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Abstract—In this paper, we propose a scalable and adaptive multicast forwarding mechanism based on Explicit Multicast (Xcast). This
mechanism optimizes the allocation of forwarding states in routers and can be used to improve the scalability of traditional IP multicast
and Source-Specific Multicast. Compared with previous work, our mechanism needs fewer routers in a multicast tree to store
forwarding states and therefore leads to a more balanced distribution of forwarding states among routers. We focus on two problems
and formulate each of them as an optimization problem. The first problem, referred to as MINSTATE, minimizes the total number of
routers that store forwarding states in a multicast tree. The second problem, referred to as BALANCESTATE, minimizes the maximum
number of forwarding states stored in a router for all multicast groups, which is proved to be an NP-hard problem. We design a
distributed algorithm that obtains the optimal solution to the first problem and propose an approximation algorithm for the second
problem. We also prove that the approach adopted by most existing works to allocate forwarding states in the branching routers of a
multicast tree is a special case of our mechanism. The simulation results show that the forwarding state allocation provided by previous
work is concentrated on the backbone routers in the Internet, which may cause the scalability problem. In contrast, our mechanism can
balance forwarding states stored among routers and reduce the number of routers that store the forwarding states for a multicast tree.

Index Terms—Explicit multicast, forwarding state, scalability.

Ç

1 Introduction

MULTICAST is an efficient way of realizing one-to-many
and many-to-many communications [1]. Traditional

IP multicast is provided with the host group model [2] and
multicast routing protocols [3], [4], [5], [6]. Each multicast
group is associated with a class-D IP address, which serves
as the destination addresses of data packets. Multicast
addresses are assigned in a way that guarantees the global
uniqueness of each class-D address [7]. Unlike IP multi-
casting, Source-Specific Multicast (SSM) [8] treats each one-
to-many connection as one multicast channel. Each multi-
cast channel is associated with a channel identifier
composed of the sender’s address and a class-D address.
The class-D address is assigned by the sender and is not
required to be globally unique. Both SSM and IP multicast
adopt the shortest path tree to deliver multicast data. The
routing of a shortest path tree is the union of the shortest
paths from all receivers in the group to the tree root. For
SSM, the root is the sender, and the tree is a source-based
tree. For IP multicast, the root is a router called the core in
CBT [5] or RP in PIM-SM [6], and the tree is a shared tree.
Each sender first sends data to the root via unicast, from
where the data is relayed to all the receivers.

Each router in SSM or IP multicast needs to store a
forwarding state for each multicast group. Each state,
identified by a channel ID or a group address, specifies
the adjacent routers in the tree. Multiple forwarding states

cannot be aggregated into one state, because their IDs may
not be contiguous, and their next-hop routers may be
different. Therefore, routers may not have enough memory
to store all of the multicast states when there are a larger
number of multicast groups [9]. Moreover, a router may
take a long time to look up the forwarding state for each
arriving data. Such problem is worse in SSM than in IP
multicast, because SSM may need more multicast trees. SSM
uses an individual tree for each sender in a group, but IP
multicast can use a single shared tree to deliver the data
from all senders in the group.

Several research efforts [9], [10], [11], [12], [13], [14], [15],
[16], [17], [18], [19] have attempted to reduce the number of
multicast forwarding states in a router. In [9], [10], [11], [12],
a single multicast tree is built to deliver data of multiple
groups with similar receivers. The problem with this
approach is that receivers may receive undesired data from
multicast groups that they did not join. Hence, one must
carefully choose the single tree so as to reduce the amount
of undesired data. In [13], [14], [15], [16], [17], [18], only the
branching routers of a multicast tree are assigned to store
forwarding states, where the branching router is a router
with at least two child routers in the tree. A multicast packet
is not duplicated on the path from a branching router to its
nearest downstream branching router. Thus, packets are
sent via unicast between two routers, and intermediate
routers on the path do not store multicast states of the tree.

So far, existing work has focused only on reducing the
number of forwarding states in all routers, and no related
work has discussed the distribution of forwarding states
among different routers. Previous research [15] analyzes the
distribution of multicast states and points out that the
forwarding states will be concentrated on backbone routers
once multicast services become popular, since backbone

476 IEEE TRANSACTIONS ON PARALLEL AND DISTRIBUTED SYSTEMS, VOL. 19, NO. 4, APRIL 2008

. The authors are with the Department of Electrical Engineering and the
Graduate Institute of Communication Engineering, National Taiwan
University, Taipei, Taiwan. E-mail: {dnyang, wjliao}@cc.ee.ntu.edu.tw.

Manuscript received 1 May 2006; revised 3 Jan. 2007; accepted 20 June 2007;
published online 26 July 2007.
Recommended for acceptance by P. Mohapatra.
For information on obtaining reprints of this article, please send e-mail to:
tpds@computer.org, and reference IEEECS Log Number TPDS-0108-0506.
Digital Object Identifier no. 10.1109/TPDS.2007.70754.

1045-9219/08/$25.00 � 2008 IEEE Published by the IEEE Computer Society

Authorized licensed use limited to: National Taiwan University. Downloaded on January 20, 2009 at 23:26 from IEEE Xplore.  Restrictions apply.



routers are used by more multicast trees. Moreover, the
authors find that the routers with more adjacent routers or
hosts tend to store more forwarding states. It is reasonable,
because they more likely act as branching routers of a
multicast tree. Thus, the distribution of forwarding states
among routers is unbalanced.

In this paper, we propose a new multicast forwarding
mechanism based on Explicit Multicast (Xcast) forwarding
for SSM and IP multicast. Each IP packet in Xcast can
include multiple receiver addresses in the header. Upon
receiving an Xcast packet, the router encapsulates multiple
receiver addresses in a packet and uses an existing unicast
routing protocol to find the neighboring routers to which
the packet must be delivered. The router duplicates the
packets that must be delivered to more than one neighbor-
ing router.

