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A transfer-matrix method based on perturbation expansion is proposed as an alternative way of simulating the
transmission spectrum of a binary long-period grating (LPG). We first generalize the concept of transfer ma-
trices for a heterojunction waveguide. For the couplings among copropagating modes, forward transfer ma-
trices are used to describe the evolution of mode amplitudes along the grating. We show that these elements
are related to the well-known coupling coefficients. The method is then used for the study of ideal two-mode
grating couplers, and analytic solutions are obtained. We also use the matrix method to study multimode
couplings in a LPG and compare the results with those obtained by using the coupled-mode theory. To further
demonstrate its usefulness, we apply the method to a special quasi-periodic LPG, the Fibonacci grating. The
results show that each cladding mode contributes to several transmission dips and that the dips of different
cladding modes are grouped according to the special resonance conditions. © 1999 Optical Society of America
[S0740-3232(99)00611-0]
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1. INTRODUCTION
Since the first demonstration of fiber gratings,1 there
have been numerous experimental and theoretical papers
related to this field. According to the coupling mecha-
nisms, fiber gratings can be classified into two types.
One is the short-period grating, conventionally termed
the fiber Bragg grating, in which a forward-propagating
core mode couples to a backward-propagating mode of the
same type.1 The other is the long-period grating (LPG),
in which a forward-propagating core mode couples to vari-
ous cladding modes.2 The transmission spectrum of a
LPG consists of many dips attributed to couplings of the
corresponding cladding modes. Many applications utiliz-
ing the features of this spectrum have been shown, such
as band-rejection filters,2 gain equalizers,3 and sensors.4

The analysis of the transmission spectrum of a LPG is
based on the coupled-mode theory.5–7 The photoinduced
index modulation of the fiber core is assumed to be slowly
varying and can be treated as a perturbation. The evo-
lution of the mode amplitudes along the grating is then
described by using ordinary differential equations. Nu-
merical integrations such as the Runge–Kutta algorithm
are employed to solve the coupled differential equations.
If the index modulation is not pure sinusoidal but still pe-
riodic, the first-order Fourier component of the modula-
tion is used instead. Note that the coupled-mode theory
can also be applied to the analysis of apodized or chirped
gratings.

Since the periods of LPG’s are large (usually greater
than 100 mm), it is possible to fabricate a binary LPG
with an arbitrary pattern. A pure binary LPG is as-
sumed to be composed of two regions. One is the usual
fiber structure, which is termed region 0, and the other is
the region exposed to UV irradiation, which is termed re-
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gion 1. In this paper we assume that the LPG is pure bi-
nary and develop a transfer-matrix method to calculate
the evolution of mode amplitudes. The core index in re-
gion 1 after exposure will be slightly higher than that of
the unirradiated core. Thus the modes in region 1 are
slightly perturbed from those of region 0. Using the per-
turbation expansion and the continuity of electric and
magnetic fields, we can connect the mode amplitudes on
the two sides of the abrupt interface. Thus, under appro-
priate assumptions, a forward transfer matrix is used to
describe the evolution of the mode amplitudes. The
transfer-matrix method has been successfully used in the
study of layered structures.8,9 The forward- and
backward-propagating amplitudes of a mode on the two
sides of a heterojunction are connected by using a 2 3 2
matrix. A generalized 4 3 4 transfer-matrix method has
been used by Yeh in the analysis of anisotropic layered
media,10 in which the matrix is used to connect the
forward- and backward-propagating amplitudes of the or-
dinary and extraordinary waves in each anisotropic layer.
For a binary LPG with an arbitrary sequence of regions 0
and 1, the utilization of a transfer matrix is an efficient
tool to study the transmission spectrum of such struc-
tures.

This paper is organized as follows. In Section 2 we dis-
cuss the formalism of the transfer-matrix method for
guided heterostructures. Based on the perturbation ex-
pansion, we can derive the transfer matrices from first
principles. In a dielectric waveguide, there are continu-
ously distributed modes known as the radiation
modes.7,11 The existence of such modes makes it impos-
sible to use the matrix method to connect the various
mode amplitudes of a heterojunction. Under certain as-
sumptions discussed below, however, the concept of a
1999 Optical Society of America
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transfer matrix is still applicable for guided heterostruc-
tures. We present in Section 3 the forward transfer-
matrix method and outline the formalism of applying this
method to the calculation of the transmission spectrum of
a LPG. Section 4 describes the results of two-mode cou-
pling in a periodic binary LPG. The phase-matching con-
dition in our formalism is also discussed. A comparison
is made between the coupled-mode theory and our
method for the case of ideal two-mode coupling. The ef-
fect of duty cycle on the transmission spectrum is also
studied. In Section 5 we apply the forward transfer-
matrix method to multimode coupling in a LPG with the
consideration of dispersion. To demonstrate the feature
of this method, we use the transfer-matrix method to
study the spectrum of quasi-periodic LPG’s in Section 6.
We will first define the quasi-periodic LPG and discuss
the general resonance conditions. Then we will use the
transfer-matrix method to study a special quasi-periodic
structure, the Fibonacci LPG. The transmission spec-
trum of the quasi-periodic Fibonacci LPG will be dis-
cussed, and each transmission dip will be identified by us-
ing the resonance condition. Discussions about the
advantages and the limitations of our method will be pre-
sented in Section 7. In the final section we make a con-
clusion about our work.

2. PERTURBATION EXPANSIONS FOR
TRANSFER MATRICES OF OPTICAL
WAVEGUIDES
In this section we will generalize the transfer-matrix
method for the application of heterointerfaces of optical
waveguides based on the perturbation method. There
are various modes in an optical fiber including core
modes, cladding modes, and radiation modes.7,11 The
conventionally referenced fiber modes are the core modes
that are guided by the fiber core. If the fiber is sur-
rounded by a medium with a refractive index lower than
that of glass, such as air, there are modes guided by the
cladding, which are now termed the cladding modes. Be-
sides these discrete modes, there are continuously distrib-
uted modes known as the radiation modes, which propa-
gate in directions perpendicular to and along the fiber
axis. It can be proved that orthogonality relations hold
for these fiber modes11 and that an arbitrary field can be
expanded by using these sets of modes. The expanding
coefficients are known as the amplitudes of the modes.
Relations between mode amplitudes of an abrupt inter-
face formed by two waveguides can be deduced by using
the boundary conditions of electric and magnetic fields.
If the guiding structures of the two waveguides differ
slightly, the modes in the two different waveguides are
similar to each other. We can thus use the same number
to label the modes and use the perturbation method to
find the modes of one waveguide in terms of those of the
other waveguide. In addition, if we consider mainly the
couplings among guided modes, the contribution of radia-
tion modes can be neglected because of the small coupling
coefficients of these modes with the guided ones. Under
these assumptions the transfer-matrix method can be
conceptually generalized as follows.
Consider the heterojunction formed by two slightly dif-
ferent waveguide structures as shown in Fig. 1. Let the
mode fields be (ej

