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Abstract—In this paper, we propose a new method for deriving
the closed-form orthogonal discrete Fourier transform (DFT)
eigenvectors of arbitrary length using the complete generalized
Legendre sequence (CGLS). From the eigenvectors, we then de-
velop a novel method for computing the DFT. By taking a specific
eigendecomposition to the DFT matrix, after proper arrange-
ment, we can derive a new fast DFT algorithm with systematic
construction of an arbitrary length that reduces the number of
multiplications needed as compared with the existing fast algo-
rithm. Moreover, we can also use the proposed CGLS-like DFT
eigenvectors to define a new type of the discrete fractional Fourier
transform, which is efficient in implementation and effective for
encryption and OFDM.

Index Terms—Complete generalized Legendre sequence
(CGLS), discrete Fourier transform (DFT) eigenvector, discrete
fractional Fourier transform (DFRFT), fast Fourier transform
(FFT).

I. INTRODUCTION

T HE DISCRETE Fourier transform (DFT) is defined as
follows:

(1)

Its eigenvalues are 1, 1, , and . Their multiplicities (shown
in Table I) depend on [1]–[3]. When , as the DFT has
repeated eigenvalues, the solution for the DFT eigenvector set
is nonunique.

There are several existing methods of deriving the DFT eigen-
vectors. We describe them as follows.

1) Matrix Manipulation: We can find the eigenvectors by
Gaussian elimination to the DFT matrix subtracted by the eigen-
values in the diagonal elements. Since the method requires nu-
merical approach, we can find neither the accurate solution for
large nor the orthogonal solutions very effectively.

2) Linear Combination: Let be an arbitrary discrete signal.
The linear combination

(2)
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TABLE I
MULTIPLICITIES OF THE � -POINT DFT EIGENVALUES

is an eigenvector of the DFT with eigenvalue . Given an arbi-
trary complete basis, we can generate the eigenvectors, however,
we still cannot find the orthogonal eigenvector set by using this
method.

3) Sampling of Periodic Expansion Hermite Function: In [4]
and [5], the eigenvectors were derived by taking the summation
of the samples of Hermite functions with periodic expansion.
This method leads to closed-form solutions but not orthogonal
ones.

4) Matrix:

...
...

...
...

. . .
...

where (3)

In [2], the eigenvectors of the specific commuting matrix are
computed to obtain the DFT eigenvector solution. The formal
expression of is (3). As commutes with the DFT matrix ,
i.e., , has the same eigenvectors as but different
eigenvalues. However, we still cannot avoid using the numerical
approach to find the eigenvalues of ; thus, the method is still
impractical for large . In [6]–[8], Grünbaum et al. also found
other matrices that can commute with and used them to search
for DFT eigenvectors.

5) Symmetry: In [9], the zero forcing (ZF) and the periodic
forcing (PF) subspaces were employed to find DFT eigenvec-
tors. Since ZF and PF are dual for the DFT, we can intersect the
ZF and PF subspaces to form the DFT-invariant ZPF subspace
and use it to find DFT eigenvectors. The solutions can be ex-
pressed in a simple exponential form, particularly when is a
power of two. However, the transform length is constrained to

, and arbitrary length DFT eigenvectors cannot be
found by this method.

From the earlier discussion, we realize that finding the com-
plete closed-form orthogonal DFT eigenvectors of arbitrary
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length is still a state-of-the-art issue, and solving the problem
is the main topic of this paper. First, in Section II, we define
the complete generalized Legendre sequence (CGLS), which is
a generalization of the Legendre sequence defined in literature.
Then, in Section III, we use the CGLS to derive the DFT eigen-
vectors. The proposed eigenvectors have the advantages of
closed-form solutions, completeness, orthogonality, being well
defined for arbitrary , and fast expansion. The last advantage
comes from the fact that the proposed DFT eigenvectors can
be viewed as a permutation and a linear combination of the
fewer point DFT basis. This method is helpful for developing
some useful fast algorithms. In Section IV.A, we propose
algorithms using the proposed DFT eigenvectors to quickly
implement the DFT. We can also use the proposed CGLS-like
DFT eigenvectors to define a new type of discrete fractional
Fourier transform (DFRFT) (Section IV.B).

II. CGLS

The GLS [10], [11] has a wide range of applications; how-
ever, the GLS does not generate the complete basis. In order to
solve the problem, we redefine the complete form of the GLS
(CGLS) in Sections II.B and II.C.

A. Original GLS

The GLS is defined for the case where equals a power of
a prime number, i.e., .