The objective of our mechanism is to optimize the
distribution of forwarding states among routers. No routers
in the tree need to store forwarding states for small groups
(that is, with few receivers). When more receivers have
joined a tree, some of the routers are dynamically chosen to
store forwarding states. When the number of receivers
becomes small, some of the routers discard their forwarding
states. The forwarding state of each downstream interface
records the addresses of a set of downstream receivers and
routers that also store forwarding states for the tree. A
router, on the receipt of a data packet, duplicates the packet
to each downstream interface associated with a forwarding
state and replaces the destination addresses in the header
with the addresses of the downstream receivers or routers
that also store forwarding states. The router then delivers
the packet via Xcast to the downstream receivers and
routers. Consider Fig. 1, for example. Node 1 is the root of
the multicast tree, and nodes 1, 4, 5, and 6 store forwarding
states for this tree. The nodes within a parenthesis denote
the destinations of an Xcast packet. It is clear in Fig. 1 that
not all branching routers in our mechanism need to store
forwarding states. Therefore, our mechanism can flexibly
allocate forwarding states to the routers.

In this paper, we formulate two optimization problems
to effectively distribute forwarding states among routers.
The first problem, referred to as MINSTATE, minimizes the
number of routers that store forwarding states for each tree.
We design a distributed algorithm that can find the optimal
solution to MINSTATE. The second problem, referred to as
BALANCESTATE, minimizes the maximum number of
forwarding states stored in a router for all groups. The

second problem balances the distribution of forwarding
states among routers, because routers that store too many
forwarding states tend to move some of the states to other
routers in order to reduce the objective value of the
problem. We prove that BALANCESTATE is NP-hard,
and we propose an approximation algorithm and a
distributed algorithm for this problem.

The proposed mechanism can cooperate with previous
work to reduce the number of forwarding states for a tree.
Our mechanism is orthogonal to the approach that adopts a
single multicast tree to serve multiple multicast groups (for
example, [9], [10], [11], and [12]), and can also be integrated
with that approach to further reduce forwarding state
stored in each router. Another approach that stores
forwarding states only in branching routers of each tree
(for example, [13], [14], [15], [16], [17], and [18]) is proved to
be a special case of our mechanism, because our mechanism
can more flexibly distribute forwarding states among
routers. We also show that with the second approach (that
is, storing states only in branching routers), forwarding
states may be concentrated on backbone routers, which are
branching routers in most cases, even when the group size
is very small. When the number of group increases,
backbone routers may not have enough memory to store
forwarding states, causing a large forwarding delay to each
multicast packet at each backbone router. On the contrary,
our mechanism can reduce the number of forwarding states
stored in a router and balance the distribution of forward-
ing states among routers. Thus, it allows only a portion of
branching routers to store forwarding states and also allows
nonbranching routers to store states. Therefore, our
mechanism can increase the scalability of both SSM and
IP multicast with respect to the number of members in a
multicast group and the number of multicast groups in a
network.

The rest of this paper is organized as follows: In Section 2,
the problem description and definition are addressed. In
Section 3, the algorithms for MINSTATE are presented, and
the proposed algorithms are proved to be optimal. In
Section 4, BALANCESTATE is proved to be NP-hard, and
an approximation algorithm and a distributed algorithm are
proposed. In Section 5, our mechanisms are validated by
simulations. Finally, this paper is concluded in Section 6.

2 PROBLEM DESCRIPTION

In this paper, the network is modeled as a connected
directed graph GðV ;AÞ, where V and A are the sets of
vertices and arcs, respectively. Each vertex is either a host or
a multicast router. Each arc is a point-to-point link, and any
multiaccess link can be represented as multiple arcs. For
SSM, the root is the sender. For IP multicast, the root is a
relay node, like the core in CBT and RP in PIM-SM. We
assume that each receiver of a group is a host connected to a
Designated Router (DR). Therefore, each receiver must be a
leaf node of a multicast tree, and all leaf nodes of the tree
are the receivers. For each tree, a vertex m is upstream to
another vertex n if m is on the path from the root to n. In
this case, n is downstream to m. In this paper, vertex and
node are interchangeably used.
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For each multicast tree, a set of multicast routers is selected
to store forwarding states for the tree. Multicast data are sent
between routers via Xcast. For each multicast tree, a multicast
router d that stores the forwarding state for the tree is referred
to as a state node of the tree. The nearest state node uupstream
to d is the upstream state node of d, and d is a downstream state
node of u. All intermediate nodes on the path from u to d are
stateless nodes. Each receiver is a downstream receiver of its
upstream state node. A state node may have more than one
downstream state node and downstream receiver from each
interface. Consider Fig. 1 for example. Nodes 1, 4, 5, and 6 are
state nodes of the multicast tree. Nodes 4 and 5 are the
downstream state nodes of node 1 from the downstream
interface to node 2. Nodes 15 and 16 are the downstream
receivers of node 5 from the interface to node 12. Node 1 is the
upstream state node of node 6.

In this paper, we formulate the distribution of forward-
ing states in routers as two optimization problems. The first
problem MINSTATE is defined for a multicast tree t that
comprises a set of nodes Vt and a set of arcs At. The problem
is to decide whether each node in Vt should be a state node
such that the total number of state nodes in tree t is
minimized. To balance the distribution of forwarding states
among routers, the second problem BALANCESTATE is
defined for a network that comprises a set of routers V , a set
of links A, and a set of multicast trees T , where two
multicast trees are allowed to use some common routers in
V . For each router used in each multicast tree t in T , the
problem is to decide whether the router should store a
forwarding state for t such that the maximum number of
forwarding states stored in a router is minimized.

The two optimization problems share a common con-
straint, namely, a limit on the packet forwarding delay in
each stateless node. For each node, the number of
destination addresses in an Xcast packet sent from a
downstream interface is identical to the total number of
downstream state nodes and downstream receivers from
the interface. Each stateless node looks up more addresses
in its unicast forwarding table, since the header of an Xcast
packet contains more destination addresses. For each state
node, the two problems have a common constraint that the
number of destination addresses in each Xcast packet
cannot exceed �. In other words, a node can have at most
� destinations from each downstream interface, where a
destination is either a downstream state node or a down-
stream receiver. Therefore, we limit the packet forwarding
delay in each node by the constraint. The network operators
can adjust � to find the best trade-off between the packet
forwarding delay and the memory consumption according
to the forwarding speed of a router.

