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Closed-Form Design and Efficient Implementation of
Generalized Maximally Flat Half-Band FIR Filters

Soo0-Chang Pei and Peng-Hua Wang

Abstract—In this letter, a closed-form expression for the im- the direct formimpulse response by an example. The multipliers

pulse response of the generalized half-band (HB) maximally flat ysed are also fewer in the proposed structure.
(MF) FIR filters is obtained by solving the linear equations of the

MF conditions. Based on the resultant impulse responses, an effi-
cient implementation structure is derived. The dynamic range of Il. CLOSED-FORM IMPULSE RESPONSE OFGENERALIZED HB

the multipliers of the new structure is shown to be greatly reduced MF FIR HLTERS

in comparison to the one of the direct form impulse response. . .
P P P Suppose théVth order (V = 2M) generalized HB FIR filter

Index Terms—Half-band filter, maximal flatness. is characterized by the transfer function of

M
H(z) =h(L)z7"+ Y h(2m)z72" (1)
ALF-BAND (HB) filters are often used for decimation, m=0
interpolation, and multirate systems. Afth order linear ] ) )
phase FIR filter is called HB if its impulse response has t#here the odd integek is the symmetry center. The desired

. INTRODUCTION

following property frequency response is defined by
h(n)=0 n=L+2k andh(L)=c _ [t forw e,
Hy(w) = 0, forw € Q, )

where the desired group delaylis= N/2, andc is a constant.

In other words, one of the polyphase components of the HB FWwere(2,, andS2, denote the passband and the stopband, respec-
filter is just a delaycz—~. In [1], the definition of the HB FIR tively. The filter is said to be maximally flat if the frequency re-
filters is recently generalized. According to the generalized defponseH (¢/«) satisfies the following properties

inition, the desired group delak is not restricted to be a half

of the filter order, and the resulting HB filter can have nonsym-9* H(c’*) _ O"Hy(c™*) fork —0.1. .. P
metric impulse response (i.e., nonlinear phase response). k| ok | o’ B

In [2], the authors summarized the design methods of thed ®)
HB filters and the Hilbert transformers with linear phase. AN
closed-form design of the nonlinear phase HB_ maximally ﬂatakH(Cjw) O Hy(e?*)
(MF) FIR filters was recently proposed in [3] using the Cheby- —-5— = ok , fork=0,1,...,Q
shev polynomial. Although the final impulse response was not W= W= @)

expressed for direct form structure, the transfer function repignere P and @ represent the degree of flatness.at= 0 and
sented as the Bernstein polynomial form was analytically ob- — - respectively. Since the desired HB frequency response
tained. In [4], a closed-form expression for the transfer functiqg symmetric about = /2, P is assigned to be equal @in

of linear phase HB MF FIR filter was derived. Two implemengp;g paper.

tations were presented. Itis interesting that one of the two strucgypstituting (1) and (2) for (3) and (4) and simplifying the
tures needs no multipliers. Thatis, a multiplierless structure fggations, we obtain the following equations:

the linear phase MF HB FIR filter was obtained in [4].

In this letter, a new closed-form expression for the impulse M
response of the generalized HB MF FIR filters is proposed. The WI)LE+ ) h(2m)(2m)* = L¥ (5)
impulse response is solved directly from the linear equations m=0

of the MF conditions. An efficient new implementation struc-
ture is derived based on the resultant impulse responses. ?Hg

dynamic range of the multipliers of the new structure is shown M
to be greatly reduced in comparison with the dynamic range of h(L)L* — Z h(2m)(2m)* =0 (6)
m=0
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Fig. 3. Efficient implementation structure for tiéth-order generalized MF
HB FIR filter, whereM = N/2, andL is the desired group delay.

+ S S L
(@) (b) _ . .
ture can be derived. Sinég L) = 1/2, the transfer function ex-

Fig. 1. Design of the tenth-order maximally flat HB FIR filter with the desiredpressed by (1) can be written as
group delayL = 3. (a) Impulse response. (b) Magnitude response.

1
H(z) = (" + E(2)) (11)
where
it g E(z) =Y h(m)z="
Y ! m=0
A andh(m) = 2h(2m).
" ' TN eadorie ¢ If we expressE(z) in the following form:
@) (b)
M
Fig. 2. Design of the tenth-order maximally flat HB FIR filter with the desired E(») = Z b(n) (2*2 —-1n"
group delay. = 5. (a) Impulse response. (b) Magnitude response. ot
and (5) and (6) are reduced as form =0,1,..., M. Itis easy to show that
M . Mo m
> hem)(zm) = 3¢ ®) b(n) = 3 h(m) (). (12)
m=0 m=n

for k = 0,1,...,P. Since (8) is a Vandermonde system [5], iSubstitutingh(m) for (13), the weighting coefficienk(n) is
is of full rank. We conclude that the quantities Bf 2, andA/  simplified as
are related as L

m(L)2— 4

n!

P=0Q=M. 9)

Equation (8) can be solved analytically by carrying out th®f » = 1,2,..., M andb(0) = 1. Based on the property that
Cramer’s rule [6]. The resultant closed-form impulse respongé&) can be expressed by the following cumulative product:

are obtained and expressed by ) = L L-2 L-2n+2
(=1 TTito (i — L/2)
(2m — L)m!(M — m)!

2 4

h(2m) = (10)

then we can derive an efficient implementation structure as
shown in Fig. 3.

form =0,1,.... M. The main advantage of the new structure is that the dynamic

Fig. 1(a) and (b) shows the impulse responses and the maggjige of the weighting coefficients is greatly reduced. For ex-

tude_response of the ter_wth—order MF HB FIR filter with= 3. ample, according to (10), the impulse response of the tenth-
The impulse response is not symmetric and consequently, f}er ME HB FIR filter with L, = 3 is

filter does not have linear phase response. Fig. 2(a) and (b)
shows the impulse responses and the magnitude response of the {=7/512,0,105/512,1/2,105/256,0,
tenth-order MF HB FIR filter withl, = 5. The impulse response — 35/256,0,21/512,0, —3/512}

is symmetric about the desired group delay= 5. Thus, the T T :

phase response of the designed filter is linear. where the ratio of the largest amplitudes of coefficients to the

least one i§1/2)/(3/512) = 85. If the filter is implemented by
I1l. EFFICIENT IMPLEMENTATION OF GENERALIZED HB MF 5 FIR lattice structure, the reflection coefficients are

FIR ALTERS
Although the filter can be implemented in direct form with {0.6565, 0.6906, 1.1565, —0.2667, 6.0000, 1.0000,
the impulse response solved in Section II, a new efficient struc- —1.1538,4.2000, 0, 0.4286 }
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where the ratio of the largest amplitudes of coefficients to the new efficient implementation structure is obtained based on
least one i$5/0.2667 ~ 22.5. However, the weighting coeffi- the derived impulse response. The dynamic range of the multi-
cients of the proposed structure are pliers of the new structure can be greatly reduced in comparison

to the one of the direct form impulse response.
{1,3/2,1/4,-1/6,-3/8,—1/2}
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