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In the literature, performance analyses of numerous single server queues are done by ana-
lyzing the embedded Markov renewal processes at departures. In this paper, we characterize
the departure processes for a large class of such queueing systems. Results obtained include
the Laplace–Stieltjes transform (LST) of the stationary distribution function of interdepar-
ture times and recursive formula for {cn ≡ the covariance between interdeparture times
of lag n}. Departure processes of queues are difficult to characterize and for queues other
than M/G/1 this is the first time that {cn} can be computed through an explicit recursive
formula. With this formula, we can calculate {cn} very quickly, which provides deeper
insight into the correlation structure of the departure process compared to the previous re-
search. Numerical examples show that increasing server irregularity (i.e., the randomness of
the service time distribution) destroys the short-range dependence of interdeparture times,
while increasing system load strengthens both the short-range and the long-range dependence
of interdeparture times. These findings show that the correlation structure of the departure
process is greatly affected by server regularity and system load. Our results can also be
applied to the performance analysis of a series of queues. We give an application to the
performance analysis of a series of queues, and the results appear to be accurate.
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1. Introduction

As the technology for modern communication develops, different networks are
integrated or connected together to improve performance. Hence, a communication
connection may consist of many communication links connecting intermediate nodes.
Thus, the conventional single stage queueing model is no longer sufficient to analyze
the performance of such communication connections. Instead, we need to model the
connection as a series of queues. This makes the departure process analysis an impor-
tant issue, since the departure process of a node is the arrival process of some other
node in the next stage. But departure process characterization of a queueing system
has been difficult unless the queue has very special structure.

 J.C. Baltzer AG, Science Publishers



382 P.-C. Yeh, J.-F. Chang / Characterizing the departure process of a single server queue

Define tn as the interdeparture time between the nth and (n + 1)st departures,
and Xn as the number of customers left behind in the system at the nth departure.
The departure process is defined as the set {tn}, n = 0, 1, . . . , [8]. In the literature,
performance analyses of numerous single server queueing systems have been done
by analyzing their embedded Markov renewal processes at departures. Many of these
queues are of the M/G/1 type, a large class of queues introduced by Neuts [11], which
contains many well-known models such as M/G/1, PH/G/1, M/SM/1, N/G/1, and
etc. (Notice that M/G/1 queues is not equivalent to queues of M/G/1 type, the for-
mer is only a very small subclass of the latter.) In this paper, we characterize the
departure process for this large class of single server queueing models. For most
cases, the departure process is not renewal [1]). Thus, the distribution function and
the correlation structure of interdeparture times are both needed to characterize the
departure processes. The Laplace–Stieltjes transform (LST) of the stationary distrib-
ution function of interdeparture times and recursive formula for {cn ≡ Cov(t0, tn)}
are both derived in this paper. We wish to emphasize that for queues other than
M/G/1 queues, this is the first time that {cn} can be computed through an explicit
recursive formula. (The expression of {cn} of M/G/1 queues has been derived by
King [8].)

Over the past years, the departure process of queues receiving renewal arrival
process has been extensively analyzed in many papers, such as [2,3,5,7,8,12], etc.
Saito [13] analyzed the departure process of an N/G/1 queue, which was the pioneer
work in understanding the departure process of a queue receiving nonrenewal arrival
process. Conventionally, the correlation structure of a departure process is studied by
deriving the generating function of the sequence {cn}. Saito [13] derived the generating
function for an N/D/1 queue, and this methodology can be generalized to other queues
of M/G/1 type. However, the generating function is not in explicit form except for
a few cases, which makes it very complicated to calculate {cn}. Thus, we can only
observe the summing-up behavior of {cn} through the generating function. In our
paper, the recursive formula of {cn} is derived, which enables us to calculate {cn}
very quickly. Thus, we can have a much clearer understanding of the correlation
structure of the departure process.

Through numerical examples we observe that increasing server irregularity (i.e.,
the randomness of the service time distribution) destroys the short-range dependence of
interdeparture times, while increasing system load strengthens both the short-range and
the long-range dependence of interdeparture times. These findings conclude that server
regularity and system load affect the correlation structure of the departure process to
a great extent.