1) If

(4)

where denotes the greatest common divisor (GCD)
of the integers and . The symbol denotes the Euler
function, which means the number of integers smaller than

and coprime with . Therefore, it is shown that the fol-
lowing equation holds:

(5)

The operator denotes the logarithm over the modulus
operation, i.e., if mod [10].
For example, since

. The multiplication property of the logarithm
operator that also holds. The
index is a primitive root modulo , i.e.,
for .

2) If , the GLS is defined in another way [10]
a) When .
b) When

(6)

c) When , we can find an integer so that

(7)

where is some integer that satisfies the following
equation:

(8)

We list the well-known properties of the GLS as follows.
P1. Symmetry: The GLS is either even or odd symmetric.
P2. Permutation of the sinusoidal function: We can view

as an index permutation operator. Therefore, we can
view the GLS as permutation of the sinusoidal function.
P3. Conjugate: The conjugate of a GLS is also a GLS, i.e.,

(9)

P4. Orthogonal: The GLS forms the orthogonal set, and the
real and imaginary parts are also orthogonal.
P5. Multiplication property: .
P6. DFT property: If and

(10)

where

.

B. CGLS

From the previous section, we can find only
GLSs, and they are not complete for constructing the vector

space , where . Notice that, in (4), the GLS is always
zero when is a multiple of , which tells us that we can explore
the GLSs with length , and 1 and apply ZF to
these sequences to generate the rest basis and construct the com-
plete orthogonal basis over . That is, we insert zeros
between each neighbor element to , then we insert

zeros between each neighbor element to ,
and so on. In order to express these sequences mathematically
and illustrate more clearly the newly defined basis, we define
the CGLS by adding the parameter s to the GLS as follows:

(11)

where . When
must be zero and

(12)

In the case where and , the equality
in (11) should be changed

as . Moreover, in this case,
and .
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The CGLS is a complete basis, since we can verify that the
number of the CGLSs we get is

(13)

Because the CGLSs are linearly independent, we can generate
the entire with full rank.

The following are examples of CGLS matrices when
and 9:

(14)

In particular, we can see that the last six columns of the 9-pt
CGLS is the row-shuffled 6-pt DFT.

The properties P1 to P4 also hold for the CGLS. As for P5
and P6, they are modified as follows:

P5. Multiplication: If and , where
, then

(15)

P6. The most important property of the CGLS is its unique
DFT property described as follows. If

(16)

where and have been normalized such
that , where denotes the
order of the GCD between and so that .
From (16), can be easily calculated from

(17)

where and is any point that satisfies

(18)

Proof: If

(19)

where can be calculated from (17). Please check if Eq. (19) is
correctly captured. Here, we set . If , we can
use the same method to prove (16).

For example, if and , we apply the
DFT to and get

(20)

We perform the divisions of 2.4495 and 4.2426 to normalize
and , respectively.

When , P6 does not hold, as the CGLSs are not
one-by-one DFT mapping. To compensate for the mismatch,
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we apply a linear transformation to
by the following:

(21)

(22)

where , round .
When is even, the extra sequence is defined by

(23)

It can be verified that the sequences themselves are directly DFT
eigenvectors, and they are also orthogonal. To correspond to P6
and to solve the DFT eigenvector problem, in subsequence, we
transform into and .

From (16), after applying the DFT to a CGLS, we can ob-
tain the conjugation of another CGLS. For example, when

, we can find the conjugate transform pairs of the DFT
as given by (24), shown at the bottom of this page.

C. CGLS for Arbitrary Length

In this section, we extend our discussion to arbitrary length
. The composite length CGLS is defined by

multiplying the CGLS defined for each as

(25)

Note that, in (25), is repeated
times. The CGLS defined in (25) also obeys rules P1 to P4 but
P5 does not hold any more. As for the DFT property P6, we
describe it as follows.

Theorem 2.1: Let , be two periodic -point and
-point sequences, where . Let be the

-point DFT of . We can show that
, where is the -point DFT of

repeating times, and is the -point DFT
of repeating times.

Proof: Applying the DFT to , we get

(26)

Let mod , where
and . Since , we can

rewrite (26) in double summation form with index as
follows:

(27)

Moreover, in this case, the DFT of the CGLS is

(28)

where

(29)

Proof: By (27), we can get the following:

(30)

By P5, we can decompose as
; therefore, we can

express the first bracket of the right-hand side of (30)
as . With iterative
decomposition of the right-hand side of (30), we obtain

(24)

Authorized licensed use limited to: National Taiwan University. Downloaded on January 21, 2009 at 22:50 from IEEE Xplore.  Restrictions apply.