(a) , hj
(a)) and (ej

(b) , hj
(b)), respectively,

where j 5 1, 2 ,..., N. N is the number of modes. The
transverse electric and magnetic fields on each side are

Et
~r ! 5 (

j
@Aj

~r !etj
~r ! exp~ib jz ! 1 Bj

~r !etj
~r ! exp~2ib jz !#,

Ht
~r ! 5 (

j
@Aj

~r !htj
~r ! exp~ib jz ! 2 Bj

~r !htj
~r ! exp~2ib jz !#

~r 5 a, b !. (1)

Using the boundary conditions Et
(a) 5 Et

(b) and Ht
(a)

5 Ht
(b) at z 5 0 and the orthogonality conditions

1

2
E

A`

@ei
~r ! 3 hj

~r !* # • z dA

5
1
2 EA`

@ei
~r !* 3 hj

~r !# • z dA 5 Nj
~r !d ij , (2)

we obtain the following relations between the amplitudes
of mode fields11,12:

Ak
~a ! 5 (

j
F1

2
~Ikj 1 Jkj!Aj

~b ! 1
1

2
~Ikj 2 Jkj!Bj

~b !G ,

Bk
~a ! 5 (

j
F1

2
~Ikj 2 Jkj!Aj

~b ! 1
1

2
~Ikj 1 Jkj!Bj

~b !G , (3)

where the coefficients Ikj and Jkj are defined as

Ikj 5
1

2Nk
~a ! E

A`

@etj
~b ! 3 htk

~a !* # • z dA,

Jkj 5
1

2Nk
~a ! E

A`

@etk
~a !* 3 htj

~b !# • z dA. (4)

The generalized transfer matrix can then be symbolically
expressed as follows by using Eqs. (3):

Fig. 1. Schematic diagram of a waveguide heterojunction. The
two waveguide structures are slightly different, and the same
number is used to label the modes of each waveguide.
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S Ak
~a !

Bk
~a !D 5 F 1

2 ~Ikj 1 Jkj!
1
2 ~Ikj 2 Jkj!

1
2 ~Ikj 2 Jkj!

1
2 ~Ikj 1 Jkj!

G S Aj
~b !

Bj
~b !D . (5)

We now use the perturbation method to derive the ele-
ments of a transfer matrix to connect the mode ampli-
tudes on each side of the 0 and 1 interfaces of a LPG. For
clarity, we will henceforward use symbols with a bar
above to represent a quantity in the region without UV
exposure, which is a 0 in a binary grating, while the un-
barred symbol is used for the region with exposure, which
is a 1. We treat the modes of region 1 as being slightly
perturbed from the modes of region 0. The full vectorial
perturbation expansion of waveguide modes is derived in
Appendix A based on the reciprocity theorem.11 The pa-
rameter m will be used to keep trace of the perturbation
expansion. Now consider the situation schematically
shown in Fig. 2. Here only mode k of region 0 is incident
on the interface with amplitude E0 . Let the mode fields
in region 0 be the unperturbed ones (cf. Appendix A)

ēj 5 ej
~0 ! , h̄j 5 hj

~0 ! , (6)

and let the mode fields in region 1 be written as

ej 5 ej
~0 ! 1 mdej , hj 5 hj

~0 ! 1 md hj . (7)

Then using the boundary conditions (z 5 0 is chosen as
the interface), we obtain the following equations:

~E0 1 B̄k!ētk 1 (
jÞk

B̄jētj 5 Ak~ ētk 1 mdetk!

1 (
jÞk

Aj~ ētj 1 mdetj!,

~E0 2 B̄k!h̄tk 2 (
jÞk

B̄jh̄tj 5 Ak~h̄tk 1 md htk!

1 (
jÞk

Aj~h̄tj 1 md htj!.

(8)

Fig. 2. Incidence of one waveguide mode k on the interface from
region 0 to region 1. Region 1 is formed by UV exposure, and its
waveguide structure is assumed to be slightly perturbed from
that of region 0. The incident mode will partially transmit and
partially reflect.
By use of the orthogonality relations for (ēij , h̄ij), the fol-
lowing relations are derived:

E0 1 B̄k 5 ~1 1 makk!Ak 1 m(
jÞk

a jk Aj , (9a)

E0 2 B̄k 5 ~1 1 mbkk!Ak 1 m(
jÞk

b jk Aj , (9b)

B̄j 5 ~1 1 ma jj!Aj 1 makj Ak 1 m (
iÞj,k

a ij Ai

~ j Þ k !, (9c)

2B̄j 5 ~1 1 mb jj!Aj 1 mbkj Ak 1 m (
iÞj,k

Bij Ai

~ j Þ k !, (9d)

where the coefficients a jk and b jk are defined as

a jk 5
1

2N̄k
E

A`

~detj 3 h̄tk* ! • z dA,

b jk 5
1

2N̄k
E

A`

~ ētk* 3 dhtj! • z dA. (10)

All the complex amplitudes of the mode fields on each side
are also perturbatively expanded, by using the m param-
eter, as

B̄j 5 B̄j
~0 ! 1 mB̄j

~1 ! 1 m2B̄j
~2 ! 1 ¯ ,

Aj 5 Aj
~0 ! 1 mAj

~1 ! 1 m2Aj
~2 ! 1 ¯ . (11)

The zero-order amplitudes are obtained by substituting
Eqs. (11) into Eqs. (9):
m0 order:

Ak
~0 ! 5 E0 , B̄k

~0 ! 5 0,

Aj
~0 ! 5 B̄j

~0 ! 5 0. (12)

This is a trivial situation. There is no heterointerface
and thus no coupling or reflection at all. Similarly, the
first-order amplitudes are obtained by comparing the co-
efficients of m1:
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m1 order:

Ak
~1 ! 5 2

1
2 ~akk 1 bkk!E0 ,

B̄k
~1 ! 5

1
2 ~akk 2 bkk!E0 ,

Aj
~1 ! 5 2

1
2 ~akj 1 bkj!E0 ~ j Þ k !,

B̄j
~1 ! 5

1
2 ~akj 2 bkj!E0 ~ j Þ k !. (13)

The coefficients akj and bkj can be evaluated if we use a
first-order perturbation correction for dej and d hj (cf. Ap-
pendix A). By Eqs. (10), (A2), and (A3), we have

akj 5 akj 1 bkj 2 dkj , bkj 5 akj 2 bkj 2 dkj , (14)

where akj and bkj are defined in Appendix A and dkj is the
Kronecker delta symbol. Thus, to first order, we have
the following solution for incidence of mode k from region
0 to region 1:

Ak 5 S 1 2
m2

2
DkDE0 ,

B̄k 5 mbkk
~1 !E0 ,

Aj 5 2makj
~1 !E0 ~ j Þ k !,

B̄j 5 mbkj
~1 !E0 ~ j Þ k !, (15)

where expressions for Dk , bkk
(1) , akj

(1) , and bkj
(1) are also

given in Appendix A. The physical meaning of these co-
efficients can be interpreted as follows. The incidence of
mode k on the heterointerface will partially transmit and
partially reflect. The transmission and reflection coeffi-
cients are 1 2 m2Dk/2 and mbkk

