INFORMATION AND COMPUTATION 96, 119-137 (1992)

A Unified Approach for Deciding
the Existence of Certain Petri Net Paths

Hsu-CHUN YEN

Department of Electrical Engineering,
National Taiwan University, Taipei, Taiwan, Republic of China

In this paper, we develop a unified approach for deriving complexity results for
a number of Petri net problems. We first define a class of formulas for paths in Petri
nets. We then show that the satisfiability problem for our formulas is EXPSPACE
complete. Since a wide range -of Petri net problems can be reduced to the
satisfiability problem in a straightforward manner, our approach offers an umbrella
under which many Petri net problems can be shown to be solvable in
EXPSPACE. © 1992 Academic Press, Inc.

1. INTRODUCTION

Petri nets provide an elegant and useful tool for modeling concurrent
systems. In many applications, however, modeling by itself is of little
practical use if one cannot analyze the modeled system. Despite the efforts
made by many researchers, many analytical questions concerning Petri néts
remain unanswered. In fact, the decidability of one of the most important
questions concerning Petri nets, the reachability problem, was left unsolved
for a long period of time until Mayr (1984) finally provided an affirmative
answer to the question just a few years ago. (The precise complexity of the
reachability problem, however, has not yet been established.) Due to the
degree of difficulty involved in many of the Petri net problems, it is
desirable to have unified and systematic approaches to reason about Petri
nets. Developing such a mechanism is exactly the goal of this paper.

We first define a class of formulas for paths in Petri nets. What makes
this class of formulas useful is that it is powerful enough to express many
Petri net properties. We also show that the satisfiability problem, i.e., the
problem of determining whether there exists a path in a given Petri net
satisfying a given formula, is complete for EXPSPACE. By reducing to the
satisfiability problem, we are able to derive EXPSPACE upper bounds for
a number of Petri net problems (some of which were previously unsolved)
in a straightforward and unified manner. In what follows, we first review
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some of the existing strategies known to be useful for examining the
decidability and complexity of Petri net problems.

A useful tool for showing the decidability of Petri net problems is based
on Karp-Miller coverability graph analysis (Karp and Miller, 1969). A
coverability graph is a generalized reachability graph in which each poten-
tially unbounded place is represented by a special symbol “w.” It has been
shown by Karp and Miller (1969) that the coverability graph of any vector
addition system (equivalently Petri net) is finite. As a result, a vector addi-
tion system (Petri net) is unbounded iff an @ occurs in its coverability
graph. This technique has subsequently been used in a number of places for
showing the decidability of Petri net probiems. (See, e.g., Finkel, 1987;
Ginzburg and Yoeli, 1980; Suzuki and Kasami, 1983; Valk and Jantzen,
1985; Valk and Vidal-Naquet, 1982.) The key deficiency of the coverability
graph approach lies in its inability to produce complexity bounds. This is
because the size of the coverability graph of a Petri net, in general,
is not primitive recursive. As a result, the whole strategy is based on an
unbounded search.

Semilinearity has played a crucial role in the analysis of Petri nets. It is
a common belief that the difficulties involved in obtaining results for
general Petri nets lie in the fact that the reachability sets for Petri nets of
dimension six or more are not in general semilinear (Hopcroft and Pansiot,
1979). However, there are restricted subclasses of Petri nets for which the
reachability sets are semilinear. Utilizing results concerning semilinear sets
and Presburger arithmetic, one can prove the decidability of the contain-
ment, equivalence, and reachability problems for a restricted subclass of
Petri nets by demonstrating that the subclass exhibits semilinearity. In fact,
a large body of results appearing in the literature rely exactly upon this.
These include the decidability proofs of the containment, equivalence, and
reachability problems for conflict-free (Crespi-Reghizzi and Mandrioli,
(1975), persistent (Landweber and Robertson, 1978; Mayr, 1981; Muller,
1980), weakly persistent (Yamasaki, 1981), normal (Yamasaki, 1984),
sinkless (Yamasaki, 1984), 3-dimensional (van Leeuwen, 1974), 5-dimen-
sional (Hopcroft and Pansiot, 1979), symmetric (Araki and Kasami, 1977),
and regular (Ginzburg and Yoeli, 1980; Valk and Vidal-Naquet, 1982)
Petri nets. A drawback in using this approach is that the sizes of the semi-
linear set representations for some of the above classes were not known.
Hence, no complexity bounds could be derive for those classes as a result
of their being semilinear. Recently, however, some efforts have been
successfully made toward analyzing the size of the semilinear set represen-
tation for some of the above subclasses of Petri nets, thus yielding com-
plexities for equivalence, containment, and reachability. (See, e.g., Howell
and Rosier, 1988; Howell, Rosier, and Yen, 1989; Howell, Rosier, Huynh,
and Yen, 1986; Huynh, 1985.) A somewhat related approach, based on the
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notion of “residue sets,” has been used by Valk and Jantzen (1985) to show
the decidability of some Petri net problems. (See Valk and Jantzen (1985)
for more details.) This approach, again, reveals no complexity bounds.