PEI et al.: CLOSED-FORM ORTHOGONAL DFT EIGENVECTORS GENERATED BY CGLS 3473

We now perform a DFT pair example where
. To clarify the expression, let and (for

be the 9-pt CGLS and and (for be the 5-pt
CGLS. The 45-pt DFT pairs are shown in (31) at the bottom of
this page.

III. DERIVING DFT EIGENVECTORS

From DFT pairs property P6 (illustrated in (16) and (28)) in
Section II.B, let

(32)

form an orthogonal CGLS set. We can then derive the complete
DFT eigenvector set from linear combinations of as follows.

1) When is an even symmetric CGLS set

where

(33)

2) When is an odd symmetric CGLS set

where

(34)

The suffixes 1, 1, , and denote the corresponding
eigenvalues, and the meaning of is illustrated in (17). The
notations , and denote vectors of

, and to
represent the CGLS as in (25) when . The
results of (33) and (34) are useful when we need to construct a
novel DFT fast algorithm in the next section.

The DFT eigenvectors obtained using our method have the
following properties:

1) complete;
2) closed-form solution;
3) well defined for any length ;
4) orthogonality;
5) fast expansion (i.e., the eigenvector expansion operation

has a fast algorithm).
Proofs of 4 and 5: From orthogonal property P4 and the

fact that in (33) and (34) are orthogonal transform matrices,
and are orthogonal.

Suppose that there is a vector and we want to express it as
the linear combination of the DFT eigenvectors derived in (33)
and (34), i.e.,

(35)

where each column of the by matrix is a DFT eigen-
vector and is an -length column vector whose entries are
expansion coefficients. We can compute from

(36)

where is a diagonal matrix and means Hermi-
tian (transpose conjugation). We can implement (35) by fast
algorithms. In (33) to (34), the eigenvectors are derived from the
linear combination of CGLSs. Thus, we can decompose as

(37)

where each column of is a CGLS and is a sparse matrix
containing no more than two nonzero elements derived from
(33) and (34). We can view the CGLSs as permutations of si-
nusoidal functions (P2, see Section II). Therefore, we can im-
plement in (37) by several sub-DFTs so that the eigenvector
expansion in (35) has fast algorithms.

Although we can use other ways to derive the DFT, until
now, no other efficient algorithm can obtain the DFT eigenvec-
tors that satisfy all the five properties (completeness, orthogo-
nality, closed-form solution, suitability for any , and fast ex-
pansion) as does our proposed algorithm. We compare the pro-
posed method and the existing eigenvector derivation methods
in Tables II and III. The symbol means that the property ap-
plies, means that the property does not apply, and means
that the property applies in theory but is not practical due to the
limitation of accuracy in the numerical approach for large .

The CGLS-like DFT eigenvectors can be connected with the
AM–FM transform [12]

(38)

(31)
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TABLE II
COMPARISON OF THE DIFFERENT METHODS TO GET DFT EIGENVECTORS

TABLE III
COMPARISON OF THE DFRFTS BASED ON THE EIGENVECTORS DERIVED FROM

THE � MATRIX AND THE CGLS-LIKE DFT EIGENVECTOR

This is useful for spectral analysis. There are many ways of
choosing and . For example, in [12], Pattichis et al.
found that, after permuting the signal according to its histogram,
the spectrum becomes more concentrated. This type of AM–FM
transform can be viewed as the permutation of the DFT.

Similarly, the proposed CGLS-like eigenvectors can also be
viewed as a permutation of the DFT basis with the insertion
of zeros. Note that, in (11), is equivalent to performing
the permutation for . Comparing with (38), we find that, when

, the CGLS is a special form of the AM–FM transform
where

(39)

When , from (25), the CGLS can still be viewed as a
product of the permuting DFT. Thus, the CGLS-like eigenvector
is similar to the DFT-permuting type AM–FM transform in [12].

IV. APPLICATIONS

A. DFT Implementation by CGLS-Like DFT Eigenvectors

It is well known that, when , we can use the radix-2
fast Fourier transform algorithm to implement the DFT in a very
efficient way. However, when , particularly for the case
where is a prime number, the implementation of DFT is much
more complex than the case where . In this section, we
propose a method that uses the CGLS-like DFT eigenvectors to
implement the DFT, particularly when is a prime number or
a product of distinct prime numbers, to improve the efficiency
of the DFT implementation. For an -point DFT matrix , we
can express its eigendecomposition form as follows:

(40)

where the columns of are the CGLS-like DFT eigenvectors
and is a diagonal matrix whose diagonal entries are eigen-
values of the DFT. From (36) and (37)

(41)

and we change the coordinate into the CGLS basis. From the
permutation property of the CGLD (P2 in Section II), we can
implement by the combination of sub-DFT block matrices.