(1) . Additionally, the inci-
dent field will also excite other forward- and backward-
propagating modes within the two waveguides with the
corresponding coupling coefficients 2makj

(1) and mbkj
(1) , re-

spectively, for mode j other than k. It can be proved by
using formulas (A7)–(A17) below that the total power is
conserved to second order in m:

E0
2 2 uB̄ku2 2 (

jÞk
uB̄ju2 5 uAku2 1 (

jÞk
uAju2. (16)

Now we consider another case as schematically shown in
Fig. 3. The only nonvanishing incident mode is mode k of
region 1, i.e., Ak 5 E1 . Using the same method as that
described for the case shown in Fig. 2, we have the follow-
ing solution for incidence of mode k from region 1 to re-
gion 0:

Āk 5 S 1 2
m2

2
DkDE1 ,

Bk 5 2mbkk
~1 !E1 ,

Āj 5 makj
~1 !E1 ~ j Þ k !,

Bj 5 2mbkj
~1 !E1 ~ j Þ k !. (17)

The first-order field expansion coefficients are related to
the well-known coupling coefficients.5–7,11 The coupling
coefficients can, in general, be split into two parts. One
is the coupling among transverse mode fields, and the
other is that among the z-component mode fields:
kkj 5 kkj
t 1 k kj

z , kkj8 5 kkj
t 2 k kj

z , (18)

where the transverse and z-component coupling coeffi-
cients are defined as

kkj
t 5

k0

4 S e0

m0
D 1/2E

A`

~n2 2 n̄2!etk
~0 !*

• etj
~0 ! dA, (19)

k kj
z 5

k0

4 S e0

m0
D 1/2 n̄2

n2 E
A`

~n2 2 n̄2!ezk
~0 !* ezj

~0 ! dA. (20)

By comparing with Eqs. (A7) and (A9), we have the fol-
lowing relations:

ajk
~1 ! 5

1

b j
~0 ! 2 bk

~0 !
~kkj

t 1 k kj
z ! 5

kkj

b j
~0 ! 2 bk

~0 !
,

bjk
~1 ! 5

21

b j
~0 ! 1 bk

~0 !
~kkj

t 2 k kj
z ! 5

2kkj8

b j
~0 ! 1 bk

~0 !
. (21)

We now consider the coupling between two specific
modes, e.g., modes j and k. Assume that the coupling to
the other modes is insignificant because of unmatched
phase, weak-coupling coefficients, etc. The generalized
4 3 4 transfer matrix then has the following form:

S Āk

B̄k

Āj

B̄j

D 5 FF11 F12 F13 F14

F21 F22 F23 F24

F31 F32 F33 F34

F41 F42 F43 F44

G S Ak

Bk

Aj

Bj

D . (22)

The elements of the transfer matrix are derived by using
the results of Eqs. (15) and (17). The detail of the deri-
vation is left to Appendix B, and the explicit expressions
for matrix elements up to second order in m are also listed
in Appendix B. Additionally, the free propagation matrix
over a region of length L is

Fig. 3. Incidence of mode k from region 1 to region 0, opposite to
that shown in Fig. 2.
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S Ak~L !

Bk~L !

Aj~L !

Bj~L !

D
5 F exp~ibkL ! 0 0 0

0 exp~2ibkL ! 0 0

0 0 exp~ib jL ! 0

0 0 0 exp~2ib jL !

G
3 S Ak~0 !

Bk~0 !

Aj~0 !

Bj~0 !

D , (23)

where bk and b j are the corresponding propagation con-
stants in this region. By cascading these transfer matri-
ces and using appropriate boundary conditions, we can
deduce the transmission and reflection coefficients of a
layered structure.

3. FORWARD TRANSFER MATRICES AND
MULTIMODE COUPLINGS
The 4 3 4 transfer matrix (22) takes into account the
coupling of both forward- and backward-propagating
modes. From the first-order results (15) and (17), we can
see that propagation constants are added in the denomi-
nator of the reflection coefficients, bjj

(1) , bkk
(1) , bjk

(1) , and
bkj

(1) , while they are subtracted in the denominator of the
transfer matrix for the two coupling modes:
for incidence from region 0 to region 1:

S Ak

Aj
D 5 F dk g

2g* d j
G S Āk

Āj
D [ F~1u0 !S Āk

Āj
D ; (24)

for incidence from region 1 to region 0:

S Āk

Āj
D 5 F dk 2g

g* d j
G S Ak

Aj
D [ F~0u1 !S Ak

Aj
D . (25)

Here, for convenience, we have defined the following vari-
ables [note that ajk

(1) 5 2akj
(1)]:

dk [ 1 2 m2Dk /2,

d j [ 1 2 m2Dj /2,

g [ m
kkj

bk
~0 ! 2 b j

~0 !
5 majk

~1 ! . (26)

These two coupling processes are schematically shown in
Fig. 4. The coupling between two waveguide modes oc-
curs in each of the interfaces of the 0 and 1 regions in a
binary LPG. These interfaces act as distributed cou-
plers, with amplitude splitting ratio h jk representing the
coupling from mode j to mode k. The appropriate expres-
sions for h jk’s for the two interfaces are listed in the fig-
ure.

As for the free propagation of these two modes through
the waveguide in region 0 and region 1, we also define two
free propagation transfer matrices as
transmission coefficients, ajj
(1) , akk

(1) , ajk
(1) , and akj

(1) . Un-
der the perturbation assumption, therefore, the reflection
coefficients are relatively small compared with the trans-
mission coefficients. Thus, to first-order approximation,
we can consider only the codirectional coupling. From
Eqs. (15) and (17), we obtain the following 2 3 2 forward

Fig. 4. Schematic diagram showing the distributed coupling be-
tween two waveguide modes that occurs in each interface of the 0
and 1 regions in a binary LPG. The interface acts as a splitter
with the amplitude splitting ratios shown in the diagram.
P~0 ! 5 Fexp@ibk
~0 !L~0 !# 0

0 exp@ib j
~0 !L~0 !#

G [ Fexp@iuk
~0 !# 0

0 exp@iu j
~0 !#

G , (27)

P~1 ! 5 Fexp$i@bk
~0 ! 1 mbk

~1 !#L~1 !% 0

0 exp$i@b j
~0 ! 1 mb j

~1 !#L~1 !%
G [ Fexp@iuk

~1 !# 0

0 exp@iu j
~1 !#

G . (28)
Here we use superscripts (0) and (1) on the transfer ma-
trix P and the phase shift u to represent the correspond-
ing quantities in region 0 and region 1. L (0) and L (1) are
the lengths of region 0 and region 1, respectively. As de-
picted in Fig. 5, for a periodic binary LPG, the transfer
matrix of a unit period is

F 5 P~0 !F~0u1 !P~1 !F~1u0 !. (29)

Therefore the mode amplitudes of adjacent unit cells are
connected through the forward transfer matrix:

S Ak~n 1 1 !

Aj~n 1 1 ! D 5 FS Ak~n !