An important cornerstone in the complexity analysis of Petri nets is the
EXPSPACE' upper bound of the boundedness problem shown by Rackoff
(1978). This together with an earlier result by Lipton (1976) that the
problem requires EXPSPACE, provides a near optimal solution for one of
the most important Petri net problems. Rackoff’s paper is significant not
only because of the result itself, but also and perhaps more importantly
because it provides a technique for deriving complexities for other Petri net
related problems. Such applications include the proofs of the complexity of
the equivalence problem for commutative semigroups and symmetric
vector addition systems (Huynh, 1985), the equivalence between 2-way
nondeterministic multihead finite automata and 2-way nondeterministic
weak counter machines as well as a hierarchy theorem for 2-way nondeter-
ministic weak counter machines (Chan, 1987), a detailed multiparameter
analysis of the boundedness problem for vector addition systems (Rosier
and Yen, 1986), and the complexity of the model checking problem for
systems with many identical processes (Sistla and German, 1987).

Since reachability and boundedness are known to be decidable, a natural
way to show the decidability of an unknown problem is to reduce the
unknown to reachability (or boundedness). In practice, however, this
approach suffers from a drawback that many such reductions rely on
rather complicated (and ad hoc) Petri net constructions which are hard to
understand. This is perhaps because the notion of boundedness (or
reachability), as a reduction tool, is too weak to “model” or “simulate”
other properties of Petri nets. In an attempt to avoid using “brute force”
reductions, a temporal logic for Petri nets was introduced by Howell,
Rosier, and Yen (1991) for which the model checking problem has
been shown to be equivalent to reachability. In addition, a number of
fairness related problems (fair nontermination problems, more precisely)
concerning Petri nets have been reduced to the model checking problem.
As a result, temporal logic provides an “umbrella” under which certain fair
nontermination problems can be shown to be decidable. (See (Jancar,
1989) for a similar approach for showing the decidability of the non-
termination problem with respect to finite-delay property.) In view of the
above, the following question naturally arises: Is there a similar umbrella
under which certain Petri net problems can be shown to be equivalent to
boundedness?

'EXPSPACE = | J,. o NSPACE(2"), where NSPACE(f(n)) is the class of languages
accepted by nondeterministic Turing machines using at most f(n) space.
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As an attempt to answer the above question, in this paper we first define
a class of Petri net path formulas, each of which is of the form

Ok
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meaning that marking u, can be reached from u; | (1 <i<k) through the
firing of transition sequence ¢, and predicate F(u,, ..., iy, 6, ..., 6;) holds.
What makes this class of formulas useful is that it is powerful enough to
express many Petri net properties. For example, the unboundedness con-
dition can be expressed as Ju;, u, 36, 65 (o —2 Uy —> [y) A (s > p1y).
By augmenting the proof of Rackoff (1978), we then show that if a formula
is satisfiable, then there exists a short “witness” (path) whose length is
bounded by O(2*""""™"), for some constant c. As a result, the satisfiability
problem can be solved in O(2¢*"*'°#") space, for some constant d. Using
this result, we are able to provide simple and unified proofs for many
known results, including the complexities of the boundedness, covering,
and some fair nontermination problems, which would otherwise require
more complicated arguments. More importantly, it also allows us to show
EXPSPACE upper bounds for many unsolved problems—the regularity
detection problem (of Ginzburg and Yoeli (1980) and Valk and Vidal-
Naquet (1982)), for example. Another contribution of our result is that it
explains why so many Petri net problems, even though bearing little
similarity on the surface, possess the same complexity bound.

The remainder of this paper is organized as follows. In Section 2, we give
the basic definitions of Petri nets and a class of predicates for Petri nets.
In Section3, we show that the satisfiability problem is solvable in
O(29*"*1°e") space, for some constant d. In Section 4, we show that many
Petri net problems, some of which were previously unsolved, can be
reduced to the satisfiability problem, Thus, our main result may therefore
be viewed as an umbrella under which the subsequent results in this paper
are derived.

2. A CrLAsS OF PREDICATES FOR PATHS IN PETRI NETS

Let N (respectively, Z and R) be the set of nonnegative integers (respec-
tively, integers and rational numbers), and let N* (respectively, Z*) be the
set of vectors of k nonnegative integers (respectively, integers). A Petri net
is a tuple (P, T, ¢, uy), where P is a finite set of places, T is a finite set of
transitions, ¢ is a flow function ¢:(PxT)yu(Tx P)— N, and u, is the
initial marking po: P— N. A marking is a mapping u: P— N. By estab-
lishing an order on P and T, ie, P={p,, .., pc} and T= {1, .., t,}, we
can think of a marking p as a vector in N*, where the ith component
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represents u(p;). (For convenience, u(p;) will be abbreviated as pu(i).) We
also define the transition vector of a transition ¢, denoted by 7, to be a
k-dimensional vector in Z* such that #(i)= ¢(t, p;)— @(p;, t), and the set
of transition vectors, denoted by T, to be {f|re T}. A transition te T is
enabled at a marking u iff for every pe P, o(p, t)<u(p). A transition ¢
may fire at a marking u if 1 is enabled at u. We then write y —— u’, where
wWip)=uwp)—o(p, )+t p) for all peP. A sequence of transitions
o=t,---t,, n>0, is a firing sequence from pg iff po—> p, — ---— pu,
for some sequence of markings u,, .., u,. We also write pg—— u,. (We
sometimes write p, —> if u, is not important.) A marking u, is said to be
reachable from yu,, denoted by py* u,, iff u,=p, or 3¢ such that
to—=> u,. We let R(P, T, @, uy)=1{p|po* u} denote the set of all
reachable markings. Let ¢ .be a sequence of transitions. We define # , to be
a mapping from T to N such that # _(z;) =the number of occurrences of
t;in 6. #, can be viewed as a vector in N” whose ith component is # ,(¢,).

