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Higher-Order-Statistics-Based Radial Basis Function
Networks for Signal Enhancement

Bor-Shyh Lin, Member, IEEE, Bor-Shing Lin, Fok-Ching Chong, and Feipei Lai, Senior Member, IEEE

Abstract—In this paper, a higher-order-statistics (HOS)-based
radial basis function (RBF) network for signal enhancement is in-
troduced. In the proposed scheme, higher order cumulants of the
reference signal were used as the input of HOS-based RBF. An
HOS-based supervised learning algorithm, with mean square error
obtained from higher order cumulants of the desired input and the
system output as the learning criterion, was used to adapt weights.
The motivation is that the HOS can effectively suppress Gaussian
and symmetrically distributed non-Gaussian noise. The influence
of a Gaussian noise on the input of HOS-based RBF and the HOS-
based learning algorithm can be mitigated. Simulated results in-
dicate that HOS-based RBF can provide better performance for
signal enhancement under different noise levels, and its perfor-
mance is insensitive to the selection of learning rates. Moreover, the
efficiency of HOS-based RBF under the nonstationary Gaussian
noise is stable.

Index Terms—Gaussian noise, higher order statistics (HOS),
radial basis function (RBF) networks, signal enhancement.

I. INTRODUCTION

ADAPTIVE filtering techniques have been widely used for
signal enhancement [1]–[3]. Signal enhancement can be

considered as a mapping from the noisy input space to the noise-
free output space. Different from parametric model estimation,
they do not need prior information about the signal of interest
(SOI) and noise to enhance signals effectively. Therefore, they
are easily implemented to model the noise-free systems, in par-
ticular, when the complexities of SOI and noise increase. The
original scheme of adaptive signal enhancement was proposed
by Widrow et al. [1]. Here, an adaptive linear filter was used
for signal enhancement. However, in practice, lots of SOIs are
nonlinear. To effectively approximate nonlinear signals, a great
number of filter taps are required. Thus, the linear filter is not
relevant to enhance nonlinear signals.

In order to effectively enhance nonlinear signals, neural net-
work filters become an alternative [4]–[9]. Basing on multilayer
perceptron (MLP), artificial neural networks need far fewer filter
weights and a small amount of training data to approximate any
continuous nonlinear function. Watterson used MLP neural net-
work to detect signal in band-limited Gaussian noise [4]. Gandhi
and Ramamurti employed the MLP neural network for signal
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detecting in non-Gaussian noise [7]. However, it is well known
that the learning of the MLP is slow and global. Therefore, the
training set for the MLP should contain a relatively complete
coverage of input space, and it is just suitable for those con-
ditions which do not have time restrictions. Moreover, the pa-
rameters of the MLP are highly nonlinear, and their estimates
may become trapped at a local minimum during the learning
procedure.

Radial basis function (RBF) network is another popular
neural network. Cha and Kassam used RBF network for in-
terference cancellation [8]. Billings and Fung used recurrent
RBF networks for noise cancellation [9]. The design of RBF
was first derived by Broomhead and Lowe [10]. It can be
regarded as a special three-layer network. The only hidden
layer performs a nonlinear transformation which maps the input
space onto a new space. Its mechanism is equivalent to finding
a surface in a multidimensional space that provides a best fit to
training data. Park and Sandberg proved that RBF is a universal
approximation [11], [12].

In 1989, Moody and Darken proposed a hybrid learning
process for RBF [13]. This learning procedure separately uses
different learning algorithms to train centers and weights in
RBF. The positions and width of centers in Gaussian basis
functions are determined by self-organized learning procedure
[14], [15]. The weights between the hidden nodes and the
output nodes are trained by supervised learning algorithm, such
as a least mean square (LMS) algorithm [3], [16]. In 1990,
Poggio and Girosi proposed a supervised approach which used
gradient-descent method to adjust all centers and weights [17].
Despite the existence of other learning schemes, in practice,
the hybrid learning process proposed by Moody and Darken
is most frequently used to adapt RBF. Because of the strategy
of learning desired input–output mapping, the hybrid learning
scheme can achieve fast training. However, additional noise
on the reference signal will influence the clustering of input
space, in particular, when the signal-to-noise ratio (SNR) is
poor. Further additional noise in the desired signal also directly
influences the adaptation of weights by using LMS. Therefore,
how to reduce the influence of additional noise on the learning
procedure is important for improving the performance of RBF.

