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Abstract

A new method is proposed to detect circular arcs. The detection of a circular arc includes the determination of its center,
radius, length, and midpoint. The Hough transform is applied to detect circular arcs by using center and radius as parametets.
A peak value in the parameter space of the Hough transform indicates the existence of a circular arc. The center and radius
of the circular arc are given by the coordinates of the peak. The arc points are separated from the remaining edge points of
the image. Then, the near-peak Hough transform data of the arc points is analyzed to determine the arc length and midpoint.
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1. Introduction

Circular arcs are important features on the image
of industrial parts or tools. Many approaches have
been proposed to estimate the arc parameters. The
methods proposed in (Landau, 1987) and (Thomas
and Chan, 1989) estimate the center and radius of a
given set of points by minimizing various error
functions. The length and midpoint of the arc (see
Fig. 1) are not determined by these methods. Be-
sides, in practical applications, since the arc points
are part of the edge points of an image, some
preprocess should be presented to separate the set of
arc points from the remaining portion in order that
these methods are workable. The algorithm proposed
in (Saund, 1993) can be applied to identify salient
circular arcs, but its input should be a linked list of
edge points. The linked list of edge points may be
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hard to be obtained in a complex scene. For exam-
ple, if the scene contains crossing contours or con-
tours with two or more pixel width, the edge linking
process will be difficult and complex.

The Hough transform can be used to detect circu-
lar arcs by choosing center and radius as parameters
(Brown, 1983; Casasent and Krishnapuram, 1987;
Sklansky, 1978). The location of a peak value in the
parameter space indicates the contour circle where
an arc lies upon. That is, the center and radius of the
arc are acquired. The height of the peak indicates the
arc length, but this is not valid under noisy environ-

midpoint

length
radius

center

contour

Fig. 1. The arc detection problem.
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ment. Furthermore, the arc midpoint (which portion
of the contour where the arc lies upon) cannot be
determined from the location and the height of the
peak.

The arc length and midpoint can be computed
from the near-peak Hough transform data. Similar
researches on extracting straight line position (mid-
point of a line segment) and length have been pro-
posed in (Richards and Casasent, 1991; Akhtar and
Atiquzzaman, 1992; Nagao and Nakajima, 1987).
But, these approaches cannot be extended directly to
detect circular arcs, especially when the circular arc
is longer than a semicircle.

In this paper, we analyze the properties of the
covariance matrix and the centroid of the near-peak
Hough transform data. The arc parameters are esti-
mated by using the Hough transform and these prop-
erties. As in most of the applications of the Hough
transform, there is no particular restriction on the
input image of edge points. In Section 2, we review
the technique of detecting circles by using the Hough
transform. The definition of covariance matrix and a
related theorem are given in Section 3. Some proper-
ties of the near-peak Hough transform data and the
method proposed by us for determining the arc length
and midpoint are given in Section 4. Section 5
provides simulation results. Section 6 presents the
conclusion of this paper.

2. Detecting circles by using Hough transform

The Hough transform is a mapping from the
image plane onto the parameter space. The parameter
space is quantized into an accumulator array, and
each accumulator stands for the curve specified by
the coordinates of the accumulator. For each edge
point on the image plane, the curves passing through
the point are computed, and the accumulators corre-
sponding to these curves are incremented by 1. After
the transform, the accumulator with a peak value
indicates the existence of a curve, which is specified
by the coordinates of the accumulator, on the image
plane.

The circle with center (x,, y,) and radius r, is
specified by the parameters (x,, y,, 7,) in the equa-
tion

2 2
(x=x0) +(y—y0) =15

|

r - axis

y - axis

X - axis

Fig. 2. Circular Hough transform voted by an edge point.

Choosing (x,, yg, ry) as the parameters of the
Hough transform, the locus of the accumulators, in
the parameter space, incremented by an edge point
on the image plane is a right circular cone (see Fig.
2). If there is a circle on the image plane, all the
right circular cones incremented by the edge points
of the circle will intersect at a common accumulator
in the parameter space. The coordinates of this com-
mon accumulator are the parameters of the equation
for the circle on the image plane.

The Hough transform is capable of detecting par-
tial shapes. Treating a circular arc as a partial shape
of a circle, the Hough transform for detecting circles
can be applied to detect circular arcs. A peak value
in the accumulator array indicates the existence of a
circular arc. The center and radius of the detected arc
are given by the coordinates of the peak.

3. The covariance matrix

Let S be a set of points, the mass of S at the point
(x, y) is given by f(x, y).

Definition 1 (Moment). The (p, q) moment of S is
defined (Rosenfeld and Kak, 1982) as
my, =3 Lx?y'f(x, y).