To deal with the complexity issue, it is necessary to define the size of a
Petri net in a precise manner. Throughout this paper, each integer will be
represented by its binary representation. The length of an integer is the
number of bits of its binary representation. The size of a set (or vector) of
integers is defined to be the sum of the lengths of the components. Consider
a Petri net 2=(P, T, ¢, uy), where P={p,, .., pi} and T={t, .., ¢t,}.
Each transition ¢(p;, t;)=m (¢(t;, p;)=m) can be thought of as a four-
tuple (0, i, j, m) ((1, j, i, m)). (The first component (0 or 1) is to indicate
the flow direction (0: from a place to a transition; 1: from a transition to
a place). In this way, ¢ can be treated as a set of four tuples. Now the size
of Petri net # can be defined as [log k] +[log r 1+ the sum of the sizes of
elements in ¢ + the size of p,. Since the binary representation is used, the
firing of a transition may result in removing (or adding) 2" tokens from
(to) a place, where n is the size of the Petri net.

In what follows, we present a class of Petri net path formulas. In Sec-
tion 3, the satisfiability problem is shown to be solvable in EXPSPACE.
Let (P, T, ¢, uy) be a k-place r-transition Petri net. Each path formula
consists of the following elements:

1. Variables. There are two types of variables, namely, marking
variables i, yi,, ... and variables for transition sequences o, 6,, .., where
each y; denotes a vector in Z* and each o, denotes a finite sequence of
transitions,

2. Terms. Terms are defined recursively as follows.

(a) V constant ce N* cis a term.
(b) Vj>i, p;—p,is a term, where p,; and y; are marking variables.
(c) T,+T,and T,—T, are terms if T, and T, are terms.
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3. Atomic Predicates. There are two types of atomic predicates,
namely, transition predicates and marking predicates.

(a) Transition predicates.

c YO #,<¢ yO#,=cand y( #,>c are predicates, where
i>1, y (a constant)e Z", ce N, and © denotes the inner product (i.e.,
(ay, ayy s @) O (by, by, ., b)) =3%_ a,+ b,). It is worth mentioning that
predicates of the form #,(¢;)/#,,(t)=a/b, where a,be N (b#0), i>1
and ¢, t,€ T, can be reduced to the predicates described above. To see this,
let ¢c=0 and let y be a vector such that y(j)=b5, v(/)= —a, y(p)=0,
Vpé¢{jl}. Then yO#,=c iff bx#,(t)—ax* #,(t)=0, which is
equivalent to #, (1,)/# ,,(t,) = a/b.

o #,(1;)<cand #, (t;) > c are predicates, where ce N and 1,eT.

(b) Marking predicates.

o Type 1. pu(i)=c and u(i) > c are predicates, where u is a marking
variable and ¢(eZ) is a constant.

o Type2. T\()=T,(j), T\(()<T,(j), and T,(i)>T,(j) are
predicates, where T, T, are terms and 1 <i, j<k, meaning that the ith
component of T is equal to, less than, and greater than the jth component
of T, respectively.

F, v F, and F, A F, are predicates if F| and F, are predicates. Let F be
a predicate and D a set of positive integers. We define FI?1 to be the
predicate resulting from removing type 1 atomic marking predicates of the
form p(i) = c and u(i)> ¢ from F, for all i¢ D.

In this paper, we deal with formulas f of the following form (with respect
to Petri net (P, T, @, uy)):

a2

Jlyy ey Uy, 304, oy am((uo—a'—; Py —> l_ﬁ’"_, i)
AFQyy o, Gy oy G,))

Given a Petri net 2 and a formula f, we use 2 = f to denote that f is true
in 2. The satisfiability problem (for F(u,, .., u,,, 64, .., 6,,)) is the problem
of determining, given a Petri net 2 and a formula f, whether 2 = £ If
P=o— U~ p,  —2 u, is a path, such that F(u,,.., u,,
gy, .. 0,) I8 true in 2, we say p satisfies F.

3. THE MAIN RESULT

In this section, we show that the satisfiability problem is solvable in
O(24*"*'°e") space in the size of the Petri net and the formula (ie., n), for
some constant d. We first show that, given a Petri net £ and a formula f,
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the length of the shortest path satisfying F, if exists, is bounded by
O(Q*'"*'™"), for some constant c¢. The upper bound then follows
immediately from a nondeterministic search. In our proof, we generalize an
induction strategy originated by Rackoff (1978). In order to do so, we need
a few lemmas first.

We begin by showing that our predicates satisfy the so-called
“monotonic” property, which is essential in the proof of the main theorem.

LEMMA 3.1. Let A (eZ*) be a vector whose first i components are
nonnegative (ie., Vj, 1 < j<i 4(j)=0). For every predicate F,
i F(lyy oo flogs O 1y ooy Or) = true, then FUN2-31u 4+ A oy + 4,
Oy ey G,y) = true.