For each multicast tree, the root is a state node. Each
receiver is a stateless node, since it does not deliver data to
any other node. The input parameters and decision
variables are summarized in Table 1.

3 MINIMIZING THE NUMBER OF STATE NODES IN

EACH MULTICAST TREE

In this section, we propose a distributed algorithm called
MINSTATE-DISTRIBUTED to find the optimal solution to

MINSTATE. At any instant, each state node independently
decides whether it can perform two operations. The node
first tries to remove its forwarding state. If it fails, then it
tries moving the forwarding state to its parent node. The
former operation reduces the number of state nodes, and
the latter operation packs the state nodes such that more
state nodes can remove forwarding states in later opera-
tions. The MINSTATE-DISTRIBUTED Algorithm stops
when all state nodes are no longer able to perform the
above two operations. Each state node in MINSTATE-
DISTRIBUTED only stores the addresses of its upstream
state node, parent node, child nodes, and destinations from
each interface instead of the whole multicast tree. The
algorithm does not restrict the sequence of the nodes that
perform the above two operations. This merit enables the
algorithm to be implemented in a distributed manner.

Fig. 2 gives the details of MINSTATE-DISTRIBUTED.
Auxiliary variable xtm dictates whether node m in t is
required to decide if it can remove or move a forwarding
state. The algorithm stops when xtm is zero for each node m.
Although this algorithm has no restriction on the sequence
of nodes that perform the above two operations, the
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following lemmas and theorem prove that our algorithm
can find the optimal solution to MINSTATE with O

�
�d
��V
���

operations, where d is the maximal distance between a
branching node and its closest upstream branching node.

Lemma 3.1. Given an optimal assignment S�, for any feasible
assignment S that is not optimal, we can obtain another
optimal assignment by a sequence of operations on S� and S.

Proof. We prove this lemma by introducing an algorithm with
a sequence of operations on S� and S. After the algorithm
stops,S� andS are identical, and both are optimal. For each
nodem in t, we denote the assignmentofS� andS atnodem
by ��m and �m, respectively. The algorithm is specified as
follows: First, we number all nodes from 1 to

��Vt
�� with

postorder traversal. Then, for m from
��Vt
�� to 2, m 62 Rt, if

��m ¼ 0 and �m ¼ 1, we let �m  0 and �ptm  1. If ��m ¼ 1
and �m ¼ 0, we let ��m  0 and ��ptm

 1.
The above algorithm compares nodes m in S and S�. If

m is a state node in S only, node m removes its
forwarding state when its parent node is a state node.
Otherwise, node m moves the forwarding state to its
parent node when its parent node is stateless. At the
beginning of the iteration, for all node m, we maintain
both assignments as feasible solutions to the problem,
and both assignments of state nodes in the subtree rooted
at m must be identical, except for node m, because all
nodes except m in the subtree have been compared. At
the end of each iteration, the assignment S must also be
feasible. The reason is that the upstream state node of m
in S� is either identical to the one of S (that is, both are
ptm) or upstream to ptm. Therefore, S must be feasible to
MINSTATE, since S� is also a feasible assignment. In
other words, both assignments are feasible at the end of
the iteration. Because both assignments are feasible at the
beginning of the algorithm, the above induction proves
that the above algorithm maintains the feasibility of both
assignments at the end of the algorithm. Moreover, the

assignment of state nodes in S is identical to S� after the
algorithm stops. Since the number of state nodes in S� is
not changed, S� is still an optimal assignment. Therefore,
S is also an optimal assignment after the algorithm
stops. tu

Lemma 3.2. An assignment is optimal if no state node can
remove its forwarding state or move its forwarding state to its
parent node.

Proof. We assume that the assignment is not optimal. Since
it is a feasible assignment, we can obtain an optimal
assignment after a sequence of operations according to
Lemma 3.1. This contradicts the requirement that no
state node can remove or move its forwarding state. tu

Theorem 3.3. MINSTATE-DISTRIBUTED can find an optimal
assignment with O

�
�d
��V
��� operations, where d is the maximal

distance between a branching node and its closest upstream
branching node.

Proof. According to Lemma 3.2, MINSTATE-DISTRIBUTED
can find an optimal assignment after it stops, because all
nodes can no longer remove or move forwarding states.
Each forwarding state incurs at most one remove
operation. In addition, at least one additional destination
address must be added to each Xcast packet sent by a
branching node if the forwarding state of the node is
moved to its parent node. Therefore, each forwarding
state can be moved upstream by at most � branching
nodes and incurs at most O

�
�d
�

move operations. Since a
multicast tree initially has

��Vt
�� state nodes and each

forwarding state incurs at most O
�
�d
�

operations,
MINSTATE-DISTRIBUTED requires at most O

�
�d
��V
���

operations to find the optimal solution. tu
In the following, we prove that most of the previous

work [13], [14], [15], [16], [17], [18] that allocate forwarding
states only to the branching nodes of a multicast tree is a
special case of our mechanism.

Corollary 3.4. If � is one, the root and branching nodes are the
only state nodes in the optimal assignment.

Proof. In the optimal assignment, if any branching node
does not have a forwarding state, its upstream state node
must have more than one destination from the down-
stream interface to the branching node. Therefore, the
assignment is infeasible. If any nonbranching node has a
forwarding state, we can remove the forwarding state. It
implies that the assignment is not optimal. tu
In addition to the above corollary, our simulation results

show that we use at least 40 percent fewer state nodes than
the assignment with only branching nodes storing forward-
ing states in a multicast tree when � is two. Our mechanism
uses fewer forwarding states when � is more than two due
to the following corollary.

Corollary 3.5. Given two instances I1 and I2 with the same tree
but different �, say, �1 and �2, if �1 is not less than �2, then �1

is not bigger than �2, where �1 and �2 are the optimal objective
values of I1 and I2.