Aj~n ! D , (30)

where Ak(n) and Aj(n) are the complex field amplitudes
after n unit cells are propagated and Ak(0) and Aj(0) are
the initial field amplitudes. Substituting Eqs. (24)–(28)
into Eq. (29), we have the following expression for the
unit transfer matrix:
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Fig. 5. Schematic diagram showing the mechanism of coupling
between two modes in a binary LPG. The couplings occur at the
interfaces of regions 1 and 0 with well-defined splitting ratios.
The propagation of complex amplitudes of the modes can be de-
scribed by using transfer matrices. The transfer matrix of a 01
unit cell is composed of four elementary matrices: F(0u1), P(1),
F(1u0), and P(0), which are defined in the text.
F 5 F exp~iuk!$dk
2 1 ugu2 exp@iD~1 !#% exp~iuk!g$dk 2 d j exp@iD~1 !#%

2exp~iu j!g* $d j 2 dk exp@2iD~1 !#% exp~iu j!$dk
2 1 u gu2 exp@2iD~1 !#%

G . (31)
For the sake of clarity, we have defined the following aux-
iliary variables:

uk 5 uk
~0 ! 1 uk

~1 ! , u j 5 u j
~0 ! 1 u j

~1 ! , (32)

representing the total increased phase for mode k and
mode j, respectively; and

D~1 ! 5 u j
~1 ! 2 uk

~1 ! , D~0 ! 5 u j
~0 ! 2 uk

~0 ! , (33)

representing the phase difference between the two modes
within region 1 and region 0, respectively.

If we neglect the coupling to backward-propagating
modes, the forward transfer matrices of multimode cou-
plings can be derived by using Eqs. (15) and (17) in a simi-
lar way. We use vector A 5 (A0 A1 A2 ¯)T to represent
the amplitudes of the various modes. The changes in
mode amplitudes when the interface from region 0 to re-
gion 1 is crossed is then determined by the matrix equa-
tion A 5 F(1u0)Ā, where the elements of the transfer ma-
trix are

Fkj
~1u0 ! 5 H d j 5 1 2 m2Dj/2 ~k 5 j !

gkj 5 m
kkj

bk
~0 ! 2 b j

~0 !
~k Þ j !

. (34)
The changes in mode amplitudes from region 1 to region 0
are determined by Ā 5 F(0u1)A with the following
transfer-matrix elements:

Fkj
~0u1 ! 5 H d j 5 1 2 m2Dj/2 ~k 5 j !

2gkj 5 m
2kkj

bk
~0 ! 2 b j

~0 !
~k Þ j !

. (35)

And the transfer matrices of free propagation through re-
gion 0 and region 1 are

Pkj
~0 ! 5 dkj exp@ib j

~0 !L~0 !#,

Pkj
~1 ! 5 dkj exp$i@b j

~0 ! 1 mb j
~1 !#L~1 !%. (36)

These matrices will be used in the calculation of the
transmission spectra of periodic and quasi-periodic binary
LPG’s.
4. TWO-MODE COUPLING IN A PERIODIC
GRATING
In this section we consider two-mode coupling in a peri-
odic LPG by using the forward transfer matrices derived
in Section 3. As for the two coupled-mode equations,
there is an analytic solution for the transfer-matrix
method by using the matrix identities. We will derive
this analytic result in this section. The exact solution of
two coupled-mode equations with constant coupling coef-
ficients is given in Appendix C. We will compare these
two analytic results in specific cases. By using the
transfer-matrix method, we can also study the effect of
duty cycle on the transmission spectrum of a LPG.

In the case of ideal two-mode coupling, the energy
coupled to modes other than these two and to backward-
propagating modes when the heterointerface is crossed
are neglected. Since the structure under study has time-
reversal symmetry, then, with a properly chosen phase
origin, the parameters g and d in the following can be
taken as real. The power conservation condition then re-
quires that

dk 5 d j 5 A1 2 g2 [ d. (37)

Thus the unit transfer matrix in the ideal case is
F 5 exp~i ū !F expS i
2D

2 D $d 2 1 g2 exp@iD~1 !#% expS i
2D

2 D gd $1 2 exp@iD~1 !#%

2expS i
D

2 D gd $1 2 exp@2iD~1 !#% expS i
D

2 D $d 2 1 g2 exp@2iD~1 !#%
G [ exp~i ū !FA B

C DG , (38)
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where ū [ (uk 1 u j)/2 is the average phase shift and D
5 D (1) 1 D (2) is the total phase difference. We can
prove that the unit transfer matrix satisfies the unitary
condition:

F1F 5 I. (39)

Using the well-known Chebyshev identity,10 we have the
following expression for the total N-period transfer ma-
trix:
FN 5 exp~iN ū !FA sin~NKL! 2 sin@~N 2 1 !KL#

sin~KL!
B

sin~NKL!

sin~KL!

C
sin~NKL!

sin~KL!

D sin~NKL! 2 sin@~N 2 1 !KL#

sin~KL!

G , (40)
found to be approximately 1820 nm. The calculated cou-
pling coefficient at this wavelength divided by Dng for n
5 9 is k01–1n

co–cl /Dng 5 0.351. The propagation constants
of the two coupled modes at the resonance wavelength are
bk

(0) 5 b01
co 5 2pn01

co /l and b j
(0) 5 b1n

cl 5 2pn1n
cl /l, where

l is the free-space wavelength, and the effective indices
for the two modes are found to be n01

co 5 1.4514 and n1n
cl

5 1.4479 for n 5 9. We neglect the waveguide disper-
sion in the vicinity of the resonant wavelength. In Sec-
tion 5 we will take into account the effect of waveguide
dispersion in the calculation of multimode coupling. The
first-order correction of propagation constants in region 1
is in this case [cf. Eqs. (19) and (A5)]

bk
~1 ! >

ve0n1

2
DngE

Aco

~et01
co * • et01

co !dA 5 k01–01
co–co , (45)

and we will neglect the correction of the propagation con-
stant of the cladding mode,7 which results in b j

(1) 5 0.
The calculated self-coupling divided by Dng of the core
mode is k01–01

co–co /Dng 5 1.5576.
In Fig. 6 we show the transmission spectra of binary

LPG’s with different numbers of unit cells. The trans-
mission loss is seen to increase with the number of unit
cells. As the number of cells further increases, however,
the transmission loss then decreases to zero again, as

Fig. 6. Comparison of transmission spectra for binary LPG’s
with number of cells equal to 25, 30, and 35.
where the parameter KL is given by

cos~KL! 5
1
2 ~A 1 D ! 5 ~1 2 g2!cosFD~1 ! 1 D~0 !

2 G
1 g2 cosFD~1 ! 2 D~0 !

2 G . (41)

It is seen from Eq. (37) that for coherent coupling between
the two modes, the parameter KL is required to approach
6mp, where m is an integer, which results in the follow-
ing coherent coupling condition:

D~1 ! 1 D~0 ! > 62mp. (42)

Note that the above expression is valid when the param-
eter g is small compared with unity. By substituting
Eqs. (33) into relation (42), we obtain the following equa-
tion, which corresponds to the first Fourier component of
the grating [here we assume that bk

(0) . b j
(0) , so we

choose 22p for D (1) 1 D (0)]:

Fbk
~0 ! 2 b j

~0 ! 2
2p

L
G 1 m@bk

~1 ! 2 b j
~1 !#

L~1 !