Proof. Clearly, it is sufficient to consider only marking predicates. It
should also be noted that FI?- does not contain type 1 marking
predicates of the form u(j)>c and u(j)>c, for j>i Hence, adding 4
(whose first i components are nonnegative) has no effect on any type 1
marking predicate in F[?-/ Also note that each type 2 marking
predicate is built from terms of the form u; — y; or constants. As a result,
adding 4 to all marking variables has no effect on any term. Thus,
FUys sty gy G )= FUL 2880 A 4 A, 64,y 0,). |

The following lemma indicates that in deciding satisfiability, it is
sufficient to consider formulas consisting of marking predicates only.

LEMMA 3.2. Given a Petrinet 7 =(P, T, ¢, uo) and a formula f, we can
construct, in polynomial time, a Petri net #'=(P', T', ¢, uy) and a formula
S’ containing no transition predicates such that ? = f iff ?' = 1.

Proof. In what follows, we show how each transition predicate can
be transformed into a marking predicate, while the same satisfiability
status is maintained. Let po—— u; —%> ---p,,_, —=» u,, be a path in 2
satisfying F.

L. y©O#,<(=,>)c, where i>1. 2" is constructed from 2 in the
following way. Let #' contain all transitions and places of 2. In addition,
two new places s* and s~ are added to 2’ such that ¢(z;, s*)= y(j) if

y(j)>0 and (1), s )— —y(j) if y(j)<O0. Initially, s* and s~ are empty.
Now consider py— pui~"...pl 2% u! in 2. It is reasonably
easy to see that y O #,, < (=, >)lef (Hi—pi 7)) —(pi—pio (s 7)<
(=, >)ec

2. #,()=(<)c. The “2” part can easily be shown by adding a
new place s; such that (s, s; )—1 and pgo(s;)=0. Clearly, #, (¢;)>c iff
ui(s))=e The # . (1;) < c case is a bit involved. 2’ is constructed from P
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in a way described in Fig. 1. In ¢}, ¢; is used to simulate ¢;. Initially, s; and
s;, and s/ contain ¢, 1, and O tokens, respectively. Note that ¢/ is controlled
by s, and s;, while ¢, is controlled by s;. Since &, consists of at most ¢
occurrences of ¢;, this can be simulated by ¢ in 2. (s; assures that ¢; will
fire at most ¢ times.) Now consider pj — ) —= - pl | =2 u,, in 2.
(o} is obtained from o, by replacing each occurrence of ¢; by a ¢/.) (Note
that after the completion of ¢}, a token is moved from s; to s;.) It is not
hard to see that # , (¢;)<cin Z iff yj(s;)>1in 2"

In view of the above, transition predicates can always be “simulated” by
marking predicates. This completes the proof. |

In what follows, we show that given a Petri net # =(P, T, @, o) and a
formula £, the length of the shortest path satisfying F, if exists, is bounded
by O(2*""""™"), for some constant d. Without loss of generality, we assume
that F contains only marking predicates (Lemma 3.2). Furthermore,
because F, v F, is satisfiable iff F, is satisfiable or F, is satisfiable we can
assume that F is of the normal form F=F, A F,, where F,=h, A - A h,
and F,=g, A --- A g, and h, and g, are atomic predicates of types 1 and
2, respectively. Before going into details, we require some definitions. Most
of them are the same as in (Rackoff, 1978) (see also (Rosier and Yen,
1986). A generalized marking is a mapping u: P> Z. A generalized firing
sequence is any sequence of transitions. A finite sequence of vectors
Wi, Wi, . W, € Z* is said to be a path (of length m — 1) in P if w, =y, and
w;,, —w;e T (the set of transition vectors), for all i, 1 <i<m. (We some-
times use w, —— w,---—== w, . where f,=w,,, —w,, to represent a
path if the associated (generalized) firing sequence is important.) Let w e Z*
and 0<i<k. The vector w is i bounded if w(j)=0for 1<j<i If reN™
is such that 0<w(j)<r for 1< <, the w is called i-r bounded. Let
p=Wi, Wi, .., w, be a sequence of vectors, we say p is i bounded (i-r

C tokens

@ ()

) i
g 7N ti

FiG. 1. A Petri net for simulating #, (¢,)<ec.
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bounded) if every member in p is i bounded (i~ bounded). p is called an
i loop if in the first i places w, =w,, and w;; #wj, forall 1< j, < j,<mjie,
p is a path such that the start and end vectors have their first i components
identical and no other intermediate points have this property. The loop
value of p is defined to be w,,—w,. Given a predicate F(u,, i3, ..., it,), an
i bounded (i~r bounded) path w,, w,, .., w,, is called an i bounded (i—r
bounded) F-path if 31<,<j>< --- <j,<m such that FI{t2-3(y
Wiy - W;) 18 true. Let m'(i, u, F) be the length of the shortest i bounded
F-path whose initial generalized marking is u. (If no such path exists, then
m'(i, p, F)=0.) Let g(i, F)=max{m'(i, u, F) | pe Z*}. In what follows, we
argue that g(i, F)e N. First note that function m’ is monotonic with respect
to u in the sense that if an i/ bounded path p satisfying F exists for a
marking g, then p is guaranteed to satisfy F for the marking u + 4, for any
420 (Lemma 3.1). This implies m'(i, u + 4, F)<m’(i, u, F), for any 4> 0.
As a result, if we let S(i, F)={u|m'(i, u, F)>0} (ie, the set of all
markings from which i bounded paths satisfying F exist), then S(i, F) is
right-closed. (A set M = N* is right-closed iff ve M=VYv'>v, v'e M. See
(Valk and Jantzen, 1985) for more about basic properties of right-closed
sets.) It is well-known that given a right-closed set, its set of minimal
elements is finite. Let S'(i, F) be the set of minimal elements of S(i, F).
Then  g(i, F)=max{m'(i, u, F) | pe Z*} =max{m'(i, u, F) | u€ S'(i, F)},
which is finite. (Recall that m'(i, u+ 4, F) <m'(i, p, F), for any 4> 0.) It is
worth mentioning here that g(i, F) does not depend on the starting
marking.