Proof. Since the assignment that corresponds to �2 is
feasible to I1 and the problem is a minimization problem,
�2 is an upper bound on �1. Therefore, �1 is not bigger
than �2. tu
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Finding optimal assignments with arbitrary sequence of
nodes that perform the two operations is important for
network protocol design, because there is no centralized
coordination in real networks. Therefore, no node can
obtain the optimal sequence of operations. In addition, our
algorithm can still find the optimal assignment, even with
dynamic group membership. When a new receiver joins a
tree, it is connected to the existing tree via an on-tree state
node. To find the optimal assignment, we first let all nodes
between the on-tree state node and the new receiver store
forwarding states. Then, we remove or move the forward-
ing states later. The details of our network protocol based
on the algorithm can be found in [29].

The processing overhead of our approach in routers
includes two parts. The first one forwards each data packet
with multiple destination addresses at each state node. The
overhead, inherited from Xcast, is proportional to the
number of destination addresses in each packet. The second
one is the overhead to find the state nodes in each multicast
tree in a distributed manner. The overhead is proportional
to the number of remove and move operations in our
distributed algorithm, because each operation is required to
exchange control messages between adjacent routers,
whereas the number of required operations is O

�
�d
��V
���.

Therefore, both parts of processing overheads are propor-
tional to �, and the network operator can control the trade-
off between the overhead and the quality of the solution
with different values of �. In addition, our simulation
results show that the performance improvement dramati-
cally decreases as � increases. In other words, a small � is
sufficient, and the processing overhead is therefore limited
for most cases.

4 MINIMIZING THE MAXIMUM NUMBER OF

FORWARDING STATES STORED IN A ROUTER

Although the proposed algorithm for MINSTATE mini-
mizes the number of state nodes in a multicast tree, the
distribution of forwarding states among routers may be
highly unbalanced. Since it is difficult to aggregate multi-
cast forwarding states, some routers may not have enough
memory to store all forwarding states and experience high
forwarding delay for multicast packets, but some may be
underutilized and able to store more forwarding states. In
this section, we consider the problem of balancing
forwarding states among routers, namely, BALANCES-
TATE. We first prove that BALANCESTATE is NP-hard,
and then, we design an approximation algorithm and a
distributed algorithm to solve this problem. The following
lemma shows that the optimal assignment of MINSTATE is
highly unbalanced in the worst case.

Lemma 4.1. In the worst case, the maximum number of
forwarding states stored in a router in the optimal assignment
of MINSTATE is jT j times the maximum number of
forwarding states stored in a router in the optimal assignment
of BALANCESTATE.

Proof. We prove the theorem with a worst case example. In
this example, each multicast tree is identical to the one in
Fig. 3, and � is two for each multicast tree. Routerm is used
by all multicast trees, and any other router is used by at
most one multicast tree. Router m stores the forwarding

states of all multicast trees in the optimal assignment of
MINSTATE. In other words, the maximum number of
forwarding states stored in a router in the optimal
assignment of MINSTATE is

��T
��. However, router m

stores the forwarding state of only one multicast tree in the
optimal assignment of BALANCESTATE. Any other tree
uses m’s parent and child branching routers to store
forwarding states. Therefore, the maximum number of
forwarding states stored in a router in the optimal
assignment of BALANCESTATE is one. tu

The example in Fig. 3 shows the importance of
BALANCESTATE. In Section 4.1, we prove that BAL-
ANCESTATE is NP-hard, and in Section 4.2, we design an
approximation algorithm and a distributed algorithm.

4.1 Proof of NP-Hardness of BALANCESTATE

The following theorem proves that BALANCESTATE is
NP-hard.

Theorem 4.2. BALANCESTATE is NP-hard.

Proof. We prove that BALANCESTATE is NP-hard by
reduction from Minimum Graph Coloring. We first trans-
form the graph in Minimum Graph Coloring into a
network with multicast trees, where the set of routers
used in more than one multicast tree is determined by the
connectivity of the graph. We then prove that the
maximum number of forwarding states stored in a router
is one in the decision problem of BALANCESTATE, which
is denoted by BALANCESTATE-DECISION, if and only if
the graph in Minimum Graph Coloring is 3-colorable. We
note that deciding whether a graph is 3-colorable is NP-
complete [20]. We first transform the graph GMGC in
Minimum Graph Coloring into a network in BALANCES-
TATE. For each node m in GMGC , we construct seven
multicast trees in the network, as shown in Fig. 4a, where r,
g, and b correspond to red, green, and blue, respectively. A
router is used in two multicast trees if the two nodes in the
two multicast trees are connected by dashed lines in
Fig. 4a. For example, nodes yrm and xrm use the same router
in the network. In addition, for each color c, where c is r, g,
or b, we let node ucm have gm þ 1 child nodes, where gm is
the degree of m in GMGC . Among the gm þ 1 child nodes,
one node xrm has gm þ 1 receivers, and each of the other gm
nodes corresponds to an incident edge of m in GMGC . In
other words, for each edge that connects nodesm and n in
GMGC , we have two nodes zcm;n and zcn;m inTcm1 andTcn1, and
the two nodes use the same router in the network. Fig. 4b
gives a network reduced from a graph that consists of
nodes 1 and 2 connected by an edge with at most one
forwarding state stored in each router. Obviously, we can
obtain the network in polynomial time.
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We let � be 2gm þ 1 in BALANCESTATE. Therefore,
nodes vrm, vgm, and vbm must act as state nodes, because
each of them has more than � child nodes. For each color
c, we can allocate only one forwarding state for either xcm
or every zcm;ni for every feasible solution with node ucm as
a stateless node in the network due to the following
reasons (1 � i � gm). First, each node zcm;ni must be state
nodes if xcm is a stateless node. Second, any node zcm;ni can
be a stateless node if xcm is a state node. In addition, we
cannot let both xcm and any zcm;ni be stateless nodes for
each feasible solution with node ucm as a stateless node in
the network, since ucm receives packets with more than
� destination addresses in this case. With the above
observation, we can prove the sufficient and necessary
conditions as follows:

We first prove the sufficient condition. Given the
coloring of each node in GMGC , we let ucm be a stateless
node and vcm be a state node for each color c. Therefore,

the router used by Tcm1 and Tcm2 stores only one
forwarding state. For each node m that selects a color,
say, red, we then let xrm be a stateless node and yrm and
every zrm;ni be state nodes, 1 � i � gm. Therefore, the
router used by Tm and Trm1 stores also one forwarding
state. For the nodes corresponding to each unselected
colors c, green or blue in this case, we let xcm be a state
node and ycm and every zcm;ni be stateless nodes,
1 � i � gm. Therefore, the router used by Tm and Tcm1

stores also one forwarding state. Fig. 4b shows an
example, with nodes 1 and 2 in GMGC colored with red
and green. The above assignment of forwarding states is
feasible according to the observations in the last
paragraph. Moreover, if GMGC is 3-colorable, every two
nodes m and n in GMGC connected by an edge can be
assigned two different colors, say, r and g. In this case,
only zrm;n and zgn;m are state nodes, and the router used by
Tcm1 and Tcn1 thereby stores only one forwarding state for
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(b) Multicast trees in the network that correspond to two nodes connected by an edge in GMGC .