Then, we discuss the implementation of . Note that
and that is a canonical matrix whose

diagonal is a series of the 4 4 (or 2 2, 1 1) submatrices
that have the form as in (33) and (34). This makes also
a canonical matrix. When is even, the 4 4 subma-
trix of (denoted by that corresponds to the CGLS of

has the form

(42)

where is defined in (33), , where
. Moreover, since the eigenvalues corre-

sponding to in (33) are 1, 1, 1, and 1, the
eigenvalue matrix is

(43)

from (33). By direct computation, we can show that

(44)

When is odd, in a similar way, we can also prove that
is also an antidiagonal matrix. Therefore, the rows of that

correspond to the eigenvector generated from have only
one nonzero element. For the rows that correspond to the eigen-
vector generated from , from (21), (22), and (23), there are
more than one nonzero entry. However, with proper implemen-
tation, there are only two multiplications for each pair of rows
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[i.e., and in (21) and (22)].
Therefore, can be decomposed as

(45)

where is a diagonal matrix and is a sparse integer matrix
that corresponds to the permutations to form the antidiagonal
matrix in (44) and the addition operations in (21), (22), and (23).
Thus, can be implemented efficiently with no more than
floating-point multiplications.

For example, for is presented in
Appendix B. Moreover, in this case, according to (12) and (29),

, and we can generate by
(46), (47), (48), (49), and (50), shown at the bottom of this page.
The superscript is used to distinguish the operations over
different modulo. With proper rearrangement, we can express
the CGLS matrix as follows:

(51)

where is the permutation operator (see Appendix B). More-
over, we can further decompose (51) as

(52)

where

...
...

...
. . .

...
...

, and are permutation matrices and means the
by identity matrix. Furthermore, we can decompose the

12-pt DFT matrix in (52) as follows:

where

(53)

(54)

The rest of are zero, and is
a sparse matrix that has element one in

with the others being zeros.

(46)

(47)

(48)

(49)

(50)
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Fig. 1. DFT implementation process for � � � � � � � � � � .

Therefore, we decompose into and . Moreover,
can be further decomposed into a combination of . Thus,

with iterative decomposition of the DFT matrix, we can find the
fast algorithm for computing the DFT.

From (54), needs four real floating-point multiplications.
Therefore, from (51), (52), and Appendix B, the 65-pt DFT
requires only (from (from real and
56 (from complex floating-point multiplications. Since we
can implement each complex multiplication by three real multi-
plications, only 215 real floating-point multiplications are re-
quired. In contrast, if we use the popular prime-factor algo-
rithm to implement the 65-pt DFT, we require

complex floating-point multiplications, i.e., 1392 real
floating-point multiplications.

Generally speaking, for , when using the pro-
posed method, the total number of multiplications is about

, where and are the numbers of floating-
point multiplications required for the and -pt
DFTs. In comparison with the prime-factor algorithm, because
the numbers of the floating-point multiplications for the
and -pt DFTs are much less than those of and -pt
DFTs, using the proposed method for implementing the DFT
is more efficient than using the prime-factor algorithm. For ex-
ample, when , using the proposed method, we
need only to use 398 real multiplications to realize the DFT. In
contrast, if we use the prime-factor algorithm, 2214 real multi-
plications are needed. Thus, using the proposed algorithm can
greatly improve the efficiency of DFT implementation when
is a prime number or a product of distinct prime numbers.

The general DFT implementation process for the -point
DFT using sub-DFT blocks is shown in
Fig. 1, which shows that we can easily combine the DFT blocks
on hand to design any higher order DFT module. For example,
we can use only radix-2 DFT modules to design the 65-pt
DFT as in the earlier example [see (51)(52)(53)). In fact, we
have the following theorem.

Theorem 1: Since will eventually converge to
powers of two [1], [2], it is possible to implement an arbitrary
length DFT with only radix-2 DFT blocks. For example, when

(55)

Thus, we can use butterfly structures to implement the DFT for
any .

Fig. 2. (a) Input rectangular function. (b) Results of the DFRFT �� � �����
based on the proposed CGLS-like eigenvectors. (c) Results of the DFRFT �� �
����� based on the eigenvectors derived form � matrix.