Recently, higher order statistics (HOS) techniques have
been used for signal enhancement [18]–[24]. HOS have a
natural tolerance to Gaussian and symmetrically distributed
non-Gaussian noise [25], [26]. Therefore, HOS are useful for
suppressing Gaussian noise and detection of asymmetrically
distributed non-Gaussian noise. In this paper, a HOS-based
RBF network is proposed and applied for signal enhancement.
Higher order cumulants of the reference signal were used as the
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Fig. 1. RBF networks for signal enhancement.

input of HOS-based RBF to reduce the influence of additional
noise on clustering of the input space, such that an HOS-based
supervised learning algorithm for weights is developed. The
mean square error obtained from HOS of the desired signal and
the system output was used as the learning criterion. Therefore,
the influence of additional noise on adaptation of weights can
be effectively reduced.

This paper is organized as follows. RBF network for signal
enhancement is introduced in Section II. In Section III, the defi-
nition and several properties of HOS are introduced. HOS-based
RBF is also introduced here. Sequentially, the implement of
HOS-based RBF for the third-order statistics is illustrated. In
Section IV, simulated results and discussions for the efficien-
cies of signal enhancement of RBF and HOS-based RBF are
provided. Finally, conclusions are drawn in Section V.

II. RBF NETWORKS FOR SIGNAL ENHANCEMENT

Consider the measured signal of the primary sensor,
satisfying

(1)

where and , respectively, denote SOI and uncorrelated
Gaussian noise at iteration . The estimate of can be
obtained by using the scheme of signal enhancement derived by
Widrow et al. [1], [3], shown in Fig. 1. In this scheme, RBF can
be treated as a noise-free model. The delayed version of is
commonly used as the reference signal , i.e.,

(2)

In general, the unit of sampling period is used as the predic-
tion depth [2], [3]. Other ways of selecting prediction depth

were discussed in [2].

Considering an RBF which has input nodes, hidden
nodes, and a single output node, the estimate can be ob-
tained by

(3)

where denotes the weight
vector connecting hidden nodes with the output node and

is the output vector of hidden nodes.
The output of Gaussian basis function in the th hidden node
can be defined by

(4)

where denotes the Euclidean norm, denotes the center
in the th hidden node, and

is the input vector of RBF. Here, denotes the
width of centers and can be defined as the variance of the input
vector [3], i.e.,

(5)

where denotes the mean of .
The center can be obtained by self-organized learning

procedure, such as -means clustering algorithm [14], [15],
which is given in (6), shown at the bottom of the page.

Here, is the learning rate for centers. Because the reference
vector contains , it is straightforward that the centers
obtained by -mean algorithm are directly influenced by ,
in particular, when the SNR of the input vector is poor.

The weight vector is commonly adapted by LMS al-
gorithm [3]. In LMS algorithm, the mean square output error

is defined as the learning criterion. The normalized
LMS algorithm is given by

(7)

where denotes the learning rate for weights. However, the
system output noise is also correlated with , i.e.,

(8)

From (8), we found that (7) will be affected directly by .
Moreover, will also be amplified when increases. It
can be viewed as a gradient noise amplification problem. Thus,
using LMS algorithm to adapt weights may become inefficient
under poor SNR.

III. HOS-BASED RBF NETWORKS

A. Basic Scheme of HOS-Based RBF Network

Higher order cumulants are defined as the coefficients
in the Taylor series expansion of the joint characteristic

and
(6)
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Fig. 2. Basic scheme of HOS-based RBF networks.

function of a random process [26]. For a set of real
variables , their joint cumulant of order

can be defined by

Cumulant

(9)

where
is their joint characteristic function and denotes the expec-
tation operation.

For a set of real stationary variables , ,
the th-order cross cumulant of can be represented by

Cumulant

(10)

If the random variables , can be di-
vided into any two or more statistically independent groups,
then . If is a Gaussian
process, then all cumulants of , whose order , are
identical to zero [25], [26].

Since and are independent, under the assumption
that there exists th-order cumulant of the reference signal and
it is not identically zero, it can be represented by

(11)

If is a Gaussian noise, then
. Therefore, higher order cumu-

lant of the reference signal can effectively close to that of SOI.
By this property, the basic idea behind HOS-based RBF, shown
in Fig. 2, is that the higher order cumulant of the reference

signal is used as the input of HOS-based RBF to reduce the
influence of on clustering. The output of the th hidden
node in HOS-based RBF can be represented by

(12)

where denotes the matrix of higher order cumulants
of . Here, the width of centers is defined as the variance
of .