L
5 0, (43)

in which the zero order is the well-known phase-matching
condition. Now let us apply the above formula to the cou-
pling of a core mode and a specific cladding mode of a
single-mode fiber. Note that the perturbation expansion
parameter m will be set to unity from now on. The cal-
culation of propagation constants and coupling coeffi-
cients of a three-layered fiber waveguide can be found in
Ref. 7. The same parameters as those described in Ref. 7
are chosen in the following calculations: n1 5 1.458 is
the index of the core region, D 5 (n1 2 n2)/n1 5 0.0055
is the normalized core–cladding index difference, a1
5 2.625 mm is the core radius, and a2 5 62.5 mm is the
cladding radius. Let mode k be the core mode (LP01) and
mode j be the ninth cladding mode (HE1n , with n 5 9).
As mentioned in Ref. 7, the z-component coupling coeffi-
cient is much smaller than the transverse coefficients.
So we consider only the transverse coupling coefficients.
We therefore have in this case
kkj >
ve0n1

2
DngE

Aco

~et01
co * • et1n

cl !dA 5 k01–1n
co–cl , (44)

where Dng is the photoinduced index increase in region 1
and is assumed to be 5 3 1024 in the following calcula-
tion. The grating period is chosen to be 500 mm in the
following simulation. From the phase-matching condi-
tion (43) with the aid of the calculated dispersion relation,
i.e., b as a function of l, the resonance wavelength is
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shown in Fig. 7. This is because the power coupled to the
cladding mode is coupled back to the core mode. In Fig. 7
we also compare the transmission spectra of the binary
LPG’s using our model with those of uniform sinusoidal
LPG’s for different numbers of unit cells (i.e., different
grating lengths). The parameters are adjusted to be the
same. For comparison, the duty cycle is set to unity in
the case of binary LPG’s. Note that there is an analytic
solution for the uniform sinusoidal LPG with two-mode

Fig. 7. Transmission spectra of a binary and a uniform sinu-
soidal LPG. Each has a grating length of (a) 15 mm, (b) 27.5
mm, and (c) 55 mm.
coupling that is based on the coupled-mode theory. We
briefly describe the results in Appendix C. In Fig. 7(a)
the number of unit cells is 30 in a binary LPG (Lg
5 15 mm). At this grating length, the transmission loss
of the binary LPG with duty cycle equal to unity is larger
than that of a uniform sinusoidal LPG. This can be ex-
plained as follows. Since the grating strength is the
same in both cases (Dng 5 5 3 1024), the Fourier-series
expansions of the two gratings are as follows:

Dnsin~z ! 5 Dng

1

2
@1 1 sin~Kz !#

5 DngF1

2
1

1

4i
exp~iKz ! 2

1

4i
exp~2iKz !G ,

(46)

Dnbin~z ! 5 Dng(
n

@u~z 2 nL! 2 u(z 2 nL 2 L~1 !)#

5 DngF1

2
1

1

pi
exp~iKz ! 2

1

pi
exp~2iKz !

1
1

3pi
exp~i3Kz ! 2

1

3pi
exp~2i3Kz ! 1 ¯G ,

(47)

where K 5 2p/L. We can see that the magnitude of the
first-order Fourier component @exp(iKz)# of a binary LPG
is 4/p larger than that of a sinusoidal LPG.

Figure 7(b) shows the saturation of transmission loss of
a binary LPG. The number of unit cells is 55 in this case
(Lg 5 27.5 mm). In Fig. 7(c) the grating length further
increases to 55 mm. Note that the original transmission
dips of both gratings shrink toward zero. This is because
the LPG is, in fact, a codirectional coupler, so as the
length is further increased, the energy will again couple
back to the core mode.

The effect of duty cycle on the transmission spectrum of
a binary LPG is shown in Fig. 8. The duty cycle is de-
fined as the ratio of the length of region 1 to that of region
0 within a period. We designate the ratio as R
[ L (1)/L (0). From Eq. (43) and relation (45), it can be
deduced that if the waveguide dispersion is not included,

Fig. 8. Comparison of transmission spectra for binary LPG’s
with different duty cycles.
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the center wavelength (wavelength with largest transmis-
sion loss) l0 is determined by the following expression:

l0 5 ~n01
co 2 n1n

cl !LY S 1 2
k01–01

co–co L

2p

R

1 1 R
D . (48)

As the ratio R increases, the center wavelength shifts to
the larger one as shown in Fig. 8. The transmission loss
also varies with duty cycle and reaches a maximum when
the duty cycle is unity.

5. TRANSMISSION SPECTRUM OF A
PERIODIC BINARY LONG-PERIOD GRATING
Now we apply the transfer-matrix method to describe the
evolution of mode amplitudes in a periodic binary LPG.
The modes involved in the couplings of a LPG include the
fundamental core mode LP01 and the cladding modes.
The symbols used here to label the quantities relevant to
cladding modes are consistent with those used in Ref. 7.
The cladding modes are hybrid modes in a cylindrical
waveguide and are labeled by using the azimuthal orders
l and n, which are called the cladding-mode numbers.
Since the fundamental core mode has azimuthal number
l 5 1, the cladding modes with nonvanishing coupling co-
efficients are those with the same azimuthal order as that
of the core mode, i.e., l 5 1. The forward transfer matri-
ces of the two interfaces can be symbolically written as
follows (only the relevant matrix elements are listed):
for incidence from region 0 to region 1:

S Aco

A1n
cl D 5 F 1 2

D01
co

2

k01–1n
co–cl

b01
co 2 b1n

cl

k1n –01
cl–co

b1n
cl 2 b01

co 1 2
D1n

cl

2

G S Āco

Ā1n
cl D [ F~1u0 !S Āco

Ā1n
cl D ;

(49)

and for incidence from region 1 to region 0:

S Āco

Ā1n
cl D 5 F 1 2

D01
co

2

2k01–1n
co–cl

b01
co 2 b1n

cl

2k1n –01
cl–co

b1n
cl 2 b01

co 1 2
D1n

cl

2

G S Aco

A1n
cl D [ F~0u1 !S Aco

A1n
cl D ,

(50)

where n 5 1, 2, 3,... is the mode number of cladding
modes. We also neglect the couplings among different
cladding modes.7 In the calculations of parameters D01

co

and D1n
cl with the use of Eq. (A17), we may neglect the

contribution from the reflection part. The transfer ma-
trices for free propagation are given below:
P~0 ! 5 Fexp@ib01
coL~0 !# 0

0 exp@ib1n
cl L~0 !#

G , (51)

P~1 ! 5 Fexp@i~b01
co 1 k01–01

co–co !L~1 !# 0

0 exp@i~b1n
cl 1 k1n –1n

cl–cl !L~1 !#
G . (52)
Then the propagation of mode amplitudes by using the
unit transfer matrix F 5 P(0)F(0u1)P(1)F(1u0) is described
as follows:

S Aco~n 1 1 !