Authorized licensed use limited to: National Taiwan University. Downloaded on January 20, 2009 at 23:26 from IEEE Xplore.  Restrictions apply.



each color c. Therefore, the maximum number of
forwarding states stored in a router is one, and the
sufficient condition follows.

We then prove the necessary condition. Considering
any assignment with the maximum number of forward-
ing states stored in a router as one, node ucm must be a
stateless node for each color c. For each node m in GMGC ,
we choose any of color c for m, with xcm being a stateless
node. Note that at least one of xcm is a stateless node.
Otherwise, if xrm, xgm, and xbm are all state nodes, then yrm,
ygm, ybm must be stateless nodes, and this assignment is
not feasible for Tm. In the following, we show that each
node in GMGC is assigned a color different from each
neighboring node. For each edge that connects m and n
in GMGC , because at most one of zcm;n and zcn;m is a state
node for each color c, say, zcm;n in this case, node zcn;m
must be a stateless node, and xcn cannot be a stateless
node due to the observations made in the second
paragraph of this proof. In other words, xcm and xcn
cannot both act as stateless nodes, and nodes m and n
therefore cannot select the same color. The necessary
condition follows. tu

4.2 �-Approximation Algorithm

We first propose an Integer Linear Programming (ILP)
formulation BALANCESTATE-ILP for the problem. We
then design an approximation algorithm of the ILP
formulation, where our approximation algorithm is based
on rounding the optimal solution to the linear relaxation on
the formulation. We limit the number of variables in a
constraint such that the linear relaxation of the formulation
leads to a performance bound. In the formulation, each
node m of a multicast tree t is associated with a set Ttm. Each
element ftm of Ttm is a subtree of t, and ftm is rooted at m.
Each leaf node of ftm is a downstream receiver or a
downstream router of m in t. Each subtree ftm in Ttm must
have more than � leaves. In addition, each subtree ftm in Ttm
must be minimal. In other words, any subtree of ftm cannot
be an element in Ttm. The set Ttm contains all possible
subtrees of m that satisfy the above constraints. Let Vftm
denote the set of nodes of ftm, except the leaves of ftm.
Consider the multicast tree t in Fig. 1, with � being two for
example. A subtree ft2 in Tt2 includes nodes 2, 4, 5, 11, and
12, and Vft

2
includes nodes 2 and 5. Another subtree f̂ t2, with

nodes 2, 4, 5, 11, 12, 15, and 16, is not an element in Tt2 , since
it is not minimal, where ft2 is a subtree f̂ t2, and ft2 is in Tt2 . We
propose an algorithm to find Ttm for each node m in each
tree t later in this section.

Lemma 4.3. For each node m in each tree t and each subtree ftm
in Tt2 , the set Vftm has at least a state node in an assignment if
and only if the assignment is feasible to BALANCESTATE.

Proof. We first prove the sufficient condition. If an assign-
ment is not feasible to BALANCESTATE, we show that
there exists a subtree such that all nodes in the subtree are
stateless. Since the assignment is infeasible, there exists a
node ptm such that ptm has more than �destinations from the
downstream interface to a node m. Let f̂ tm be the subtree
rooted at m, and all leaves of f̂ tm are the destinations of ptm
from the downstream interface tom. Since the subtree has
more than � leaves, there must be a subtree ftm in Ttm such

that ftm is either identical to f̂ tm or is a subtree of f̂ tm, and all

nodes in Vftm are stateless.
We then prove the necessary condition. If there exists a

subtree ftm in Ttm such that all nodes in Vftm are stateless,
node ptm must have more than � destinations from the
interface tom. The reason is that each leaf node of ftm must
be a state node, a receiver, or a stateless node with at least
one destination from all downstream interfaces. There-
fore, the assignment is infeasible to BALANCESTATE. tu

Based on Lemma 4.3, we have the formulation BAL-

ANCESTATE-ILP with the following objective function and

constraints:

min�max;X

n2Vftm

�tn � 1; 8t 2 T; 8m 2 Vt; 8ftm 2 Ttm ; ð1Þ

X

t2T :m2Vt
�tm � �max; 8m 2 V ; ð2Þ

�tm ¼ 0; 8t 2 T; 8m 2 Rt; ð3Þ

�tr ¼ 1; 8t 2 T: ð4Þ

For each node m in each tree t and each subtree ftm in Ttm,

(1) enforces that at least one node in Vftm must act as a state

node. According to Lemma 4.3, any assignment is feasible

to BALANCESTATE-ILP if and only if it is feasible to

BALANCESTATE. Our approximation algorithm is based

on rounding the optimal solution to the linear relaxation on

BALANCESTATE-ILP. In this section, we explain our

algorithm with the assumption that all nodes, except the

leaves in each multicast tree, are branching nodes.
Our approximation algorithm is based on the following

observation:

Lemma 4.4. For each node m in each tree t and each subtree ftm
in Ttm, set Vftm does not have more than � nodes if all nodes,

except the leaves in tree t, are branching nodes.

Proof. We prove the lemma by contradiction. Let node n

denote a node, with every child node being a leaf of ftm.

Let f̂ tm be the subtree of ftm, with all leaves of n removed.