The rest of the paper is organized as follows. In section 2, the mathematical
model is described. In section 3, we characterize the departure process by deriving
the LST of the stationary distribution function of interdeparture times and recursive
formula of {cn}. In section 4, using numerical experiments, we examine the correla-
tion structure of the departure processes of various MMPP/G/1 queues (MMPP, the
Markov-modulated Poisson process, see [6]). We also give an application of our work
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to the performance analysis of a series of queues. Finally, conclusions are given in
section 5.

2. Model definition

In this paper, we are concerned with single server queues of M/G/1 type. Queues
of M/G/1 type were first introduced by Neuts [11] as an extension of M/G/1 queues
to contain many well-known, complicated models such as MMPP/G/1, PH/G/1,
M/SM/1, N/G/1, etc. Thus, we shall start the model description from the M/G/1
queue. Consider an M/G/1 queue with a service time distribution function H̃(x).
Define Xn as the number of customers left behind in the system at the nth departure
and tn as the interdeparture time between the nth and (n+ 1)st departures. According
to Neuts [11], {Xn, tn} forms a Markov renewal sequence on the 2-dimensional state
space {i > 0} × {0,∞}, where i ∈ Z. The transition probability matrix Q̃(x) with
elements

Q̃ij(x) = P{Xn = j, tn 6 x | Xn−1 = i}, (1)

for i > 0, j > 0, x > 0, is given by Neuts [11]

Q̃(x) =


b̃0(x) b̃1(x) b̃2(x) b̃3(x) b̃4(x) . . .

ã0(x) ã1(x) ã2(x) ã3(x) ã4(x) . . .

0 ã0(x) ã1(x) ã2(x) ã3(x) . . .

0 0 ã0(x) ã1(x) ã2(x) . . .
...

...
...

...
...

. . .

 , (2)

where

ãv(x) =

∫ x

0
e−λu

(λu)v

v!
dH̃(u), (3)

b̃v(x) =

∫ x

0
λ e−λuãv(x− u) du =

∫ x

0

[
1− e−λ(x−u)]dãv(u). (4)

Now, we consider more complicated models in [11], such as MMPP/G/1 or
M/SM/1. For these models, since {Xn, tn} no longer forms a Markov renewal se-
quence, a new concept of “phase” is employed in the treatment of these queues. For
instance, the phase of an MMPP/G/1 queue is the state of the arrival process during
the time that the phase of an M/SM/1 queue is the state of the server (see Neuts [11]).
Let the phase of the queue at the nth departure be denoted by Jn. For these com-
plicated models, {Xn,Jn, tn} forms a Markov renewal sequence in the 3-dimensional
state space {(i, j), i, j > 0} × {0,∞}, where i, j ∈ Z, and the transition probability
matrix Q̃(x) has the following form:
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Q̃(x) =


B̃0(x) B̃1(x) B̃2(x) B̃3(x) B̃4(x) . . .

C̃0(x) Ã1(x) Ã2(x) Ã3(x) Ã4(x) . . .

0 Ã0(x) Ã1(x) Ã2(x) Ã3(x) . . .

0 0 Ã0(x) Ã1(x) Ã2(x) . . .
...

...
...

...
...

. . .

 , x > 0. (5)

Notice that (5) is very similar to (2), except that B̃0(x), C̃0(x), {Ãv(x), v > 0},
{B̃v(x), v > 1} are matrices while ãv(x) and b̃v(x) are scalar functions. This is because
the state space of {Xn,Jn, tn} has one more dimension than {Xn, tn}. Such queues are
said to be of M/G/1 type, which is self-explanatory from the similarity between (5)
and (2). To analyze these models, Neuts used a technique called “matrix–geometric
method”, which was developed from the technique of M/G/1 queue analysis. We note
that queues of M/G/1 type include multi-server queues, although only single server
queues are considered in this paper.