A1
cl~n 1 1 !

A2
cl~n 1 1 !

]

D 5 FS Aco~n !

A1
cl~n !

A2
cl~n !

]

D . (53)

In the following calculation of the transmission spectrum,
we take into account the effect of waveguide dispersion,
namely, the wavelength dependence of propagation con-
stants (or effective indices) and coupling coefficients.
The calculation of mode properties of a three-layered fiber
waveguide can be found in Ref. 7. The parameters of the
three-layered fiber used here are described in Section 4.

Fig. 9. Dispersion curves of effective indices of LP01 core mode
and HE1n cladding modes with n 5 1, 3, 5, 7, 9.

Fig. 10. Dispersion curves of coupling coefficients k01–1n
co–cl of clad-

ding modes with n 5 1, 3, 5, 7, 9.
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In Fig. 9 we show the dependence of effective indices on
wavelength for odd cladding modes and core mode. We
can see from the figure that the dispersion is more severe
for higher-order cladding modes. In general, effective in-
dex decreases with wavelength, as shown in the figure.
However, the dispersion of the core mode is different from
that of the cladding modes in that the dispersion curve of
the core mode is concave while those of the cladding
modes are convex. In Fig. 10 we show the dependence of

Fig. 11. Transmission spectra of a binary and a uniform sinu-
soidal LPG. The duty cycle of the binary LPG is set to (a) unity,
(b) 1/4, and (c) 4.
coupling coefficients k01–1n
co–cl on wavelength for cladding

modes with mode numbers n 5 1, 3, 5, 7, 9. Take clad-
ding mode n 5 9 as an example; the variation of the cou-
pling coefficient has a convex shape and reaches a maxi-
mum at wavelength '1550 nm.

The transmission spectrum of a periodic binary LPG
with multimode coupling is shown in Fig. 11(a). Also
shown is the spectrum of a uniform sinusoidal LPG ob-
tained by using the coupled-mode theory for comparison.
The coupled-mode theory for the transmission spectrum
of a periodic LPG can be found in Ref. 7 and is highlighted
in Appendix C. In the wavelength range shown, we con-
sider couplings of the core mode with five odd cladding
modes. The grating strength Dng is 5 3 1024, and the
grating period is 500 mm. The duty cycle is set to unity,
and the number of cells is 45, which corresponds to 90
heterolayers. As explained in Section 4, the transmis-
sion loss of a binary LPG is larger than that of a uniform
sinusoidal LPG. The transmission loss increases with
the order of the cladding modes in this grating length.
When the grating length further increases, some trans-
mission dips will shrink back toward zero, as discussed in
Section 4.

The effect of duty cycle R 5 L (1)/L (0) on the transmis-
sion spectra is shown in Figs. 11(b) and 11(c). In Fig.
11(b) the duty cycle is set to 1/4. The transmission dips
shift toward shorter wavelengths, which can be explained
by using the resonance condition (43), from which the
cause for the shifts is the correction of the propagation
constant of the core mode in region 1. The case of duty
cycle equal to 4 is shown in Fig. 11(c). From these plots
we conclude that the transmission loss of a periodic bi-
nary LPG reaches a maximum when the duty cycle is
unity.

6. TRANSMISSION SPECTRUM OF A
QUASI-PERIODIC LONG-PERIOD GRATING
To demonstrate the usefulness of the transfer-matrix
method, we apply it to the study of the transmission spec-
trum of a quasi-periodic structure. The structure defini-
tion of quasi-periodic LPG’s will be given first. Then we
will discuss the resonance conditions for a quasi-periodic
LPG. The structure factor of a LPG will be introduced.
Using the resonance conditions, we can determine the lo-
cation of transmission dips. Finally, we will study a Fi-
bonacci layered binary LPG and discuss its transmission
spectrum.

For a quasi-periodic LPG, we first determine the Bravis
lattice points13,14 of the quasi-periodic structure, $z0 , z1 ,
z2 ,...%, and then place a region 1 with length L (1) at each
lattice point. The result is schematically shown in Fig.
12. Having defined the grating pattern, we can use the
following method to find the resonance condition. Con-
sider the weak-coupling limit, or the nondepletion limit,
which means that the amplitude of the core mode remains
almost unchanged after a region 1 is propagated. Each
region 1 acts as a diffractor that couples energy from core
mode to cladding mode. Let h be the amplitude splitting
ratio from a core mode to a specific cladding mode through
the diffractor, e.g., mode n. The total transmitted ampli-
tude of the cladding mode is then the contribution of all
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diffractors. Let the total number of lattice points be
N; the contribution of the path through the nth
diffractor has the phase exp@ib 01

cozn 1 ink01–01
co–co L (1)#h

3 exp@ib 1n
cl (zN 2 zn)#, where we have set z0 5 0 (cf. Fig.

12). We obtain the following total transmission ampli-
tude of the nth cladding mode:

A1n
cl > Aco~0 !exp~ib1n

cl zN!h(
n50

N

exp$i@~b01
co 2 b1n

cl !zn

1 nk01–01
co–co L~1 !#%

} h(
n51

N

exp@iQzn 1 nk01–01
co–co L~1 !# [ hS~Q !, (54)

where we have defined the structure factor S(Q) and Q
[ b01

co 2 b1n
cl . The resonant wavelengths are then deter-

mined from the structure factor. For example, the struc-
ture factor of an infinite periodic LPG is S(Q)
5 (2p/L)(nd (Q 1 k01–01

co–co /2 2 n2p/L), consisting of
many delta peaks. For the peak n 5 1, we obtain the
usual resonance condition (43).

We now study a special case of quasi-periodic structure,
the Fibonacci lattice. The Bravis lattice point of a Fi-
bonacci lattice can be expressed as15

zn 5 LBS n 1
1

t8 bnt c D , (55)

where t is the ‘‘golden mean’’ @(1 1 A5)/2# and t8 is a pa-
rameter to be explained below. The spacing of two suc-
cessive points zn11 2 zn is either LB or LA 5 (1
1 1/t8)LB , i.e., (1 1 1/t8) is the ratio of the two lattice
spacings. b c represents the greatest-integer function.
This lattice has been shown to be quasi-periodic with two
linearly independent periods of ratio equal to t. Let
k01–01

co–co L (1)/QLB 5 a; then the structure factor of the Fi-
bonacci LPG is

S~Q ! 5 (
n

expH iQFn~1 1 a! 1
1

t8 bnt cGLBJ . (56)

For an infinitely long Fibonacci lattice, it can be shown
that the structure factor above has the following form15:

S~Q ! } (
p,q

sin Xp,q

Xp,q
exp~iXp,q!d ~Q 2 Qp,q!, (57)

where

Fig. 12. Schematic diagram of a quasi-periodic binary grating.
The point set $z0 , z1 , z2 ,...% forms the Bravis lattice of the
quasi-periodic lattice. Each lattice point is then placed in a re-
gion 1, which acts as a diffractor.
Qp,q 5
t8~q 1 pt!