Given a vector p, we let || y| be the maximum absolute value of y’s com-
ponents. To prove our upper bound result, we need the following lemma
concerning the bounds of solutions of linear equations. The lemma is from
(Rackoff, 1978). (The proof is essentially from (Borosh and Treybis, 1976).)

LemMMA 3.3. Let d,,d,e N*, let B be a d, x d, integer matrix, and let b
be a d, x| matrix. Let d>d, be an upper bound on the absolute values of
the integers in B and d. If there exists a vector ve N which is a solution to
Bv2 b, then for some constant ¢ independent of d, d,, d,, there exists a
vector ve N such that Bv> b and v(i) < d** for all i, 1 <i<d,.

We are now in a position to show that, given a Petri net # and a
formula F, if there is a path satisfying formula F, then there must exist a
short “witness” whose length is bounded by O(2%""*"*"). The proof closely
parallels the induction strategy used by Rackoff (1978).

LEMMA 34. Let p;;, j>i, denote p,~p;. Then each type 2 atomic
marking predicate can be expressed as nyp, (i) +nyps (i) + - +

643/96/1-9
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Pyl m—1 (1) F 12 pta 1 () + 03032 ()4 - + bl ()< (=, >)c  for
SOMe CONSIants Ny, ..., Ny, Ny, ..., Ny, ¢ (EZ) whose absolute values are <2°™
(n is the combined size of the Petri net and the formula).

Proof. In what follows, we only consider the “<” case; the other two
cases are analogous. First note that each type 2 marking predicate of the
form T, (i) < T,(j), by definition, can be expressed as

J g
< Z di(tpny — B + d) (i)<< Z e (Hyy— Bsiny)) + e) ()
=1

=1

where p(l)>q(l), r(t)>s(t), 0<f, g<n, and d, d,, .. d; e e, .., ¢, are
constants (each of which has its absolute value <2°* since binary
representation is used for integers). When each occurrence of u;—u; is
replaced by its equivalence u;; + 4y >+ -+ + e fOr j>i, the
above inequality can further be simplified as

m -1 m—1
(Z n1+1ﬂ(/+1u> (i)+< Z n;+1l‘(z+1),r> (J)<e,

I=1 =1

where n,, .., n,,, 15, .., K., ¢ are {possibly negative) constants whose
absolute values are <2°". This completes the proof. |

LEMMA 3.5. If there is an i—r bounded F-path in Petri net (P, T, @, p),
then there is an i-r bounded F-path of length <r™, for some constant ¢
independent of r and n.

Proof. The proof is similar to (but more involved than) the corre-
sponding one in (Rackoff, 1978). Let u —5 p; = ---p,, , —= u,, be an
i-r bounded F-path. First note that ug —> u, need not be longer than rk;
otherwise, there must exist an i loop which can be removed without
affecting the validity of F. (Such a loop can conceptually be removed by
adding —4 (4 =loop value) to u,, .., U,,. According to Lemma 3.1, the
validity of F remains intact.)

Now consider u,—2> i, | — u,,. In segment &,: p, | — uy,
2<h<m, suppose Q is an i loop in marking ¢ (ie., starting in ¢ and
ending in g). We have the following important property:

« the new path resulting from repeating Q ¢ times, for an arbitrary
>0, in g is still an i~ bounded path satisfying F{{"> -1 (Recall that F,
consists of only type 1 predicates.) Note that “z=0" corresponds to the
removal of i loop @ from marking g.

The above property ensures that i loops can be removed or repeated
(an arbitrary number of times) in any marking without affecting the
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satisfiability status. In what follows, we will show how to remove,
duplicate, and rearrange existing i loops so as to shorten the existing path,
while preserving the validity of FL{"2 1,

We decompose d, into a path s, and some i loops such that

the length of s, is <(r*+1)%,

the length of each loop is <r*,

each place of a loop value is <2"# r¥, and

the total number of distinct loop values is < (2 * (2" * r*) + 1)~

(The reason that such a decomposition exists can be found in (Rackoff,
1978). (See also (Rosier and Yen, 1986).))

Let 2, I" (2<h<m, p,<(2%(2"*r*)+1)*) be the distinct loop
values in segment J,. Note that u, — = ([s,]+a}li+ --- +al,I), for
some af, .., a’, (eN), and [s,] (¢Z¥) is the difference of the end and start
points of the path s,. Now according to Lemma 3.4, each atomic predicate
of type 2 can be represented as

nyx ([sy]+aili+ - +a2 )i+ -

P2 P2

+, % ([s,]+aliT+ - +a; 17 )(i)

+ny* ([s:]+aili+ - +a2 12)(j)+ -

n'm

+n, x ([s]+alil+ - +ay 17 )(j)<(=, >)e,
where e, n,, 5, <27, [, 11, 151 <d# 27 % (PF+1)% p, < (2% (2" % )+ 1)*
(2<h<m), and d is a constant. Consequently, F{!!~1 can be expressed
as (no more than) » such (un)equations. To find a shorter path satisfying
Fith-11 it suffices to solve the associated system of (un)equations (with
respect to variables af,..ah, 2<h<m, p,<(2x%(2"*r*)+1)*). By
letting d,=n and d=r*" and ‘using Lemma 3.3, we are able to find
solutions whose values are <r™, for some constant ¢’. As a result, there
exists a “short” i-r bounded F-path whose length is no more than r*, for

some constant ¢ independent of r and n. ||
In what follows, we derive g(i, F) recursively.
LemMma 3.6. g(0, F)<2", for some constant ¢ independent of n.