Consider a single server queue of M/G/1 type, for which the state space of
(Xn,Jn) consists of the states (0, 1), . . . , (0, k) and the lattice points (i, j), i > 1,
1 6 j 6 m, where k and m are fixed positive integers. According to Neut’s original
definition of M/G/1 type, k is permitted to be different from m to allow queueing
systems such as vacation models to work differently when they become empty. If
the arrivals are generated by one MMPP, then k = m = the number of states of
the MMPP. The partition of the submatrices in matrix Q̃(x) is done according to the
number of customers in the system. (Row i of Q̃(x) in (5) corresponds to the transition
probabilities of the case given that the previous departure left (i−1) customers behind
in the system.) The structure of Q̃(x) implies that there is one and only one customer
leaving at each departure exactly like the M/G/1 queue. The dimensions of B̃0(x),
C̃0(x), {Ãv(x), v > 0}, and {B̃v(x), v > 1} are k × k, m× k, m×m, and k ×m,
respectively. The fact that k and m can be different, explains the existence of C̃0(x).
(Note that there is no c̃0(x) in (2).) From the similarity between (2) and (5), we obtain
a useful interpretation of matrices B̃v(x) as follows:[
B̃v(x)

]
ij

= Pr
{

given a departure at time 0 (which left behind an empty system and
the queue in phase i), the next departure occurs no later than time x
with the queue in phase j, which leaves v customers behind in the
system

}
. (6)

Matrices Ãv(x), C̃0(x) can be interpreted similarly. With these interpretations, we have[
Ãv(x)

]
ij

=

{
Pr{Xn+1 −Xn = − 1, Jn+1 = j, tn6x | Xn> 2, Jn = i}, for v= 0,
Pr{Xn+1−Xn = v− 1, Jn+1 = j, tn6x | Xn> 1, Jn = i}, for v> 1,

(7)[
B̃v(x)

]
ij

= Pr{Xn+1 = v, Jn+1 = j, tn 6 x | Xn = 0, Jn = i}, for v> 0,[
C̃0(x)

]
ij

= Pr{Xn+1 = 0, Jn+1 = j, tn 6 x | Xn = 1, Jn = i}.



P.-C. Yeh, J.-F. Chang / Characterizing the departure process of a single server queue 385

We note that these matrices are homogeneous in n. Now define the following transform
matrices:

Av(s) =

∫ ∞
0

e−sx dÃv(x), Bv(s) =

∫ ∞
0

e−sx dB̃v(x),

C0(s) =

∫ ∞
0

e−sx dC̃0(x),

Ã(x) =
∞∑
v=0

Ãv(x), A(s) =

∫ ∞
0

e−sx dÃ(x) =
∞∑
v=0

Av(s),

B̃(x) =
∞∑
v=1

B̃v(x), B(s) =

∫ ∞
0

e−sx dB̃(x) =
∞∑
v=1

Bv(s).

(8)

These matrices appear frequently in the analysis following. We note that when the
successive service times are independent, identically distributed nonnegative random
variables with the common probability distribution function H̃(x) and LST H(s), a
very useful result can be obtained,

A(s)e = H(s)e, (9)

where e denotes the vector (1, 1, . . . , 1)T.
Finally, we introduce the stationary density of the number of customers in the

system immediately after a departure. Write x = (x0,x1, . . .) where x0 = (x0 1,x0 2,
. . . ,x0 k), and xi = (xi 1,xi 2, . . . ,xim), i > 1, with

xij = Pr{the departure leaving the system behind with i customers and the phase

of the queue = j}. (10)

Vector x is also the invariant vector of matrix Q̃(∞). Readers can refer to [9–11] for
the computation of xi’s. We shall view them as known results in the later sections.

3. Characterizing the departure process

3.1. Stationary distribution of interdeparture times

Let D̃n(x) denote the stationary distribution function of the sum of n-consecutive
interdeparture times, and Dn(s) denote its LST. In this section, we focus on D̃1(x).
Starting from this definition and (7), (10), we have

D̃1(x) = Pr{t0 6 x}

=x0

{
B̃0(x)e+

∞∑
v=1

B̃v(x)e

}
+ x1

{
C̃0(x)e+

∞∑
v=1

Ãv(x)e

}

+

{ ∞∑
i=2

xi

} ∞∑
v=0

Ãv(x)e
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=x0
{
B̃0(x)e+ B̃(x)e

}
+ x1

{
C̃0(x)e+

[
Ã(x)− Ã0(x)

]
e
}

+

{ ∞∑
i=2

xi

}
Ã(x)e. (11)