If the number of nodes in Vftm is more than �, the number

of nodes in Vf̂tm
must be equal to or larger than �. It

implies that f̂ tm has at least � þ 1 leaves, since all nodes in

Vf̂tm
are branching nodes. Therefore, f̂ tm is also a subtree

in Ttm. Since f̂ tm is a subtree of ftm, this contradicts that ftm
is minimal. tu
The additional notation used in the algorithm is listed as

follows:

. �t;LPm . This is the optimal solution of m in t in the
linear relaxation on BALANCESTATE-ILP.

. �LPmax. This is the optimal objective value of the linear
relaxation on BALANCESTATE-ILP.

. ��max. This is the maximum number of forwarding
states stored in a router in the optimal assignment.
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Fig. 5 gives our �-approximation algorithm BALANCES-

TATE-APX. At Step 1, function FINDSUBTREE finds all

subtrees in Ttm for each node m. Initially, the node of a

subtree ftm includes only m and m’s child nodes. These

child nodes are the leaves of ftm. We add ftm to Ttm if the

number of leaves is more than �; otherwise, we include each

child node of each leaf node in ftm in each of the following

iterations. We stop expanding the subtree if the number of

leaves is larger than �. Then, Step 2 uses Ttm to design

BALANCESTATE-ILP and finds the optimal solution to the

linear relaxation on BALANCESTATE-ILP. Step 3 simply

assigns state nodes based on rounding the optimal solution

obtained at Step 2. The following lemma proves that our

assignment is feasible to BALANCESTATE if all nodes,

except the leaves in each multicast tree, are branching

nodes.

Lemma 4.5. The assignment obtained by BALANCESTATE-

APX is feasible to BALANCESTATE.

Proof. For each node m in each tree t and each subtree ftm in

Ttm, set Vftm has at most � nodes according to Lemma 4.4.

With (1), there is at least one node n in Vftm such that �t;LPn

is at least 1=�. Step 3 assigns node n as a state node.

Therefore, the assignment is feasible to BALANCES-

TATE according to Lemma 4.3. tu

The following proves that the algorithm is a

�-approximation algorithm:

Theorem 4.6. Each solution obtained by BALANCESTATE-

APX must satisfy the following inequality:

�max � � � ��max:

Moreover, BALANCESTATE-APX stops in polynomial time.

Proof. Let mmax denote the node storing the most forward-

ing states in BALANCESTATE-APX. In other words,

�max ¼
P

t2T :mmax2Vt �
t
mmax

. The following inequality holds,

since the algorithm chooses node mmax as a state node if

�t;LPmmax
is at least 1=�:

X

t2T :mmax2Vt
�tmmax

� � �
X

t2T :mmax2Vt
�t;LPmmax

:

The following inequality holds, since �LPmax is the
optimal objective value of the linear relaxation:

� �
X

t2T :mmax2Vt
�t;LPmmax

� � � �LPmax:

Since BALANCESTATE is a minimization problem, we

obtain the performance bound as

�max � � � �LPmax � � � ��max:

Note that the number of subtrees in Ttm is a function of
�, irrelevant to the size of multicast tree t, because Vftm of
each subtree ftm in Ttm has at most � branching nodes. In
this paper, we assume that � is a constant in our analysis,
because � is determined by the forwarding speed of a
router instead of the network size and the number of
trees. Moreover, our simulation results show that a small
� is sufficient to obtain a good solution. Therefore, Step 1
requires constant time to find Ttm for each node m in each
tree t. The number of variables and constraints in
BALANCESTATE-ILP is polynomial to the network size
and the number of multicast tree. Steps 2 and 3 take
polynomial time. Therefore, BALANCESTATE-APX
takes polynomial time. tu

Corollary 4.7. The performance bound �max � � � ��max is tight.

Proof. We prove the corollary with the example in Fig. 6.

Let all multicast trees use the same routers and have the

same routing as the one in Fig. 6. Each tree must choose

at least one node from nodes 1 to � as the state node of

the tree in any feasible assignment. Obviously, there

exists an optimal solution to the linear relaxation on

BALANCESTATE-ILP such that �t;LPm is 1=� for each

node m in each tree t. The bound is tight when the

number of multicast trees is k�, where k is a positive

integer. In this case, BALANCESTATE-APX chooses

every node in each tree as a state node, and �max is k�.
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Fig. 5. Approximation algorithm BALANCESTATE-APX.

Fig. 6. An example of the multicast tree with the tight approximation

ratio.
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However, the optimal solution selects only one state
node for each tree, and the forwarding states are evenly
distributed among the � nodes. Therefore, ��max is k, and
we obtain the tight performance bound. tu

In this section, we propose a �-approximation algorithm,
assuming that all nodes, except the leaves in each multicast
tree, are branching nodes. If any node m is not a branching
node in a tree t, there may exist a subtree ftptm

in Ttptm
such that

the number of nodes in V t
ptm

is larger than �. Therefore, the
above algorithm based on rounding may fail to find a feasible
solution. The modification of the above �-approximation
algorithm to cope with multicast trees with nonbranching
nodes can be found in [29]. The modified algorithm obtains a
similar performance bound �max � � � ��max þ 1. To support
the protocol design, we design a distributed algorithm
BALANCESTATE-DISTRIBUTED based on MINSTATE-
DISTRIBUTED. Each node first tries to remove the forward-
ing state. If it fails, then it tries moving the forwarding state to
the upstream stateless node with the least number of
forwarding states, instead of to the parent node in MIN-
STATE-DISTRIBUTED, to avoid concentrating the forward-
ing states in some routers.