Proof. Let py— py—--- 2% p, be a 0-bounded path satisfying F.
Clearly, it is sufficient to consider F,. Suppose F,=f, A f, A --- A f,. Let
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T={v,,..,v,} be the set of transition vectors in the Petri net. According
to Lemma 3.4, each f,, 1 <r <z, can be represented as

(1) nSpy (D +n5ps (O + - + 0 1 (() < (=, >)e’, for some
constants n}, .., n, , ¢” whose absolute values are <2”. Furthermore,

(2) pyo=piog+pho,+ -+ plo,, for some pi, .., pleN.

Substituting each g, , in (1) by (2) will yield a linear equation with
respect to variables p, ..., p;, Yi</<m. As a result, F, can be expressed
as a system of at most » such equations. Choose d, =n and d=2**". Using
Lemma 3.4, we can find a solution with each p/< 2", for some constant ¢”.
Clearly then the lemma follows. ||

LemMma 3.7. g(i+ 1, F)<(2"(g(i, FY+ 1)Y" for all i<k, where ¢ is a
constant independent of n.

Proof. Casel. 1If there is an (i+1)—(2"(g(i, F)+1)) bounded F
path, then from Lemma 3.5, there exists a short ome with length
<(2"(gli, Fy+ 1)

Case 2. Otherwise, let v, ..., Uy, Upy 4 15 - Uy, bE the path such that
v, is the first one not (i+ 1)~ 2"(g(i, F)+ 1) bounded. Without loss of
generality, we assume that v,, (i + 1)>2"(g(i, F) + 1). Note that no two of
Uy, . U, Can agree on the first i + 1 positions; otherwise, the path could be
made even shorter. Therefore, m,<(2"(g(i, F)+1))'*". Let p be the
shortest i bounded F path in Petri net (P, T, ¢, v,,). Clearly, the length of
pis <g(i F). Since v, (i+1)>2"(g(i, F)+ 1) and each place of each
transition vector in the Petri net is at most 2" in absolute value, p
must also be (i + 1) bounded and the (i + 1) position will never fall below
2" in p (so that type 1 marking predicates of the form u(i+1)>e and
p(i+1)>e will still hold in p). As a result, the sequence v,, ..., U,,, _, P
is an (i+1) bounded F path of length (2"(g(i, F)+ 1))"* "+ g(i, F) <
(2"(g(i, F)y+1)". |

THEOREM 3.8. The satisfiability problem can be decided in O(2%*"*'°8")
space, for some constant d independent of n.

Proof. By recursive application of Lemmas 3.3 and 3.4, it is fairly
easy to see that g(k, F)<2™"", for some constant d. This means that if
a formula F is satisfiable, then there must exist a path of length
<glk, F)<2""" satisfying F. A nondeterministic search procedure will
yield an O(2¢*"*'°&") space upper bound. |
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It is known that the boundedness problem for Petri nets is EXPSPACE-
hard (Lipton, 1976). Since unboundedness can be expressed using our path
formulas, the following result follows:

CoROLLARY 3.9. The satisfiability problem is EXPSPACE complete.

4. SOME APPLICATIONS

In this section, we demonstrate the usefulness of Theorem 3.8 by first
showing that many known complexity results concerning Petri nets follow
immediately from our main result. We then derive some new results. Let
P=(P, T, @, uo) be a k-place r-transition Petri net.

1. Boundedness Problem. The boundedness problem is the problem of
determining whether R(P, T, ¢, p,) is finite. This problem has been shown
to be solvable in EXPSPACE in (Rackoff, 1978). (See also (Rosier and
Yen, 1986) for a detailed multiparameter analysis.) Clearly, unboundedness
can be formulated as 3u,, u, 30, 62 ((Ho — 11— 1) A (2> 1))

2. Coverability Problem. The coverability problem is to determine,
given a vector ve N¥, whether there exists a reachable marking u such that
u=v. This problem has also been shown to be solvable in EXPSPACE
in (Rackoff, 1978). Clearly, coverability can be formulated as
30, (ko= 1) A (112 0)).

3. (Strict) Self-Coverability Problem. In (Huynh, 1985), the notions of
self-coverability and strict self-coverability were introduced for solving the
equivalence problem of commutative semigroups and symmetric vector
addition systems. It was observed in (Huynh, 1985) that the problem is
solvable in EXPSPACE. Given a set of places / (< P), a path
o u, B u, is  Iself-covering if Vsel, p,(s)=p,(s), and Vs ¢l
U (8') =, (s"). It is strict if “=" in the above definition is replaced by “>.”
The (strict) self-coverability problem is to determine, given an I, whether
there is a (strict) I-self-covering path. It is easy to see that the existence of
an J-self-covering path can be expressed as Ju,, u,30,, 05((1o — 4; —> U,)
A Asertta(s) 2 () A (Aggrit2(s') = p(s))). (For strict  self-
coverability, simply replace “=” by “>.”