The derivation in (11) can be explained as follows. According to the Bayes’ theorem
(see [1]), Pr{t0 6 x} equals the sum of Pr{X0 = i, t0 6 x} over i. In the second
line of (11), the first term associated with x0 accounts for Pr{X0 = 0, t0 6 x},
while the term associated with xi accounts for Pr{X0 = i, t0 6 x}. To see this,
we initially focus on the first row of Q̃(x), i.e., B̃v(x), v = 0, 1, 2, . . . . According
to (7), it is obvious that [B̃v(x)]ij , the entry of B̃v(x), is in fact the joint distribution
function of (X1 = v, J1 = j, t0 6 x | X0 = 0, J0 = i). Since we are only concerned
with the marginal distribution function of (t0 | X0 = 0, J0 = i), we have to sum up
[B̃v(x)]ij over J1 and X1. Multiplying B̃v(x) by e (to sum over J1) and summing
over v (namely, X1), we obtain the distribution function of (t0 | X0 = 0, J0 = i):
{B̃0(x)e+B̃(x)e}. Multiplying by x0 = (x0 1,x0 2, . . . ,x0 k), where x0 i = Pr(X0 = 0,
J0 = i) from (10), we see that the first term of the third line in (11) is exactly
Pr{X0 = 0, t0 6 x}. The remaining terms can be obtained in a similar manner. The
LST of D̃1(x) can be obtained as follows:

D1(s) =x0
{
B0(s)e+B(s)e

}
+ x1

{
C0(s)e+

[
A(s)−A0(s)

]
e
}

+

{ ∞∑
i=2

xi

}
A(s)e. (12)

Note that when the successive service times are independent, identically distributed
nonnegative random variables with the common probability distribution function H̃(x)
and LST H(s), we can substitute (9) into (12) to obtain

D1(s) = x0
{
B0(s)e+B(s)e

}
+ x1

{
C0(s)e−A0(s)e

}
+ (1− x0e)H(s). (13)

3.2. Recursive formula for the covariances of interdeparture times

In this section, we derive the recursive formula for {cn}. Let σ2
n denote the

variance of the distribution D̃n(x), i.e., D′′n(0) − [D′n(0)]2. The overall methodology
is to derive the recursive formula of {σ2

n} first, and then obtain {cn} from {σ2
n}

next.
We first define the column vector function Ũ (q, r,x), which is essential for de-

riving {σ2
n}. The ith element of Ũ (q, r,x) is defined as follows:[

Ũ (q, r,x)
]
i

= Pr{t0 + t1 + · · ·+ tr−1 6 x | X0 = q, J0 = i}, (14)

where q, r ∈ Z, q > 0, r > 1 and x ∈ R, x > 0. We further define the following
vectors:
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U (q, r, s) =

∫ ∞
0

e−sx dŨ (q, r,x),

(15)

U ′q,r =
∂

∂s
U (q, r, s)

∣∣∣∣
s=0

, U ′′q,r =
∂2

∂s2 U (q, r, s)

∣∣∣∣
s=0

.

Dimensions of Ũ (q, r,x) and U (q, r, s) are k × 1 when q = 0, and m× 1 otherwise.
Note that for all q, r, U (q, r, 0) = Ũ (q, r,∞) = e.

Now we derive U (q, r, s) for all q, r ∈ Z, q > 0, r > 1. From (7), (14), and
(15), it is easy to obtain

(a) when q > r,

U (q, r, s) = U (r + 1, r, s) =

{ ∞∑
v=0

Av(s)

}r
e =

{
A(s)

}r
e, (16)

(b) when q 6 r,

U (1, 1, s) =C0(s)e+
∞∑
v=1

Av(s)e = C0(s)e+
[
A(s)−A0(s)

]
e, (17)

U (0, 1, s) =
∞∑
v=0

Bv(s)e = B0(s)e+B(s)e, (18)

U (0, r, s) =
∞∑
v=0

Bv(s)U (v, r− 1, s)

=
r−1∑
v=0

Bv(s)U (v, r − 1, s)

+

[
B(s)−

r−1∑
v=1

Bv(s)

]{
A(s)

}r−1
e, for r > 1, (19)

U (1, r, s) =C0(s)U (0, r − 1, s) +
∞∑
v=1

Av(s)U (v, r − 1, s)

=C0(s)U (0, r − 1, s) +
r−1∑
v=1

Av(s)U (v, r − 1, s)

+

[
A(s)−

r−1∑
v=0

Av(s)

]{
A(s)

}r−1
e, for r > 1, (20)

U (r, r, s) =A0(s)U (r − 1, r − 1, s) +
∞∑
v=1

Av(s)U (r + v − 1, r − 1, s)