1 1 t8t~1 1 a!

2p

LB
(58)

and Xp,q 5 2pq 2 LBQp,q /t8. Thus the constructive
addition of the diffracted waves occurs when Q 5 Qp,q ,
which is the resonance condition for a Fibonacci LPG.
The prefactor of the delta function determines the rela-
tive magnitude of the resonant peaks.14,15 If we neglect
the correction term aLB 5 k01–01

co–co L (1) and let t8 5 t, then
the resonance condition can be simplified to the following
form:

b01
co 2 b1n

cl 2 ~m 1 nt!
2p

L̄
5 0, (59)

where we have used t 2 5 t 1 1 and L̄ 5 tLA 1 LB is
the average period of the lattice. Thus, for a specific
cladding mode, say mode n, we will use the notation ln

(m,n)

or just (m, n) to represent the resonance wavelength.
Using the elementary transfer matrices F(0u1), F(1u0),

P(0), and P(1) described in Section 5, we can calculate the
transmission spectrum of a Fibonacci LPG, which is
shown in Fig. 13. The grating strength Dng is 3.5
3 1024. The average grating period L̄ is 1200 mm. Ad-
ditionally, the parameter t8 is set to the golden mean, so
we can use Eq. (59) to estimate the location of transmis-
sion dips. In Fig. 13 we also label the different dips with
the cladding-mode number that contributes to this trans-
mission loss. There are several features worth noting.
First, for a specific cladding mode, the constructive cou-
pling of energy from the core mode occurs at several
wavelength ranges, while in a periodic LPG, the construc-
tive coupling wavelength range is unity for each cladding
mode for the first harmonic of the grating. In other
words, a single cladding mode will contribute to several
transmission loss dips. Second, the transmission dips
are distributed approximately into three groups in this
wavelength range. We use arrows of different styles to
indicate the corresponding groups. This phenomenon
can be explained by using the resonance condition (59).
For example, Fig. 14 shows the transmission spectrum of
the n 5 3 cladding mode, and we use the label (m, n) to

Fig. 13. Transmission spectrum of a quasi-periodic Fibonacci
LPG. The transmission dips are grouped according to the reso-
nance conditions (m, n). The first group corresponds to (1, 2),
the second corresponds to (1, 1), and the third corresponds to
(0, 1).
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indicate the resonance peaks ln
(m,n) . The three main

transmission peaks correspond to resonance conditions
(1, 1), (0, 1), and (1, 0). Figure 15 shows the transmission
spectrum of the n 5 9 cladding mode. The two main
peaks correspond to resonance conditions (1, 2) and (1, 1).
By identifying each dip with the corresponding resonance
conditions, we can see that the first group corresponds to
the resonance condition with (m, n) 5 (1, 2), the second
group corresponds to (m, n) 5 (1, 1), and the third group
corresponds to (m, n) 5 (0, 1). There are also dips be-
longing not to these three groups but to other resonance
conditions. By appropriately choosing the grating pa-
rameters, we can design a Fibonacci LPG for special ap-
plications. The detailed analysis and optimization of a
Fibonacci LPG are under study.

7. DISCUSSION
Several approximations are made in the matrix method.
The LPG is treated as a pure binary grating that is com-
posed of distinct 1’s and 0’s. The transition region be-
tween regions 0 and 1 is reasonably assumed to be very
short compared with the period of the grating. We also
neglect the couplings to the backward-propagating
modes, as discussed in the text. The couplings among

Fig. 14. Transmission spectrum of the n 5 3 cladding mode in a
quasi-periodic Fibonacci LPG. The labels above the main peaks
indicate the corresponding resonance conditions.

Fig. 15. Transmission spectrum of the n 5 9 cladding mode in a
quasi-periodic Fibonacci LPG. The labels above the main peaks
indicate the corresponding resonance conditions.
longitudinal components and among different cladding
modes are also neglected, as was pointed out by Erdogan
in Ref. 7, since these approximations must be reconsid-
ered for strong index modulation and couplings to fairly
high-order cladding modes.

The transfer-matrix method provides an alternative
approach to the theoretical study of LPG’s and is espe-
cially useful in the case of quasi-periodic gratings such as
the Fibonacci grating. The method can also be applied to
the analysis and the design of specially patterned binary
LPG’s. Additionally, the matrix multiplication is effi-
cient when implemented in computers. It should be
noted that for apodized and continuously chirped grat-
ings, the coupled-mode theory provides a better method
than the transfer-matrix method. Which method is bet-
ter should therefore depend on the physical situation and
the application.

8. CONCLUSIONS
In summary, we have developed a transfer-matrix
method based on the perturbation expansions. We use
iterative substitutions to derive the vectorial perturbation
expansions of the waveguide modes and then use the con-
tinuity condition of electric and magnetic fields to derive
the transmission and reflection coefficients for incidence
of modes on the interfaces of regions 0 and 1. The results
are then used to derive the 4 3 4 transfer matrix for two
guided modes. By neglecting the reflection parts as dis-
cussed in the text, we can derive the forward transfer ma-
trices to describe the codirectional couplings of waveguide
modes.

The method is then applied to the study of the trans-
mission spectrum of an ideal two-mode coupling grating,
and analytic results are obtained by using Chebyshev’s
identities. We also derive the resonance condition that is
equivalent to the phase-matching condition of coupled-
mode theory. Comparisons are made between a binary
and a uniform sinusoidal grating coupler. Transmission
spectra with different duty cycles are also studied.

By including the dispersion effect of a three-layered fi-
ber waveguide, we apply the transfer-matrix method to
calculate the transmission spectrum of a periodic binary
LPG. The results are also compared with those of mul-
timode coupled-mode theory, and excellent agreement is
shown by considering the first-order Fourier expansion
coefficient of the binary grating. The transfer matrices
provide an efficient alternative method to calculate the
spectra of LPG’s.

The matrix method is applied to the study of a binary
LPG with a quasi-periodic pattern. The general quasi-
periodic LPG is defined based on the Bravis point set of a
one-dimensional quasi-crystal. Each region 1 in the bi-
nary pattern is regarded as a diffractor. The resonance
conditions are also derived by considering the interfer-
ence of paths from all diffractors under the weak-coupling
limit. The transmission spectrum of a Fibonacci LPG is
calculated by using the matrix method. The Fibonacci
lattice has been shown to have two incommensurate peri-
ods with ratio equal to the golden mean. Because of this
property, the resonance conditions are parameterized by
two integers and are denoted as (m, n) in the text. The
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transmission dips are shown to be grouped, and each
group corresponds to a specific resonance condition. Al-
ternatively, each cladding mode contributes several dips
in the transmission spectra, also as a result of the differ-
ent resonance conditions.

APPENDIX A: VECTORIAL PERTURBATION
EXPANSION OF WAVEGUIDE MODES
The main purpose of this appendix is to find the pertur-
bation expansion to first order of the propagation con-
stants and the mode fields. Our method is based on the
following reciprocity theorem11:

b j 5 b j
~0 !

