers to the constraint domain. Our goal is to optimize the

objective function in the optimization domain while
satisfying the constraints in the constraint domain. The
proposed the ICC algorithm combines the information in
both domains and iteratively performs a clustering algo-
rithm on the optimization domain and also a classification
algorithm on the constraint domain to reach the target
clustering effectively. The time and space complexities of
the ICC algorithm have been formally analyzed. Several
experiments have also been conducted to provide the
insights into the dual clustering problem and the proposed
algorithm.
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Fig. 16. Results of the CR algorithm with different values of p. (a)

Clustering results with p ¼ 3 and (b) clustering results with p ¼ 1=3.

Fig. 17. Results of the KNNC algorithm with different numbers of

neighbors. (a) Clustering results with k ¼ 5 and (b) clustering results with

k ¼ 30.

Fig. 18. Clustering costs in the optimization domain of the KNNC, CR,

and ICC algorithms.
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