=A0(s)U (r − 1, r − 1, s) +
[
A(s)−A0(s)

]{
A(s)

}r−1
e, for r > 1, (21)
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U (q, r, s) =
∞∑
v=0

Av(s)U (q + v − 1, r − 1, s)

=

r−q∑
v=0

Av(s)U (q + v − 1, r − 1, s)

+

[
A(s)−

r−q∑
v=0

Av(s)

]{
A(s)

}r−1
e, for q, r > 1. (22)

Let us make a few remarks to help understand (16)–(22). First, notice that there are
two types of interdeparture times, one is a pure service time while the other is an idle
period plus a service time. The influence of q (the number of customers left behind
in the system by the previous departure) on Ũ (q, r,x) and U (q, r, s) is the probability
of the occurrences of idle periods during the next r-consecutive interdeparture times.
When q > r, it is impossible for any idle period to occur during the next r-consecutive
interdeparture times, thus U (q, r, s) = U (r + 1, r, s) in (16). Equations (16)–(22) can
be understood in a way similar to the derivation of D̃1(x) in section 3.1. For r = 1
and q = 0 or 1, we choose row (q+ 1) of Q̃(x) in (5) to work with. Multiplying by e
and summing over v, we obtain (17) and (18), the LST of the marginal distribution of
(t0 6 x | X0 = q, J0 = i}. For r > 2, we either obtain U (q, r, s) directly as in (16)
or relate it of U (q, r′, s) of r′ < r as in (19)–(22). Hence, U (q, r, s) can be computed
through (16)–(22) recursively. Furthermore, the recursive formulae of U ′q,r and U ′′q,r
can be obtained easily from (16)–(22).

By (10) and (14), it is simple to see

Dn(s) =
n∑
i=0

xiU (i,n, s) +

{ ∞∑
i=n+1

xi

}
U (n+ 1,n, s). (23)

Thus, we have

D′n(0) =
n∑
i=0

xiU
′
i,n +

{ ∞∑
i=n+1

xi

}
U ′n+1,n, (24)

D′′n(0) =
n∑
i=0

xiU
′′
i,n +

{ ∞∑
i=n+1

xi

}
U ′′n+1,n, (25)

σ2
n =D′′n(0) −

[
D′n(0)

]2
. (26)

Also since

σ2
n+1 = Var(t0 + t1 + · · · + tn) = (n+ 1)σ2

1 + 2
n∑
i=1

(n+ 1− i)ci, (27)



P.-C. Yeh, J.-F. Chang / Characterizing the departure process of a single server queue 389

we have

cn =
1
2

{
σ2
n+1 − (n+ 1)σ2

1 − 2
n−1∑
i=1

(n+ 1− i)ci

}
. (28)

Hence, the methodology to calculate cn, n = 1, 2, . . . , l, is:

1. Compute the vectors U ′q,r, U
′′
q,r for q = 0, 1, . . . , r + 1 and r = 1, 2, . . . , l + 1.

2. Obtain σ2
n through (24)–(26) for n = 1, 2, . . . , l + 1.

3. Calculate cn recursively by (28) for n = 1, 2, . . . , l.

Proceeding in this manner, we can calculate {cn} very quickly. In figure 1, the com-
putation time (expressed in seconds) of {cn} on an ordinary PC with Pentium II CPU
(233 MHz) vs. lag n is plotted in logarithmic scale. We see that {cn} can be obtained
in only a few seconds when n is small, and the computation time tends to be O(n2.5)
as n increases. This shows the efficiency of our algorithm. In fact, for Markovian
models considered in this paper, cn tends to approach zero as n increases. This is seen
in the numerical examples we provide in section 4.1. Furthermore, the most practical
usage of cn is “moment matching”, which is introduced in section 4.2. For moment
matching, only a few cn’s are needed. Thus, computation of cn for large n is rarely
needed. Finally, we note that γn, the correlation coefficient between interdeparture
times of lag n, can be obtained easily by cn/σ2

1 .