Xy

Definition 2 (Central moment). The (p, q) central
moment of S is defined as

M,=Y Y (x=3)"(y-9)f(x ),
x y



S.-C. Pei, J.-H. Horng / Pattern Recognition Letters 16 (1995) 615-625 617

where (X, y) is the centroid of S and is given by

(x, ¥) =(my/myy, my /my).
Definition 3 (Covariance matrix). The covariance
matrix of S is defined (Tsai and Chou, 1991) as

My My
Mll M02

Theorem 1. If S is symmetric about the y-axis, then
the (1, 1) central moment of S must be zero.

Proof. See Appendix A.

Corollary 1. The axis of symmetry is an eigenvector
of the covariance matrix.

4. Determining the arc midpoint
4.1. Problem formulation

In this section, we assume that the center (x,, y,)
and radius r, of an arc have been determined by
using the Hough transform technique provided in
Section 2.

Definition 4 (Near-peak Hough transform data, see
Fig. 3). The near-peak Hough transform data is
defined as the data stored in those accumulators
lying on the accumulator disk

h(x, y, ry) and yx*+y* <8,

where h(x, y, r) is a cross-section, at r = r, of the

Fig. 3. The near-peak Hough transform data (only votes of A and
B are shown).
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Fig. 4. The eigenvalues versus the arc length.

three-dimensional accumulator array #(x, y, r) pro-
duced by the Hough transform, and & is the radius
of the accumulator disk. The value of & is typically
chosen equal to r, or some value comparable with
ro.

In this paper, we focus our efforts on determining
the arc midpoint by analyzing the near-peak Hough
transform data. In addition, the estimation of the arc
length under noisy environment can be improved by
using the near-peak Hough transform data.

4.2, Symmetry and centroid

Theorem 2. The near-peak Hough transform data of
a circular arc is symmetric about the line passing
through the center and midpoint of the arc.

Proof. See Appendix B.

Corollary 2. The vector [x,, — xy, Yy — ¥ol, where
(x,, yp) and (x4, y,) are the midpoint and center
of the circular arc respectively, is an eigenvector of
the covariance matrix of the near-peak Hough trans-
form data h(x, y, r,).

Remark. In fact, if the circular arc is shorter than a
semicircle, the vector [x, — x4, ¥, — o] will be the
eigenvector corresponding to the smaller eigenvalue.
On the contrary, if it is longer than a semicircle, the
vector [x, — xg, Y — ol Will be the eigenvector
corresponding to the larger eigenvalue. An experi-
mental result is plotted in Fig. 4.
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Theorem 3. The centroid of the near-peak Hough
transform data lies on the line segment connecting
the center with the midpoint of the circular arc.

Proof. See Appendix C.

Remark. Although Theorem 3 can be used to deter-
mine the arc midpoint uniquely, in practical applica-
tions, it is sensitive to noise even if there is quantiza-
tion noise only. On the other hand, the eigenvectors
are more robust under noisy environment, but ambi-
guity occurs when we try to determine the arc mid-
point. Our proposed method takes advantage of both
quantities to determine the arc midpoint uniquely.

4.3. Noise and nearby curves

Under noisy environment, the peak value of the
Hough transform data may spread into its neighbour-
ing accumulators. Thus, the arc length is no longer
equal to the peak value. The arc length can be
calculated based on the formula derived in Appendix
C.

It can be proven that the estimation is robust to
noise provided that the distribution of noise is unbi-
ased. That is, if an arc point is displaced, the proba-
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bilities of displacing to its eight nearest neighbours
are equally alike; if some arc points are missed, the
missing probabilities for all of the arc points are
equally alike; and so on.

If the image contains multiple curves including
the circular arcs, the curves nearby the detected
circular arc will vote on the near-peak region of the
arc. The overlapping distributions will result in in-
correct estimation of the parameters. A preprocess is
required to remove the nearby curves before the
near-peak Hough transform is performed, which is
included in the following procedure.

4.4. The detection procedure

Step 1: Performing the Hough transform
A circular arc is treated as a partial shape of a
circle. The Hough transform is applied to detect the
contour where the arc lies upon.
Step 2: Detecting the location of the peak value
The location of a peak value, in the three-dimen-
sional accumulator array of the Hough transform,
indicates the center and radius of the detected circu-
lar arc. Notice that, if the image contains concentric
circular arcs, the accumulator array will have two
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Fig. 5. (a) A circle. (b) The input arc and the detected result. (¢) The Hough transform data. (d) The near-peak Hough transform data.
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local peaks at the same coordinates x and y but at
different coordinate r. That is, concentric arcs can be
resolved by the parameter r.
Step 3: Removing the nearby curves

The points, on the image, outside the ring contain-
ing the contour circle where the detected arc lies
upon are removed. The width of the ring is chosen to
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Fig. 6. (a) A circle. (b) The input arc and the detected result. (c) The Hough transform data. (d) The near-peak Hough transform data.