4. u-Self-Coverability Problem. This problem was also defined and
solved by Huynh (1985). Given a ue N*, a path po % u, % p, is u-self-
covering if y, — p, = u. The u-self-coverability problem is to determine, given
a u, whether a u-self-covering path exists. This property can be expressed
as 3y, #2301, 02 (o == fy = 12) A (2~ pty = 1))

5. Final-State Self-Coverability Problem. This problem was defined
and solved by Sistla and German (1987) to study the complexity of the
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model checking problem for a special type of systems with many identical
processes. It was originally defined in the context of vector addition
systems with states. Here we consider an equivalent version of the problem
in the context of Petri nets. Let F be a set of places (corresponding to the
set of final states in a vector addition system with states). A final-state
self-covering path (with respect to F)is po % p, & py & py where uz > p,
and 3IseF, u,(s)>0. The final-state self-coverability problem is to
determine whether a such path exists. This problem can easily be for-
mulated as Ap;, py, 13 304, 05, 03((1o = ;= 13— ) A (32 1)) A

(Vser t2(5)>0))).

6. Fair Nontermination Problems. Let ./ be a finite set of nonempty
subsets of transitions. Given an infinite sequence of transitions ¢ =¢,, f,, ...,
let inf”(c) be the set of transitions occurring infinitely often in o. In
(Howell, Rosier, and Yen, 1991) the following 6 types of fairness were
defined: o is said to be

e Tlfair iff Ide o/, Jiz 1, t;€ A.

o TlVairiff Ide o/, Viz 1, t,€ A.
T2-fair iff 34 e o, inf7(c) N A # .
T2 -fair iff 34 € o7, inf(c) < A.
T3-fair iff 34 € ¢, inf’(0) = A.

e T3'fair iff 34 e &, A <inf’(o).

The fair nontermination problem with respect to T1 (T1', T2, T2, T3, T3,
respectively) fairness is the problem of determining whether a given Petri
net has an infinite type T1- (T1’-, T2-, T2'-, T3-, T3'-, respectively) fair
computation. In (Howell, Rosier, and Yen, 1991), the nontermination
problem was shown to be equivalent to the boundedness problem (and
hence, solvable in exponential space) for all six types of fairness. In what
follows, we show how to formulate the fair nontermination problem for all
six notions of fairness. This will immediately yield the upper bounds. Given
a subset of transitions A, let v, be a vector in N” such that v , (i) = 1(0) iff
t;€(¢) A. In what follows, let ¢ # 4 denote the predicate \/,.r #,(t) >0,
meaning that ¢ contains at least one transition. A Petri net is X-fair non-
terminating iff

e X=T1

<3y, pp 304, 0, ((Hoi’ By s Ua)

A << \/ \/ 1< #a,(ti)) A (= pg) A (0'27&/1)))-

Aess 1€A
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e X=TI

S T oz((uo4"—> f— )

A (( VoA #.,)<0A #ag(fi)S0>

A u¢d
A2z pi) A (02¢A)>>-

e X=T2

< Juy, 30’1#’2((#0‘2" #1;‘"2" #a)

(v v 1< #00)) A (12 10) 7 (0374 )

Aesds tied

e X=T2

<3y, py 304, 0, ((ﬂo‘u_l’ﬂl_ﬂ—’ﬂz)

A (( \/ /\ #az(’i)<0> App=pg) A (‘72?&/1)))-

Aesl 1;i¢A

e X=T3

<3y, 4y30,, 0, ((#o_a_l’ — 1)

A(( \/ (/\ #dz(t,-)<0>/\ (b #,,2)>

ded \ij¢d
A (22 ) A (02?5/1)))-

e X=TY%

<3dyuy, pp oy, 02((#0‘2+ #1*62" 12)

A << \/ vy S #02) A (22 py) A (Uz?éA)))-

Aest
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In the remainder of this section, we show how to use Theorem 3.8 to
derive new results. By reduction to the satisfiability problem, each of the

following problems will be shown to be solvable in EXPSPACE.
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1. Regularity Detection Problem. In (Ginzburg and Yoeli, 1980; Valk
and Vidal-Naquet, 1982), a subclass of Petri nets called regular Petri nets
was defined. A Petri net is regular iff the set of all (finite) fireable sequences
of transitions defines a regular language (over T). An algorithm was given
by Ginzburg and Yoeli (1980), and Valk and Vidal-Naquet (1982) to deter-
mine whether a given Petri net is regular. A Petri net is not regular iff there
exist markings u,, 4>, u3, 44 such that u;, 1 <i<4, is reachable from p,
and the following conditions are met (see (Valk and Vidal-Naquet, 1982,
p. 314):

(@) pi<ppand py #p,,
(b) VpeP, (u(p)=up))=(us(p)<us(p)), and
(c) dpeP, us(p)>ps(p).

However, no complexity analysis was given regarding that particular algo-
rithm. Using our path formulas, we have that a k-place Petri net is not
regular iff 3., gy, s, e 301, 0,5, 03, 04 (1o~ ) = py = 3 — p1y)
and

@) (azm) A (Vio) ma()>pi (),
(b) /\f:l (1 (D) < pa (D)) v (u5 () < (i), and
(c) Vi uai)> pali).