Figure 1. Computation time of cn vs. lag n of an MMPP/D/1 queue in logarithmic scale. The service
time = 1, and the MMPP is parameterized by λ1 = 1.0, λ2 = 0.3, σ1 = σ2 = 0.1.
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4. Numerical examples and discussions

4.1. Departure processes of various MMPP/G/1 queues

In this section, we examine the correlation structure of the departure processes
of various MMPP/G/1 queues [6] through numerical experiments. In all of these
experiments, the arrival process is the same 2-state MMPP parameterized by

Q =

[
−0.1 0.1
0.1 −0.1

]
, Λ =

[
1.0 0
0 0.3

]
. (29)

In the first experiment, we let the service time distribution be the determinis-
tic (D), Erlang type 4 (E4), exponential (Exp), and hyperexponential (H2) distribu-
tion with the same service rate 1.0. Note that these are distributions of increasing
randomness (here we define randomness as the squared coefficient of variation, i.e.,
variance/mean2). In the second experiment, we let the service time distribution be de-
terministic with service rates 1.25, 1.0, and 0.8, while the corresponding system loads
are respectively 0.52, 0.65, and 0.81. In the third experiment, we let the service time
distribution be exponential with service rates 1.25, 1.0, and 0.8, while the correspond-
ing system loads are respectively 0.52, 0.65, and 0.81. The correlation coefficient
between interdeparture (interarrival) times of lag n vs. lag n of these experiments are
plotted in figures 2–4, respectively. For convenience of observation, these point plots
are connected by curves.

From figure 2, we observe that as the server irregularity (i.e., the randomness of
service time distribution) increases, the dependence of interdeparture times decreases,
and the decreasing effect is especially obvious for the short-range dependence. This
is reasonable since, for a queue of irregular server, the similarity of the consecutive

Figure 2. Correlation coefficient between interdeparture (interarrival) times of lag n vs. lag n of
MMPP/G/1 queues with deterministic, Erlang type 4, exponential, and hyperexponential service time

distributions of mean 1.0. The MMPP is parameterized by λ1 = 1.0, λ2 = 0.3, σ1 = σ2 = 0.1.
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Figure 3. Correlation coefficient between interdeparture (interarrival) times of lag n vs. lag n of
MMPP/D/1 queues with service rates 1.25, 1.0, and 0.8. The MMPP is parameterized by λ1 = 1.0,

λ2 = 0.3, σ1 = σ2 = 0.1.

Figure 4. Correlation coefficient between interdeparture (interarrival) times of lag n vs. lag n of
MMPP/M/1 queues with service rates 1.25, 1.0, and 0.8. The MMPP is parameterized by λ1 = 1.0,

λ2 = 0.3, σ1 = σ2 = 0.1.

interdeparture times is destroyed by the randomness of the service time distribution,
thus the short-range dependence of interdeparture time is much smaller compared to
that of regular server. Also since the similarity between interdeparture times of large
lag n is small whether the server is regular or not, the decreasing effect of long-range
dependence is not as obvious as the short-range dependence.

From figure 3, we observe that for the queue of a regular server (deterministic),
the short-range and the long-range dependence of interdeparture times both increase as
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the system load increases. We note that an interdeparture time of a single server queue
is either a pure service time or an idle period plus a service time. As the queue size
increases with the system load, there are more interdeparture times of a pure service
time type. Thus the similarity of interdeparture times is increased, which also increases
the dependence of interdeparture times.

From figure 4, we observe that for the queue of an irregular server (exponen-
tial), as the service rate decreases, the short-range dependence of interdeparture times
decreases, while the long-range dependence increases. This is, in fact, the compound
result of previous experiments. As the service rate decreases, the server irregularity
(i.e., the randomness of the service time distribution) increases, thus the short-range
dependence decreases. On the other hand, the system load increases as the service rate
decreases, thus the long-range dependence increases.

The phenomenon that cn approaches zero as n grows is widely seen in figures 2–4.

4.2. Performance analysis of a series of queues

In this section, we provide an application of our work to the performance analysis
of a series of queues.

4.2.1. A series of queues without cross traffic flows
We first consider the two-node tandem configuration shown in figure 5. The input

of node 1 is a 2-state MMPP, and the servers of both nodes are GI servers. Notice that
node 1 is simply an MMPP/G/1 queue, and the nodal performance can be obtained as
in [6]. Whereas in node 2, the input process is not a specified, well-defined process,
and thus the nodal performance is difficult to obtain. To overcome the problem, we
apply the work developed above in section 3 to obtain the mean, variance, c1, and c2

of the departure process from node 1. Then we approximate the departure process by
an MMPP, parameterized with its interarrival times statistics matched to the statistics
obtained previously. (The parameters of the MMPP can be obtained using ordinary
numerical methods for nonlinear equations.) The method is called moment matching.
Node 2 thus becomes another MMPP/G/1 queue, and the nodal performance can be
obtained easily. Tandem configuration of more than two nodes can be analyzed by
iteratively applying this methodology.