be 5 pixels or so, such that the noise degraded arc is
fully contained in the ring belt.
Step 4: Performing the Hough transform of the
resulting image

The Hough transform of the resulting image is
performed. This time the near-peak Hough transform
data is no longer distorted by the nearby curves.
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Fig. 7. (a) A circle. (b) The input arc and the detected result. (c) The Hough transform data. (d) The near-peak Hough transform data.
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Table 1 Step S: Calculating eigenvectors of the covariance
The estimation of arc midpoint using different methods matrix
Input arc Fig. 5(b) Fig. 6(b) Fig. 7(b) The covariance matrix of the near-peak Hough
Angle of transform data is calculated. One of its eigenvectors
midpoint 45 -120 160 directs to the midpoint of the detected circular arc.
(degree) Step 6: Calculating the centroid of the near-peak
Estimation Hough transform data
using 45 —121.42 158.75 In order to solve the ambiguity in determining the
centroid arc midpoint and to estimate the arc length, the
Estimation centroid of the near-peak Hough transform data is
using 45 —120.87 159.04 calculated.
eigenvector
200 200
150 150
100 100 &%
50 50
0 0
0 100 200 0 100 200
(a) (b)
200; 200
|
1501 150
¢y
1000 100
| o
50, 50
|
0! 0
0 100 200 0 100 200
(c) (d)
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Fig. 8. (2) The computer synthesized digital image of a spanner. (b) The noise corrupted version of (a). (c), (d) The circular arcs extracted
from (b) by using the Hough transform. (¢), (f) The near-peak Hough transform data of (c) and (d) respectively.
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Fig. 8. (g) The estimated parameters: arc centers are marked by *, arc midpoints are marked by +, and end points are marked by X.

Step 7. Estimating the arc length

The arc length is calculated based on the formula
derived in Appendix C.
Step 8: Locating the arc midpoint

Let E,, and E,, be the two orthonormal eigen-
vectors of the covariance matrix, the location of the
arc midpoint is

I?AB *E,

ITC, ;1 ~

TC,p - E
M=T+r0max{ = “,—-

ITC, |
T_C)AB *E, _ T_C)AB ¢ EAZ}

ITC, 5| 1TC, 5

where T and C, are the location of the peak value
and the centroid of the near-peak Hough transform
data respectively.

Remark. If the property described in the remark of
Corollary 2 is applied to choose a suitable eigenvec-

tor E, from E,; and E,,, then the equation in Step 8
can be simplified into

T_dw *E,

© TG, |

I?AB ‘E,

ITC, ;|

M=T+r, max

5. Simulations

5.1. A single circular arc

The digital image of a circle is shown in Fig. 5(a).
The circular arc plotted in Fig. 5(b) is a partial shape
of the circle plotted in Fig. 5(a). The Hough trans-
form data of the circular arc at the cross-section
r=r, of the accumulator array, where the peak
value belongs to, is plotted in Fig. 5(c). The location
of the peak value on the accumulator array indicates
the center of the circular arc, which is marked by a
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star (*) in Fig. 5(b). The near-peak Hough transform
data is shown in Fig. 5(d), where the radius of the
disk & is chosen equal to the radius of the circle r,,.
Eigenvectors of the covariance matrix and the cen-
troid of the near-peak Hough transform data are then
calculated. The arc length and midpoint can be esti-
mated from these data by using the procedure pro-
posed in the previous section. The arc midpoint is
marked by a plus (+) in Fig. 5(b), and the two end
points of the circular arc are marked by crosses (X).
Two additional simulations are shown in Figs. 6 and
7.

The accuracy of the angle tan™'((y, — y,)/(x,
— x,)) estimated from the eigenvector is compared
with the estimation from the centroid in Table 1,
which confirms the remark of Theorem 3.

5.2. Multiple circular arcs in a noisy scene

The computer-synthesized digital image of a
spanner is shown in Fig. 8(a). The noise corrupted
version is shown in Fig. 8(b), where 20% of the edge
points in Fig. 8(a) are missed and 30% of the edge
points are displaced to one of its eight nearest neigh-

()

Fig. 9. (a) The real image of two keys. (b) The edge points detected by Sobel edge detector. (c) The detection results, where the arc centers
are marked by stars (#), the arc midpoints are marked by plus symbols (+), and the end points are marked by crosses (X).
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Table 2

The actual values and estimated values of the arc parameters.
Actual value Estimated value

Length/2r, 150 145

(degree)

Angle of

midpoint —45 —41

(degree)

Length /2r, 150 155

(degree)

Angle of

midpoint 135 138

(degree)

bours at random. The circular arcs detected are
separated from the remaining edge points and plotted
in Figs. 8(c) and 8(d). The locations of the peak
values on the accumulator array indicate the centers
of the detected circular arcs, which are marked by
stars (#) in Fig. 8(g). The near-peak Hough trans-
form data corresponding to the arcs in Figs. 8(c) and
8(d) are shown in Figs. 8(e) and 8(f) respectively,
where the radius of the disk & is chosen equal to the
radius of the circle r,. Eigenvectors of the covari-
ance matrices and the centroids of the near-peak
Hough transform data are then computed. The arc
lengths and midpoints can be estimated from these
data by using the procedure proposed in the previous
section. The arc midpoints are marked by plus sym-
bols (+) in Fig. 8(g), and the end points of the
circular arcs are marked by crosses (X). The values
of the arc parameters and the estimated values are
tabulated in Table 2.

