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Abstract—An improved finite-difference frequency-domain
method based on Taylor series expansion, local coordinate trans-
formation, and boundary condition matching is developed for
analyzing the band diagrams of 2-D photonic crystals. This newly
proposed scheme can deal with piecewise homogeneous structures
with curved dielectric interfaces. It also shows much better per-
formance in modeling structures of highly index contrast ratio.
We have verified this improved scheme with frequently-used
plane-wave expansion method through the calculation of the band
diagrams of a 2-D photonic crystal with square lattice. We also
compare the scheme with the staircase approximation. We further
improve the convergence behavior by adopting high-order terms.
The result of this adopting is also demonstrated.

Index Terms—Electromagnetic propagation, finite-difference
methods, frequency-domain analysis, photonic crystals, step-index
waveguides.

I. INTRODUCTION

I N THE LAST two decades a new frontier in materials sug-
gests that we might be able to tailor the properties of light

propagation just as we do in semiconductor devices. The key
of achieving this goal lies in the use of a new class of material
called photonic crystals. These new categories of materials are
characterized by their photonic band gaps in which waves are
forbidden to propagate for some frequencies due to the period-
icity in the structures [1]–[7]. We may design various devices
based on this characteristic by properly introducing defects be-
tween the periodic structures. Thus, the calculation of the band
diagram is fundamental for analyzing the photonic crystals and
the design of devices.

Many numerical methods have been proposed for the calcu-
lation of the band structures of photonic crystals. Among these
the most commonly used methods are the plane-wave expansion
method [3]–[5] and the finite-difference time-domain (FDTD)
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method [6], [7]. In the plane-wave expansion method, the fre-
quencies (eigenvalues) and its corresponding fields (eigenvec-
tors) can be obtained via an iterative process, but the resultant
matrix is a large and dense one. Furthermore, it shows slow
convergence due to the abrupt discontinuities of fields or field
derivatives. In the FDTD method, the resonant modes in the
bands are obtained from the frequency analysis by imposing pe-
riodic boundary condition in a unit cell. However, the resonant
frequencies may be missed if the excitation or monitor is not
properly placed. In addition, it has limitation in resolving degen-
erate modes. Aside from the plane-wave expansion method and
FDTD method, finite-difference frequency-domain approaches
for analyzing the band structures of 2-D photonic crystals have
also been proposed due to its sparsity and efficiency. Yang [8]
proposed a finite-difference frequency-domain scheme based on
directly discretizing the Helmholtz’s equation in the homoge-
neous mesh region and matching the field at the central grid
point. Shen et al. [9] derived another finite-difference scheme
with the effective medium technique. Both methods are suitable
only for irregular structures with interfaces parallel to the axes
but not for those with curved shapes.

As for the curved dielectric interface in the structures, con-
ventional finite-difference methods generally adopt either the
staircase index [10], [11], the graded-index [12], or the average
index [13] approximation. These approximations may be good
enough for the weakly guiding structures, but not for the
strongly guiding ones which are common in photonic crystal
structures. Some improved finite-difference schemes [14]–[16]
have been proposed to deal with the step-index interface in
one-dimensional problems, but these methods fail to deal
with 2-D curved dielectric interface such as linear slanted or
curved interfaces commonly found in photonic crystals. Some
finite-difference schemes have been proposed for the slanted
step-index interfaces [17], but they still require index-average
assumption or interpolation in geometry in those schemes. In
[18], we have proposed a new finite-difference scheme that
can successfully deal with 2-D curved step-index interfaces for
optical waveguides. However, the proposed method is based
on the transverse fields and is only suitable for out-of-plane
propagation. To make the formulas complete, those for in-plane
propagation are needed as well. In this paper, an improved
finite-difference scheme for in-plane propagation is derived
to analyze the band structures of 2-D photonic crystals with
curved step-index interfaces. Since we adopted a rigorous field
expansion technique in our derivation, the only error of our
formulas comes from the truncation of the higher-order terms.
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Fig. 1. Cross section of general finite-difference mesh with a curved interface.

Thus, it is easy to derive the high-order formulas following the
same processes.

The detailed derivation of our formulas is given in Section II.
Some numerical results are presented in Section III including
the comparison of our method with others. A simple conclusion
is drawn in Section IV.

II. FORMULATION

The cross section under consideration is shown in Fig. 1. We
will derive a general relation between the field at the
sampled point and the fields at the nearby points with a
curved interface in-between. The quantity denotes for
modes or for modes at the sampled point. We define
a local cylindrical coordinate system originating at by the
normal vector and the tangential vectors . The effective radius
is . The procedures to derive our formulas are similar to that
which we demonstrated in [18]. We first express the fields at sur-
rounding points as a linear combination of the field at the center
node and its derivatives. Take the relation between
and as an example, the procedures can be summarized
as follows:

1) express the field as the a 2-D Taylor series
expansion of the field just right to the interface, ;

2) transform and its derivatives in the globe – coordi-
nates system into the local – coordinates system;

3) express and its derivatives as a linear combination of
the field just left to the interface, , and its derivatives by
matching the boundary conditions;

4) transform and its derivatives in the – coordinates
system back to the – coordinates system;

5) express and its derivatives as a 2-D Taylor series ex-
pansion of and its derivatives.