B. DFRFT Based on CGLS-Like DFT Eigenvectors

Pei et al.[13], [14] and Candan et al.[3] used the eigenvec-
tors derived from the matrix [see (3)] to define the DFRFT,
which is a generalization of the DFT. In [15] and [16], Vargas-
Rubio and Santhanam used another DFT eigenvector set, which
is derived from the Grünbaum commuter [6]–[8] to define the
DFRFT and use it for chirp signal analysis and speech pro-
cessing. The DFRFT is defined as

(56)

(57)

where for odd and for even . Since
the eigenvectors derived from the matrix and the Grünbaum
commuter are similar to the samples of the noncentered and the
centered continuous Hermite function, respectively, [3], [6]–[8]
the performances of the DFRFTs defined in [3], [13]–[16] are
very similar to those of the continuous FRFT.

However, if we do not consider whether the DFRFT is similar
to the continuous FRFT, we can use the CGLS-like DFT eigen-
vectors we derived to define a new type of DFRFT (i.e., in (69),

is replaced by the CGLS-like eigenvector set).
An example is shown in Fig. 2 for transforming a 105-point

rectangular function using the proposed DFRFT and comparing
this with the original DFRFT. Although the DFRFT derived
from the proposed eigenvectors does not resemble the contin-
uous FRFT, it is useful for the application of data encryption
and watermarks because the outputs of the proposed DFRFT
are usually “white-noise-like.” Moreover, owning to orthogo-
nality and the wide-spectrum property, it can also be applied in
CDMA, OFDM, etc.

In Fig. 3, an example is shown that uses the DFRFT based on
the matrix and the DFRFT based on the proposed CGLS-like
eigenvectors for image encryption. We first perform the DFRFT
with order for the input image to encrypt it. Then, the order

can be treated as the “key.” When performing the decryption,
we must know the value of and apply the DFRFT with order

to recover the original image. If is wrong, the original
image cannot be retrieved.

In Fig. 3(b), (c), and (d), we show the results that of using
the DFRFT based on the proposed CGLS-like eigenvectors for
image encryption. If we use the correct value of , as shown in
Fig. 3(c), the original image is recovered. When we use a wrong
value of , even if it differs only slightly from the correct one,
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Fig. 3. Image encryption (b), (c), and (d) using DFRFT based on the proposed
CGLS-like eigenvectors and (e), (f), and (g) using DFRFT based on the � ma-
trix. Using DFRFT based on the proposed CGLS-like eigenvectors (a), input
image (b), encrypted by DFRFT (� � ����), (c) recovered image using correct
�, (d) recovered image using wrong�, � � ��� and using the DFRFT based
on the eigenvectors of the S matrix. (e) Encrypted by DFRFT (� � ����),.
(f) Recovered image. (g) Recovered image using correct �, using wrong �, and
� � ����

we cannot recover the original image, as shown in Fig. 3(d) (in
Fig. 3(d), we use , and the correct value of is 0.75).

In contrast, when using the DFRFT based on the matrix,
from Fig. 3(g), it can be seen that, if the value of is wrong,
we can still retrieve many features of the original image. To
enhance the security, we should ensure that the original data
cannot be retrieved when the key is wrong. According to the
results shown in Fig. 3(d) and (g), the DFRFT derived from
CGLS-like eigenvectors is more effective for encryption.

Another important advantage of the DFRFT based on CGLS-
like eigenvectors is that its complexity is , which is
the same as that of the DFT. In contrast, the complexity of the
DFRFT based on the matrix is . Thus, for the appli-
cations of encryption, watermarks, CDMA, and OFDM, we can
use the proposed DFRFT instead of the DFRFT based on the
matrix to increase efficiency.

V. CONCLUSION

In this paper, we have proposed a systematic method for de-
riving the orthogonal DFT eigenvectors based on the CGLS for
any length . Since they have closed-form solutions, it is pos-
sible to find the DFT eigenvectors accurately even for very large

. Moreover, since the eigenvector expansion operation can be
implemented by a fast algorithm, we can use the proposed eigen-
vectors to improve the efficiency of the DFT, particularly for the
case where is prime or a product of prime numbers. We be-
lieve that there are a variety of applications for our proposed
closed-form orthogonal DFT eigenvectors.

APPENDIX A

11-pt real DFT eigenvectors (denoted by derived from
the CGLS are

In the case where to 9, we can also take the real part
instead of the imaginary part.

APPENDIX B

We can express in (45) by an integer matrix and a
diagonal matrix , i.e., .
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The rest of .

The rest of .
The elements of in (64) are as follows:

The rest of .
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