5.3. Real image

A real image, of size 261 X 300, containing two
keys is shown in Fig. 9(a). The edge points shown in
Fig. 9(b) are detected by the Sobel edge detector.
The selected threshold is 30% of the peak gradient
value. The detected circular arcs are plotted in Fig.
9(c). In application to real images, missed and dou-
bled segments may occur. To reduce these phenom-
ena, a smaller threshold value is selected and an
image ring with narrower width is cut down at Step
3 of the detection procedure. The smaller threshold

value permits more points to be selected as edge
points, the possibility of missing segments is re-
duced. The narrower ring width reduces the possibil-
ity of containing double segments in a ring.

6. Conclusion

The Hough transform is applied to detect the
existence of a circular arc and the contour it lies
upon. The length of the detected circular arc and the
location of the arc on its contour are estimated from
the near-peak Hough transform data. We have pre-
sented theoretical analysis and proposed a detection
procedure to make an accurate estimation of the arc
length and midpoint. Simulation results are presented
to demonstrate the applicability of the approach.

Appendix
A. Proof of Theorem 1

If we substitute —x for x in the definition of
M,,, we obtain

M, = Z Z(x_’—‘)(y_y)f(x, y)
=X X (—x=-X)(y=9)f(-x, ).

Since § is symmetric about the y-axis,

£=0 and f(~x, y) =f(%, ).
Substituting 0 for ¥ and f(x, y) for f(—x, y)in the
above equation, gives

M=) Zx(y_j’)f(x, )
= Z Z -x(y—jf)f(x, y) =—-M;;=0.

B. Proof of Theorem 2
The Hough transform data at r = r; can be writ-
ten as
h(x9 Y, rO)
=X Xa(¥—x,y -y, r)p(¥,y),
X oy
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where
1 if (x, y) is an edge point on the
p(x, y) = image plane,
0 otherwise.
1 if (x, y) is a point on the
q(x, y, ry) = digital curve x2 +y? =r2,

0 otherwise.

Substituting —x for x in the above equation, we
obtain

h( —-Xx ), rO)
=Y Y a(X+xy —y.r)p(x,y).
Xy

Substituting dummy variable —x" for x',
h( —X Y rO)
=Y Ya(—x"+x, ¥ =y, ro)p(—x", ¥)
2y
= ; Z’q(—(x" _x)’yl —y’ro)p( -x', y’)'
y

Assuming the center and midpoint of the arc lie on
the y-axis without loss of generality, then

P( X, y) =p(x, .Y)'

The digital curve x?+y?=r2 is symmetric about
the y-axis, that is

q(—x, y, 7o) =q(x, y, ro)-

Therefore,

h( - X, ¥, rO) '
= Z Zq(xn_x, yl_y, ro)p(xu’ yl)
xll yl

=h(x, y, ry).

C. Proof of Theorem 3

The Hough transform data, at the cross-section
r =r,, produced by an edge point S is shown in Fig.
10. Assume that the point T is the location of the
peak value, and the disk with center T and radius &
is the near-peak region. The arc PQ is the part of the
near-peak Hough transform data produced by the
point S and is symmetric about the line ST. The
angle ¢, which is half of the angle corresponding to

The disk

HT of S
Fig. 10. The circular Hough transform of an edge point.

the votes of S within the disk, can be computed from
ro and 8. The equation is given by

2r2 — 82
2r}

The centroid Cg of the arc PQ lies on the line
segment ST and the length of the line segment SCg
can be computed by

1 (e Cqy g DS

dg 29 _¢rooos¢ d¢'=r, e

Thus, the centroid of the near-peak Hough transform
data produced by any edge point on the circular arc
AB, shown in Fig. 11, must lie on the arc CD, whose
radius is r; — dg, and all of these centroids have the
same weight. Therefore, the centroid C,p of the
near-peak Hough transform data produced by the
circular arc AB lies on the line segment TE, where
the point E is the midpoint of the circular arc AB.
The length of the line segment TC, ,, which is the
distance between the centroid and peak position, is

sin ¢) sin ¢
¢ g’
where ¢ is half of the angle ATB.

d>=cos‘1(

sin
d=(r0—ds)——¢— =r0(1

The disk
Fig. 11. The centroid of the near-peak data.
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