B. HOS-Based Learning Algorithm for Weights

In the HOS-based learning algorithm, the mean square error
of the two higher order cumulants of and is used as
the learning criterion to reduce the influence of on the
adaptation of weights

(13)
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TABLE I
SUMMARY OF LEARNING PROCEDURE OF HOS-BASED RBF WITH THE THIRD-ORDER STATISTICS

Equation (13) can be rewritten in a matrix form

(14)

Here, and are, respectively, a matrix
and a column vector, and denotes the number of

points in the set . In order to minimize , the gradient-descent
method was used. The gradient of is given by

(15)
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Fig. 3. Pattern of ECG in MIT/BIH database and its power spectrum.

Finally, the adaptation formula of HOS-based learning algo-
rithm can be given by

(16)

From (13), under the assumption of that approximates to
, the learning criterion will be close to optimal. Moreover,

from (13), the influence of on can be eliminated.
Therefore, in HOS-based learning algorithm, the gradient noise
amplification problem can be effectively reduced.

C. Implementation of HOS-Based RBF Network

In this paper, HOS-based RBF with the third-order statistics
was used for the signal enhancement. To implement HOS-based
RBF, the estimate of the third-order cumulant [26] can be recur-
sively computed by

(17)

If is a zero-mean signal, the estimate of the third-order
cumulants can be simplified to

(18)

Here, the operation is defined as

(19)

where is a forgetting factor. The implementation of the
HOS-based RBF with the third-order statistics is summarized
in Table I.

IV. RESULTS AND DISCUSSION

A. For Stationary Gaussian Noises

In this section, several simulations are considered to compare
the performance of the RBF with the normalized LMS (RBF-
NLMS) algorithm [3] and HOS-based RBF with the third-order
statistics for the signal enhancement under Gaussian noise. The
electrocardiogram (ECG) pattern at the Massachusetts Institute
of Technology/Boston’s Beth Israel Hospital (MIT/BIH) data-
base, shown in Fig. 3, was used as SOI. Its power spectrum dis-
tributes mainly in less than 150 Hz. To generate simulated trials,

the colored Gaussian noise distributed from 90 to 135 Hz was
superimposed on SOI.

Fig. 4 is the result of the signal enhancement obtained by
RBF-NLMS ( , , , and )
and HOS-RBF ( , , , ,

, , and ) under the SNR of 10 dB. In
this paper, the definition of SNR is given by

(20)

where and , respectively, denote the magnitudes of SOI
and noise. Fig. 4(a) is the noisy simulated trial and its power
spectrum. It shows that the additional Gaussian noise heavily
overlapped SOI. However, as we expected, Fig. 4(b) and (c)
clearly shows that the HOS-based RBF can effectively enhance
SOI under colored Gaussian noise. In this case, RBF-NLMS
provides about 20-dB reduction for Gaussian noise, whereas
HOS-based RBF can provide about 30-dB reduction. Obviously,
the performance for signal enhancement can be effectively im-
proved by HOS techniques.

To investigate the effect of using the higher order cumulants
of the reference signal as the input of HOS-based RBF, compar-
ison of performance for various methods with different learning
rates was carried out. Here, the average of mean square
error of 50 randomly selected results was used to present per-
formance. As shown in Fig. 5, under a fixed learning rate ,
HOS-based RBF can provide the better performance. Moreover,
the performance of HOS-based RBF is more insensitive to the
selection of learning rate . This result indicates that using
higher order cumulants of the reference signal as the input of
HOS-based RBF can provide more stable clustering of training
data under poor SNR.

Next, the effect of using the HOS-based learning algorithm
for weights on signal enhancement was investigated. Fig. 6
shows the comparison of the performance of RBF-NLMS and
HOS-based RBF with different learning rate . Under a fixed
learning rate , it shows that HOS-based RBF can provide
the better performance for signal enhancement, and its per-
formance obviously is more insensitive to . The simulated
result fits our expectation that the gradient noise amplification
problem can be effectively improved by using HOS-based
learning algorithm. The influence of additional noise on the
LMS algorithm increases, in particular, when the learning
rate is large. Although a small learning rate on both
RBF-NLMS and HOS-based RBF can provide more stable
performance, it also may cause heavy distortion of the estimate
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Fig. 4. (a) Noisy simulated trial with SNR of �10 dB. (b) Result obtained by RBF-NLMS. (c) Result obtained by HOS-based RBF.

Fig. 5. Comparison of performance of RBF-NLMS and HOS-based RBF with
different learning rate � .

of SOI due to the slow adaptation. Therefore, the performances
of both RBF-NLMS and HOS-based RBF become poor when
the learning rate is less than 0.05.