Following the previous five steps, we can express
as the linear combination of and its

derivatives. We will explain each step in detail in the following
subsections.

A. Taylor Series Expansion

The problem under consideration is piecewise homogeneous,
and we can employ the 2-D Taylor series expansion within the
homogeneous region. For example, assuming that the - and

-displacements from the point to the interface
are and as shown in Fig. 1, we can express the field
quantity as the Taylor series expansion of the field
just right to the interface, , and its derivatives

(1)

Similarly, we can express the field quantity at just left to the
interface, , as the 2-D Taylor series expansion of the field,

, and its derivatives

(2)

where and are the - and -displacements from the
interface to the point as shown in Fig. 1. By differenti-
ating (2) with respect to and , we have

(3)

and

(4)

Similarly, the higher-order derivatives of can thus be
obtained in terms of the derivatives of by successively
differentiating (3) and (4) with respect to or .

B. Local Coordinate Transformation

The field quantities and their derivatives with respect to or
then need be transformed into the corresponding quantities

and derivatives with respect to or in the local cylindrical co-
ordinate system defined above. The relations to transform from
the global – coordinate system into the local – coordinate
system are given in the following:

(5)

(6)

(7)
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(8)

(9)

(10)

...

We can also transform the quantities from the local –
coordinates system back to the global – coordinate system
in a similar manner. The relations are given by the following
equations:

(11)

(12)

(13)

(14)

(15)

...

C. Matching Boundary Conditions

We then need to link the quantity and its derivatives
at just right to the interface with those at the other side of the
interface. We have derived the relations by utilizing proper in-
terface condition matching technique. The boundary conditions
that need to be matched are given as follows for the modes
( ):

(16)

(17)

(18)

(19)

(20)

(21)

...

where and are the permittivities on the left-hand and right-
hand sides of the interface, respectively, as shown in Fig. 1, and

is the free-space wavenumber. Similar equations can also be
found for the modes ( ) as follows:

(22)

(23)

(24)

(25)

(26)

(27)

...

D. Implementation

Taking the second-order nine-point formula as an example
and following the five steps, the field quantity at each grid point
can be expressed as a linear combination of the field quantity

at point and its derivatives. We collect all sim-
ilar linear equations based on the nine points shown in Fig. 1,
including the point itself, and express them in a matrix
form

(28)

where is the vector containing the field quantities at the nine
points, is the matrix of coefficients derived with the five
steps, and is the vector contains the field quantity at the
point and its derivatives with respect to or . We can
obtain a final set of finite difference formulas by taking inverse
operation of (28) as

(29)

The improved finite-difference formulas for the terms
, , , , and so on in are

then expressed as a linear combination of the field quantities
at the nine sampled points. Since the relation between any two
points is obtained by fitting the curved step-index interface
with the rigorous field expansion technique, the higher-order
coefficients in the matrix can also be obtained if we include
more higher-order derivative terms in each step. It is possible
to derive a higher-order scheme with the same procedure we
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Fig. 2. Cross section of a 2-D photonic crystal with the square lattice where �
is the lattice constant and � is the radius of the rods.

Fig. 3. Unit cell of the photonic crystal with the square lattice and the meshes
used in the calculation with the corresponding periodic boundary conditions,
PBC1 and PBC2.

provided above if more derivative terms and more points are
involved. Note that the choice of the sampled points and the
derivative terms are not arbitrary. They need to be chosen such
that the inverse matrix in (29) exists.

The cross-section of a 2-D photonic crystal with square lattice
is shown in Fig. 2. The unit cell forming the photonic crystal is
marked with the dashed lines, where is the lattice constant and

is the radius of circular rods. We consider only the in-plane
propagation and the propagation constant in the direction
is set to be zero. Due to the periodicity of the structure, we only
need to consider one unit cell in the calculation with proper
periodic boundary conditions. The unit cell is redrawn with the
meshes in the calculation and the periodic boundary conditions
in Fig. 3. The periodic boundary conditions PBC1 and PBC2
can be expressed as

(30)

(31)

where and are the wavenumbers in the and directions,
respectively. Applying our new finite-difference formulas in the
Helmholtz’s equation for all mesh points in Fig. 3 with periodic
boundary conditions given in (30) and (31), a final equation in
the matrix form can be obtained as

(32)

where is the vector of the fields at all mesh points, is the
characteristic matrix with entries formed by the improved finite-
difference scheme we derived before with periodic boundary
conditions, and is the identity matrix. The eigenvalues can
be obtained by searching the values of that makes the matrix
determinant zero.