Our algorithms can be extended to consider the cap-
ability of each router. In BALANCESTATE-APX, we
substitute (2) with the following:

X

t2T :m2Vt

�tm
Cm
� �max; 8m 2 V ;

where Cm is the capability of router m, and �max denotes the

maximum load of a router. Therefore, for a given number of

forwarding states, a larger capability leads to smaller load

of a router. BALANCESTATE-APX can solve this problem

by the above new constraint, and the algorithm is an

approximation algorithm, because Theorem 4.6 still holds

after we substitute �tmmax
and �t;LPmmax

with �tmmax
=Cmmax

and

�t;LPmmax
=Cmmax

in the proof. Similarly, in BALANCESTATE-

DISTRIBUTED, we have to move the forwarding state to the

upstream stateless node with the least load.
The protocol based on the distributed algorithm sup-

ports dynamic membership as follows: When a member
leaves a multicast tree, the upstream state node removes the
forwarding state for the member after it receives the leave
message from the member. When a member joins a
multicast tree, however, the number of destination ad-
dresses in each packet sent by the upstream state node may
exceed � after the address of the member is added to the
packet. In this case, our protocol first creates a state node
between the new member and the upstream state node.
Then, each state node tries removing or moving its
forwarding state, where the two operations are achieved
by message exchanges between neighbor routers.

5 SIMULATION RESULTS

This section shows our simulation results for the above two
optimization problems solved by the proposed algorithms.
We compare our algorithms with previous work [13], [14],
[15], [16], [17], [18] that allocates forwarding states only to
the branching routers of a multicast tree, and this allocation

is the same as our mechanism, with � being equal to one, as
explained in Section 3. For previous work [9], [10], [11], [12]
that adopts a single tree to serve multiple groups, our
mechanism is orthogonal to that approach and can be
combined with it to further reduce the number of multicast
forwarding states stored in each router. For BALANCE-
STATE, we compare the solutions obtained by our
algorithms with the lower bound on the optimal solution
to BALANCESTATE. The optimal solutions must be more
than the lower bound but less than the solution obtained by
any algorithm of BALANCESTATE. We find the lower
bound with an algorithm based on Lagrangean relaxation.

In our simulation, we use flat graphs with the
Waxman distribution [21] as the network topologies to
test our algorithms in networks with different graph
characteristics. We also use MBone [22], a real multicast
tree traced by Mwalk [23], [24], and the Internet graphs
with the power-law distribution generated by Inet [25],
[26] to test our algorithms in more realistic networks. The
simulation results are averaged over 100 samples. Our
simulation includes the following parameters. The first
one is the graph characteristic. We use ð� ¼ 0:2; � ¼ 0:2Þ,
ð� ¼ 0:25; � ¼ 0:25Þ, and ð� ¼ 0:3; � ¼ 0:3Þ as the para-
meters of the Waxman distribution in the flat graphs. The
graphs with larger � and � have larger node degrees and
smaller graph diameters [27]. The second one is the
group size. The group size is the number of receivers in a
multicast tree. The third one is �, which is the maximum
number of destinations from a downstream interface.
Since � is an important parameter in our algorithm, we
present our simulation results with different � values in
most figures to find the proper � in different scenarios.
When � is one, all the branching nodes are the only state
nodes in a multicast tree. Finally, the last parameter is the
distribution of receivers. We use the affinity and dis-
affinity model [28] to describe the distribution of receivers
in a multicast tree. The distribution of receivers is
correlated with the topology of a multicast tree. With a
positive affinity index, receivers tend to cluster together,
and the distribution is suitable for applications such as
local news and traffic reports. With a negative affinity
index, receivers tend to spread out, and the distribution is
proper for applications such as videoconferencing. When
the affinity index is zero, all receivers are uniformly
chosen at random among all nodes. We present our
simulation results in the flat graphs in Section 5.1 and the
graphs that represent the realistic networks in Section 5.2.

5.1 Results in Flat Graphs with Different
Characteristics

Figs. 7 and 8 compare the results of MINSTATE with
different parameters in the graphs with the Waxman
distribution. There are 100 nodes in the network. Fig. 7
shows the results of MINSTATE with different � values,
different group sizes, and different � and � values in the
Waxman distribution. We measure the average number of
state nodes in a multicast tree. In Fig. 7a, a multicast tree
with a larger group size has more state nodes. The number
of state nodes in a multicast tree decreases as � increases.
Moreover, a small � is sufficient to eliminate more than
50 percent of forwarding states. Therefore, our mechanism
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can deliver data with only a few forwarding states without
incurring large forwarding delay. In Fig. 7b, a graph with
larger � and � uses fewer state nodes in a tree. In this case,
the depth of a multicast tree decreases, and each node in a
tree has more child nodes. Therefore, each state node can
serve more receivers and downstream state nodes, and
fewer nodes have to store forwarding states. Moreover, the
results of different � and � values converge as � increases,
because fewer nodes need to store forwarding states.

Fig. 8 compares the results of MINSTATE with different
group sizes, different � and � values in the Waxman
distribution, and different affinity indices. We measure the
percentage of nodes with forwarding states in a multicast
tree. In Fig. 8a, more nodes in a multicast tree store
forwarding states as the group size increases. For a graph
with larger � and � values, receivers tend to be connected to
on-tree nodes with higher degrees. Therefore, a multicast
tree requires only slightly more nodes to store forwarding
states as the group size increases. In Fig. 8b, receivers tend

to cluster together as the affinity index increases. Fewer
nodes in a multicast tree store forwarding states, because a
node outside a cluster may need to store only one state for
the whole cluster. The results of different affinity indices
converge as the group size approaches 100, because the
distributions of receivers are similar in such cases.

Fig. 9 gives our algorithms of BALANCESTATE in the
graphs with the Waxman distribution. There are 100 nodes
and 100 multicast trees in the network. We find the lower
bound on the optimal solution to BALANCESTATE with an
algorithm based on Lagrangean relaxation. For a graph with
larger � and � values, the size and height of a multicast tree
decrease, since each node has more child nodes. Each router
is used by fewer multicast groups. Therefore, both results in
Fig. 9a become smaller. BALANCESTATE-APX performs
slightly better than BALANCESTATE-DISTRIBUTED, since
the algorithm knows the assignment of state nodes of all
multicast trees. Therefore, the router with the most number
of forwarding states can create forwarding states in nearby
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Fig. 7. Average number of state nodes in a multicast tree with different � values, different group sizes, and different � and � values in the Waxman

distribution, where the affinity index ¼ 0. (a) � ¼ � ¼ 0:2. (b) Group size ¼ 70.

Fig. 8. Percentage of nodes with the forwarding states in a multicast tree with different group sizes, different � and � values in the Waxman

distribution, and different affinity indices, where � ¼ 2. (a) Affinity index ¼ 0. (b) � ¼ � ¼ 2.