To investigate the efficiency of RBF-NLMS and HOS-based
RBF in different noise levels, several simulated trials with
different SNRs from 2.5 to 25 dB were generated. Fig. 7
is the comparison of the performances between RBF-NLMS
and HOS-based RBF under different noise levels. It shows that
HOS-based RBF provides a better performance against dif-
ferent noise levels. The performance of RBF rapidly becomes
very poor, in particular, when the SNR is less than 10 dB. Al-
though the performance of HOS-based RBF is also influenced
by the variation of SNR of input signals, it is more insensitive
than that of RBF-NLMS.

Fig. 6. Comparison of the performances of RBF-NLMS and HOS-based RBF
with different learning rate � .

Fig. 7. Comparison of the performance of various methods under different
noise levels.
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Fig. 8. Four types of Gaussian noises and their power spectrum.

Fig. 9. (a) Noise-free pattern for case I. (b) Noisy simulated trial under nonstationary noises. (c) Result obtained by RBF-NLMS. (d) Result obtained by HOS-based
RBF.

B. For Nonstationary Gaussian Noise

In this section, the performance of HOS-based RBF for
signal enhancement under nonstationary Gaussian noise is
investigated. We assume that both the magnitude and the
frequency of the additional noise are time-varying. Four types
of additional Gaussian noise distributed in different frequency
ranges were generated, shown in Fig. 8. The SNR and noise
type of additional Gaussian noise were randomly varied every
1.4 ms. The varying range of SNR of additional noise is from

2.5 to 10 dB. Figs. 9–11 are, respectively, the simulated re-
sults obtained by RBF-NLMS ( , , ,
and ) and HOS-based RBF ( , ,

, , , , and ) for

the three types of nonlinear signals. It shows that HOS-based
RBF can effectively enhance signals under nonstationary
noise. The influence of the variation of frequency of Gaussian
noise seems negligible to both RBF-NLMS and HOS-based
RBF. Therefore, RBF also can be a good approach for a
signal enhancement, except under poor SNR. The influence
of the variation of magnitude of the additional noise on the
performance of HOS-based RBF is small in these cases. The
average of mean square error of 50 randomly selected results
was used to present performance, and the performance of
various methods under nonstationary Gaussian noise was listed
in Table II. It shows that HOS-based RBF can provide better
performance of signal enhancement under the nonstationary
noise in these cases.
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Fig. 10. (a) Noise-free pattern for case II. (b) Noisy simulated trial under nonstationary noises. (c) Result obtained by RBF-NLMS. (d) Result obtained by HOS-
based RBF.

Fig. 11. (a) Noise-free pattern for case III. (b) Noisy simulated trial under nonstationary noises. (c) Result obtained by RBF-NLMS. (d) Result obtained by
HOS-based RBF.

TABLE II
COMPARISON OF PERFORMANCE BY USING RBF-NLMS AND HOS-BASED

RBF FOR THREE DIFFERENT CASES

The computational complexity for an algorithm is an impor-
tant aspect. The comparison of computational complexity for
normalized LMS algorithm and HOS-based learning algorithm
was shown in Table III. Here, the number of multiplications
per iteration was used to present the computational complexity.
From Table III, it shows that the computational complexity of
HOS-based learning algorithm is very large. Therefore, the im-
provement of the performance of HOS-based RBF is achieved
at the expense of more computations.

V. CONCLUSION

In this paper, HOS-based RBF networks have been presented
and employed for signal enhancement. By using HOS to sup-
press Gaussian noise, higher order cumulants of the reference
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TABLE III
COMPARISON OF COMPUTATIONAL COMPLEXITY OF NORMALIZED LMS

ALGORITHM AND HOS-BASED LEARNING ALGORITHM

signal were used as the input of HOS-based RBF to reduce
the influence of additional noise on clustering of input space.
Simulations show that using HOS techniques provides more
stable clustering on input space and an HOS-based supervised
learning algorithm is developed to adapt weights. In this algo-
rithm, the mean square error of two higher order cumulants of

and is defined as the learning criterion. As we ex-
pected, the influence of additional Gaussian noise on the adap-
tation of weights can be reduced and the gradient noise amplifi-
cation problem on LMS algorithm can be effectively solved by
using HOS-based learning algorithm. Moreover, the simulated
results show that the performance by using HOS-based learning
algorithm is stable and superior to that of LMS algorithm under
different noise levels. In fact, RBF is also a good approach for
signal enhancement under the nonstationary Gaussian noise, ex-
cept under poor SNR. HOS-based RBF can effectively over-
come this drawback, although HOS-based RBF needs more ex-
pensive computational complexity. Overall, HOS-based RBF
is practicable for signal enhancement under the stationary and
nonstationary Gaussian noise with different SNR.
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