We use an example to demonstrate the methodology. First, we parameterize
MMPP1 in figure 5 by

Q1 =

[
−0.01 0.01
0.02 −0.02

]
, Λ1 =

[
0.05 0

0 0.1

]
, (30)

Figure 5. Two-node tandem configuration without cross traffic.
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and suppose that both servers are deterministic with rates of 1.0 and 0.25, respectively.
Examine the delay of MMPP1 passing through each node. The nodal delay of node 1
is easy to obtain via the MMPP/D/1 analysis of Fischer and Meier-Hellstern [6]. For
node 2, we apply the moment matching method to obtain MMPP2, parameterized by

Q2 =

[
−0.00847 0.00847

0.0175 −0.0175

]
, Λ2 =

[
0.0507 0

0 0.997

]
. (31)

The covariance between interarrival times of lag n of MMPP2 and cn of the departure
process from node 1 are both plotted versus n in figure 6, where the two curves nearly
overlap. This implies that the correlation structure of MMPP2 is almost the same as
the departure process of node 1, which supports the accuracy of the moment matching
method.

Approximating the departure process of node 1 by MMPP2, we can obtain the
nodal delay of node 2 and thus obtain the end-to-end delay. Results are listed in table 1,
indicating that the accuracy is good.

Figure 6. cn of the departure process from node 1 and the lag n covariance of interarrival times of the
matched MMPP vs. lag n.

Table 1
Mean delay analysis of the two-node tandem configuration without cross

traffic.

Node 1 Node 2 Total

Simulation 1.0411 ± 0.0003 4.8533 ± 0.0081 5.8944 ± 0.0082
Analysis 1.0408 4.8847 5.9256
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Figure 7. Two-node tandem configuration with cross traffic.

Table 2
Mean delay analysis of the two-node tandem configuration with cross traffic.

Node 1 Node 2 Total

Simulation 1.1946 ± 0.0012 2.2479 ± 0.1101 3.4425 ± 0.1108
Analysis 1.1952 2.3080 3.5032

4.2.2. A series of queues with cross traffic flows
Now we consider the two-node tandem configuration in figure 7. The tagged

traffic and cross traffic are all 2-state MMPPs. We are here concerned with the per-
formance of the tagged traffic passing through each node. The existence of the cross
traffic makes the departure process from node 1 very difficult to characterize, not to
mention the difficulty of performance analysis for node 2. Ferng and Chang [4] pro-
posed a scheme, which enables us to eliminate the cross traffic by replacing the server
by an equivalent effective server. Thus, the whole configuration can be approximated
by another two-node tandem configuration without cross traffic. The performance can
then be obtained by the methodology outlined in section 4.2.1. As an example, we let
the tagged traffic be the MMPP1 parameterized by (30). The servers of both nodes
remain deterministic with the same service rate 1.0. The cross traffic flows of node 1
and 2 are parameterized by

Q =

[
−0.1 0.1
0.1 −0.1

]
, Λ =

[
4r/3 0

0 2r/3

]
, (32)

where r = 0.2 at node 1 and 0.6 at node 2. The nodal and end-to-end delays are listed
in table 2, and the accuracy is again good.

5. Conclusions

In this paper, we have characterized the departure process of a single server
queue from its embedded Markov renewal process at departures. The LST of the sta-
tionary distribution function of interdeparture times and an efficient recursive formula
for covariance between interdeparture times of lag n were both obtained. The latter
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formula enables us to have a much deeper insight to the correlation structure of de-
parture processes compared to previous research. Numerical experiments showed that
the server irregularity and the system load both dominate the correlation structure of a
departure process. The former destroys the short-range dependence of interdeparture
times, while the latter strengthens both the short-range and the long-range dependence
of interdeparture times. Finally, we gave an application of our work to the performance
analysis of a series of queues and the results appeared to be accurate.
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