Fig. 4. Calculated band diagram of the��modes for the 2-D photonic crystal
formed by square-arranged alumina rods.

Fig. 5. Calculated band diagram of the��modes for the 2-D photonic crystal
formed by square-arranged alumina rods.

III. NUMERICAL RESULTS

A. Assessment of the Formulation

To validate our improved finite-difference scheme, we choose
the previously mentioned 2-D photonic crystal with square lat-
tice as an example. The cross section of the structure under con-
sideration is repeated in the middle inset of Fig. 4. Here, we as-
sume the structure is formed by parallel alumina rods in the air.
The relative permittivity of the alumina is and that of
the air is . The radius of the alumina rod is ,
where is the lattice constant, as shown in Fig. 2. Each point
along the boundary of the first Brillouin zone shown in the right
inset in Fig. 4 determines the values of and that we use in
(30) and (31), and thus in (32).

The calculated band diagrams of the and modes are
plotted in Figs. 4 and 5. The band structures marked with up-tri-
angles are the results obtained using our nine-point improved fi-
nite-difference scheme derived above with 30 30 grid points,
and the solid lines are the results obtained using the MIT Pho-
tonic-Bands package [19] based on the plane-wave expansion
method with 128 128 resolution. They match each other quite
well for both and polarizations.

The computation is performed on a Pentium IV 1.7 GHz per-
sonal computer for our case, and the required CPU time is just
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Fig. 6. Convergence property of our methods for the �� first band compared
with those by using the methods in [8].

Fig. 7. Convergence property of our methods for the �� first band compared
with those by using the methods in [8].

a few minutes. The required CPU time for those results ob-
tained using MIT Photonic-Bands package [19] on a personal
computer of the same CPU rating with the linux OS system is
also within ten minutes. As indicated in [8], the resultant ma-
trix is quite sparse (quasi-band diagonal), thus it is easy to be
implemented with direct QR procedure and it also reduces the
memory requirement.

B. Examination of The Convergence Property

To examine the efficiency and the convergence behavior of
our new scheme, we fix the wave vector at the point in
the first Brillouin zone as in the right inset in Fig. 4, i.e.,

, and search for the eigen frequencies using dif-
ferent numbers of grid points.

We calculated the results of the four most fundamental bands
using our nine-point second-order and 21-point fourth-order
schemes, and we also use the schemes provided in [8] to
calculate the convergence behavior under the same conditions
for comparison and the computed results are also plotted in
Figs. 6–9. The solid lines marked with circles in Figs. 6–9
are the results using the scheme in [8], and the dashed lines
marked with up-triangles are the results using our nine-point
second-order scheme. The solid lines marked with dots in
Figs. 6–9 are the results using our 21-point fourth-order

Fig. 8. Convergence property of our methods for the �� second band com-
pared with those by using the methods in [8].

Fig. 9. Convergence property of our method for the�� second band compared
with those by using the methods in [8].

scheme. The relative error in Figs. 6–9 refers to the percentage
of the difference between the calculated results and a reference
results obtained with the number of grid points being 2500.

It shows that the results for all four bands using our nine-point
second-order scheme can achieve a relative error less than about
0.5%, as the number the of total grid points is larger than 1000.
Compared with the results using the method in [8], our method
gives better convergence property. Even novel results can be
obtained by using our fourth-order scheme. It shows in Figs. 6–9
that all four bands by using fourth-order scheme can achieve
a relative error less than about 0.25%, as the number of total
grid points is larger than 225. This means that we need only 15
mesh points in both and directions to obtain a result with an
acceptable accuracy.

For conventional finite-difference schemes, the contribution
of the index-average assumption or the effective index approxi-
mation to higher-order terms is hard to quantify. Thus, the diffi-
culty to derive accurate higher-order formulas for these methods
lies in how to find the correct coefficients to combine the fields
at the sampled points. Since we utilize a rigorous field expan-
sion technique in our derivation, we can accurately obtain the re-
quired relations between grid points with interfaces in between
for deriving higher-order formulas. The only error in our for-
mulas is from the truncation of the higher-order terms.
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IV. CONCLUSION

We have derived new finite-difference schemes for solving the
band diagram of the 2-D photonic crystals formed by elements
with arbitrary shapes. Our results can match very well with those
obtained by the plane-wave expansion method, and it is shown
that our scheme can improve convergence behavior significantly.

We also demonstrate the convergence behavior of adopting
higher-order improved finite-difference scheme by using more
terms in the derivation. The result shows that we can further
improve the accuracy and reach very good convergence and
efficiency.
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