Fig. 9. Maximum number of forwarding states stored in a router with different � values, different group sizes, and different � and � values in the

Waxman distribution, where � ¼ 2 in (a) and � ¼ � ¼ 0:2 in (b), with affinity index ¼ 0.
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upstream and downstream routers and remove its for-
warding states. Fig. 9b shows our BALANCESTATE
algorithms with different � values and different group
sizes. When � is small, the difference of the two algorithms
decreases, because the assignment of state nodes becomes
less flexible. There are fewer feasible assignments in this
case. The results of the two algorithms approach the lower
bound, because the algorithms have more chances of
finding a good assignment.

5.2 Results in Graphs Representing Realistic
Networks

Fig. 10 gives the results of MINSTATE in MBone, a real
multicast tree traced by Mwalk, and large graphs with
the power-law distribution generated by Inet. There are
1,000 trees in the network. To compare the results in
MBone and the Internet graphs, we generate Internet
graphs with 4,177 nodes, identical to MBone. In the two
networks, each receiver in a multicast tree is randomly
selected among all nodes in the network. The real
multicast tree traced by Mwalk has 2,871 nodes, with
1,980 leaf nodes. In the real multicast tree, we randomly
choose each receiver from the 1,980 receivers of the tree.1

We prune some nodes and incident edges of the tree if
the nodes and edges are not on the path from the root to
any receiver.

We measure the average number of state nodes in a
multicast tree as shown in Fig. 10a. The number of state
nodes in a multicast tree decreases as � increases. A small �
is sufficient to eliminate most of the forwarding states. A

tree in the Internet graph uses much fewer state nodes than
the others, because the Internet graph with the power-law
distribution has few nodes with very large degrees. There-
fore, the diameter of the Internet graph is smaller than that
of MBone, and the height of a multicast tree in the Internet
graph is smaller than the height of a tree in the other two
graphs. Fig. 10b gives our BALANCESTATE algorithms in
MBone and the Internet graphs2 with different � values.
There are 1,000 multicast trees in the network, and each tree
has 50 receivers. The results of MBone are smaller than
those of the Internet graphs, and the results of MBone
decrease much faster than those of Internet graphs as �
increases. The reason is that a few nodes with very large
degrees in the Internet graphs participate in most of the
multicast trees. On the contrary, the multicast trees in
MBone are more evenly distributed in the network. The
distributed algorithm BALANCESTATE-DISTRIBUTED,
which is more suitable for protocol designs, performs as
well as other algorithms and is close to the lower bound on
the optimal solution in the Internet graphs. It is because the
assignments of forwarding states in power-law graphs are
less flexible than the assignment in MBone.

Fig. 11 measures the maximum number of forwarding
states stored in a router obtained when each group has only
a few receivers. This is suitable for the scenario that the
network serves many multicast groups with the small-
group applications such as videoconferences and multi-
player strategy games. For the assignment with only the
branching routers storing the states in Internet graphs, a
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Fig. 11. Maximum number of forwarding states stored in a router in MBone and power-law graphs with different � values and different group sizes.

(a) MBone. (b) Internet graphs.

Fig. 10. Average number of state nodes in a multicast tree and maximum number of forwarding states stored in a router in different graphs with

different � values and different group sizes.

1. Here, we do not use the affinity model to decide for the receivers of a
multicast tree, because the references of MBone and the real multicast tree
traced by Mwalk have not yet provided the physical location of each node.

2. Here, we do not compare our BALANCESTATE algorithms in the real
multicast tree, because the reference only provides the routing of a multicast
tree. The authors have not yet provided the routing of multiple multicast
trees and the corresponding physical network.
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few routers with very large degrees tend to act as the
branching routers of most multicast trees, even when the
group size is very small. On the contrary, our mechanism
performs much better. A multicast tree maintains no
forwarding state if the tree does not have more than �
receivers. Therefore, we can regard � as a filter that makes a
router store the forwarding states of the groups with more
than � receivers. In other words, a multicast tree does not
store a forwarding state when the group size is small. As
the group size increases, our algorithms select a few on-tree
routers to store the forwarding states. The distribution of
forwarding states among routers is more balanced, and the
forwarding delay of each data packet is limited.

In summary, for MINSTATE, a multicast tree can use a
small � and a few forwarding states to deliver data, even
when the group size is very large. In other words, our
mechanism can deliver data with only a few forwarding
states without incurring large forwarding delay. For
BALANCESTATE, the assignment with only branching
routers storing the states is not scalable in terms of the
number of multicast trees, even when each tree has only a
few receivers. The problem becomes more acute for Internet
graphs, because a fewer routers with very large degrees
tend to act as the branching routers of most multicast trees.
On the contrary, our mechanism solves the problem by
balancing forwarding states among routers. Our BAL-
ANCESTATE algorithms approach the lower bounds on
optimal solutions. Therefore, our mechanism can improve
the scalability of SSM and IP multicast.

6 CONCLUSION

In this paper, we have proposed a scalable and adaptive
multicast forwarding mechanism for SSM and IP multicast.
Our mechanism is more scalable in terms of both the number
of members in a multicast group and the number of multicast
groups in the network. Multicast packets are sent between
these routers via Xcast. We formulate the assignment of
forwarding states among routers as two optimization
problems. For each multicast tree, the first problem MIN-
STATE minimizes the number of routers that store forward-
ing states of the multicast tree. For the whole network, the
second problem BALANCESTATE minimizes the maximum
number of forwarding states stored in a router. For
MINSTATE, we design a distributed algorithm that finds
the optimal solution. For BALANCESTATE, we prove that
the problem is NP-hard, and we design an approximation
algorithm and a distributed algorithm to solve the problem.
In addition, we prove that the previous work that assigns all
branching routers as the only state nodes is a special case of
our mechanism. Our simulation results show that our
mechanism uses fewer forwarding states, and the distribu-
tion of forwarding states among routers is more balanced as
compared with previous approaches in both artificial and
realistic networks. Therefore, our mechanism can improve
the scalability of SSM and IP multicast.
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