As a result, the regularity detection problem is solvable in exponential
space.

2. (Potential) Determinism Detection Problem. In (Howell and Rosier,
1989), a subclass of Petri nets called deterministic? Petri nets was defined.
A Petri net is deterministic iff for any reachable marking u, there 1s at most
one enabled transition in g. It has also been shown by Howell and Rosier
(1989) that the boundedness, reachability, containment, and equivalence
problems can all be solved in EXPSPACE. Let v, be the minimum vector
for which transition ¢ is enabled. Clearly, a Petri net is not deterministic iff
30 (o= ) A (Viripr (0 20) A (u20,))). A Petri net is
potentially deterministic iff there does not exist an infinite path along which
two or more transitions are enabled in infinitely many markings. (IL.e., the
Petri net can only be nondeterministic for a finite period of time.) It is
fairly easy to see that a Petri net is not potentially deterministic iff
Jui, w230, 05 ((Ho — py = p3) A (Ve (2o} A (1 Z0)) A
(12 = 1,))). Consequently, the (potential) determinism detection problem
can be solved in EXPSPACE.

2 The reader should notice that the definition in (Howell and Rosier, 1989) differs from the
original definition of deterministic Petri nets given in (Ramchandani, 1974).
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3. Frozen Token Detection Problem. The concept of frozen token was
first introduced by Best and Merceron (1985) as a way to study the
behavior of a concurrent system modeled by a Petri net. A Petri net
has a frozen token iff there exist an infinite computation
”OLul_t“l_) fy—2 py---and a place s such that Vizl, p,(s)>
1+ (s, t,). (Le., there exists a token that will never be removed from a
place.) To detect a frozen token, we first modify the Petri net as follows.
Let P be the set of places. Let p be a new place. For every ge P, we
introduce a transition ¢, such that ¢(q, t,) = ¢(z,, p)=1. Let py(p)=0,
and let u; be the extension of u; by taking place p into consideration.
Then we claim that the new Petri net has a frozen token
iff i, 15 367, 05 (o ——> pi " 3) A (H1(P)>0 Aty > i) A (057 A)).
To see thrs suppose the above formula is satlsﬁable Then there exists a
path uo——> 1 =5 ph satisfying (1) p;(p)>0 (2) ph = 4 and (3) o) # 4.
(2) and (3) guarantee that ¢, can be repeated an arbitrary number of
times. (1) ensures that at least one token has been deposited in p when
reaching u). Since p is a sink, once reaching p a token cannot contribute
to further computation. As a result, one can think of any token in p as a
frozen token in the original Petri net. Let o, ¢, be the resulting sequences
of transitions by removing all added transitions (i.e., transitions of the
form t,) from 0'1,0'2, respectlvely It is reasonably easy to see that
to— uy — u, —Z» ---is an infinite path with at least one token frozen.
The other direction (1.e., every Petri net with a frozen token can be
converted into a Petri net satisfying the conditions described above) is
similar. Again, p can be thought of as a sink for storing those frozen
tokens. Condition (1) ensures that we may freeze at least one token during
the course of an infinite computation of a Petri net. In view of the above,
the frozen token detection problem is solvable in EXPSPACE.

4. (Strong) Promptness Detection. The concept of (strong) promptness
was introduced by Valk and Jantzen (1985) as a way to deal with systems
communicating with the environment. Let T} and T¢ be two disjoint sets
of transitions such that Ty u Ty =T. (T; and T can be viewed as the sets
of internal and external transitions, respectively.) A Petri net (P, T, ¢, u,)
is said to be

(a) Strongly prompt (with respect to (Ty,Tg)) iff 3JkeN,
YueR(P, T, ¢, po), YweTy*:p— =|w| <k, meaning that for every
reachable marking p, the longest sequence of internal transitions firable in
u is of length <k, for some k.

(b) Prompt (with respect to (T, Tg)) iff Vue R(P, T, ¢, uy), Ik N,
Vwe Tt*: y— = |w| <k, meaning that for every reachable marking u,
there is no infinite sequence of internal transitions firable in .
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It is not hard to see that a Petri net is not prompt (strongly prompt) iff
uy, wp 30y, 0'2((/10_61_’ K — ) AN g #a(D<0) A (2= ) A
(g, %# A1))). As a result, the (strong) promptness detection problem is solv-
able in exponential space.

5. y-Synchronization Problem. In (Suzuki and Kasami, 1983), the
notion of y-distance was introduced. Given a Petri net # and a ye Z’, let
D(2, y)=sup,, . (|y O #,|). 2 is said to be y-synchronized if D(2, y) is
finite. The y-synchronization problem is that of determining, given a Petri
net # and a y, whether 2 is y-synchronized. This problem has been shown
to be decidable and EXPSPACE-hard by Suzuki and Kasami (1983).
However, the precise complexity was left unanswered there. Now, we show
that the problem is in fact EXPSPACE-complete. As mentioned by Suzuki
and Kasami (1983), D(2, y) is finite iff for every path p,—=% u, 2 s,
if pu,2p;, then |y©® #,,/=0. Using our path formulas, 2 is not
y-synchronized iff 3p,, p, 30y, 03 ((o— 1y = 1) A (¥ © #4,)>
Ov (y© #,,<0)) A (4= p,))). As a consequence, the y-synchronization
problem can be solved in EXPSPACE.
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