1 k0S e0

m0
D 1/2

mE
A`

~n2 2 n̄2!ej • ej
~0 !* dA

E
A`

@ej 3 hj
~0 !* 1 ej

~0 !* 3 hj# • z dA

;

(A1)

and the fields are expressed as

etj 5 (
k

~ajk 1 bjk!etk
~0 ! ,

htj 5 (
k

~ajk 2 bjk!htk
~0 ! ,

ezj 5
n̄2

n2 (
k

~ajk 2 bjk!ezk
~0 ! ,

hzj 5 (
k

~ajk 1 bjk!hzk
~0 ! , (A2)

where the expansion coefficients are

ajk 5
k0

4Nk
~0 !@b j 2 bk

~0 !#
S e0

m0
D 1/2

mE
A`

~n2 2 n̄2!ej

• ek
~0 !* dA,

bjk 5
2k0

4Nk
~0 !@b j 1 bk

~0 !#
S e0

m0
D 1/2

mE
A`

~n2 2 n̄2!ej

• e2k
~0 !* dA, (A3)

where e2k
(0) [ etk

(0) 2 zezk
(0) . The above formulas [Eqs.

(A1)–(A3)] are exact. The two problems in the above for-
mulas are the unperturbed and perturbed mode fields and
the corresponding propagation constants. Our main pur-
pose is to find the first-order (i.e., the m1-order) correction.
Higher-order perturbations can be found by using the
standard perturbation technique. We will describe the
general method used to find the results but only list ex-
plicitly the first-order perturbation. Iterative substitu-
tions are used to derive the perturbative expansion. Let
us expand the perturbed mode fields and propagation con-
stants as follows:
b j 5 b j
~0 ! 1 mb j

~1 ! 1 m2b j
~2 ! 1 ¯ ,

ej 5 ej
~0 ! 1 mej

~1 ! 1 m2ej
~2 ! 1 ¯ ,

hj 5 hj
~0 ! 1 mhj

~1 ! 1 m2hj
~2 ! 1 ¯ . (A4)

To find the shift of the propagation constant, we substi-
tute Eqs. (A4) into Eq. (A1) for the fields and collect terms
of the same order; we then have the first-order correction:

b j
~1 ! 5

k0

4Nj
~0 ! S e0

m0
D 1/2E

A`

~n2 2 n̄2!ej
~0 !

• ej
~0 !* dA. (A5)

To find the first-order perturbation of the mode fields, we
substitute Eqs. (A4) into Eqs. (A3). It can be found that,
for j Þ k,

ajk 5 majk
~1 ! 1 m2ajk

~2 ! 1 ¯ , ajk
~0 ! 5 0, (A6)
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bjk 5 mbjk
~1 ! 1 m2bjk

~2 ! 1 ¯ , bjk
~0 ! 5 0, (A8)
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~0 !
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~0 !* dA. (A9)

We also have for bjj 5 mbjj
(1) 1 m2bjj

(2) 1 ¯ the following
first-order correction:

bjj
~0 ! 5 0,

bjj
~1 ! 5

2k0

4Nj
~0 !2b j

~0 ! S e0

m0
D 1/2E

A`

~n2 2 n̄2!ej
~0 !

• e2j
~0 !* dA.

(A10)

Using the formula for b j
(1) , we can prove that

ajj
~0 ! 5 1. (A11)

Now we use the above first-order corrections to find the
new normalization constant:

Nj
~1 ! 5

1

2
E

A`

$@etj
~0 ! 1 metj

~1 ! 1 m2etj
~2 !#

3 @htj
~0 ! 1 mhtj

~1 ! 1 m2htj
~2 !#% • z dA

5 @1 1 2majj
~1 ! 1 2m2ajj

~2 !#Nj
~0 !

1 m2(
k

@ uajk
~1 !u2 2 ubjk

~1 !u2#Nk
~0 ! . (A12)

Here we consider terms up to the second-order perturba-
tion. If we require the mode to be normalized to unity for
all orders [so Nj

(0) 5 1 for all j], the mode field must be
renormalized as follows. Let Zj be defined as

Zj 5 1 1 2majj
~1 ! 1 2m2ajj

~2 ! 1 m2(
k

@ uajk
~1 !u2 2 ubjk

~1 !u2#.

(A13)
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The fields are normalized according to ej → ej /AZj and
hj → hj /AZj. Thus, to lowest order, we have to replace
Eq. (A9) by the following:

ajj
~0 ! 5 1Y AZj > 1 2

1

2 H 2majj
~1 ! 1 2m2ajj

~2 !

1 m2(
k

@ uajk
~1 !u2 2 ubjk

~1 !u2#J . (A14)

To satisfy the power conservation condition to second or-
der, we should have

1 5 uajj
~0 !u2 1 m2H ubjj

~1 !u2 1 (
kÞj

@ uajk
~1 !u2 1 ubjk

~1 !u2#J . (A15)

Thus we obtain the following result for first-order and
second-order corrections to ajj :

ajj
~1 ! 5 0, ajj

~2 ! 5 (
k

ubjk
~1 !u2. (A16)

The self-transmission coefficient to second order can be
written as

ajj [ 1 2
1

2
m2Dj

5 1 2
1

2
m2H ubjj

~1 !u2 1 (
kÞj

@ uajk
~1 !u2 1 ubjk

~1 !u2#J . (A17)

Here we defined a quantity Dj/2, which represents the
power loss from the original mode.

APPENDIX B: TRANSFER-MATRIX
ELEMENTS
In this appendix the elements of the 4 3 4 transfer ma-
trix will be derived to second order in perturbation expan-
sions. Consider the process for incidence of mode k from
region 0 to region 1 shown in Fig. 2; the perturbation so-
lutions (15) result in the following relations among mode
amplitudes:

S 1
mbkk

~1 !

0
mbkj

~1 !

D 5 @F#S 1 2
m2

2
Dk

0
2makj

~1 !

0

D . (B1)

Similarly, for the process of incidence of mode j from re-
gion 0 to region 1, we have

S 0
mbjk

~1 !

1
mbjj

~1 !

D 5 @F#S 2majk
~1 !

0

1 2
m2

2
Dj

0

D . (B2)

We pick the first rows in Eqs. (B1) and (B2); then we ob-
tain
1 5 F11S 1 2
m2

2
DkD 1 F13@2makj

~1 !#,

0 5 F11@2majk
~1 !# 1 F13S 1 2

m2

2
DjD . (B3)

This set of equations is then sufficient to solve the matrix
elements F11 and F13 . The others are derived similarly.
The 16 matrix elements to second order in m are listed in
the following:

F11 5 1 1 m2H kkjk jk

@b j
~0 ! 2 bk

~0 !#2
1

1

2
DkJ , (B4)

F12 5 m
2kkk8

2bk
~0 !

1 m2
2kkjk jk8

@b j
~0 ! 2 bk

~0 !#@b j
~0 ! 1 bk

~0 !#
,

(B5)

F13 5 m
kkj

b j
~0 ! 2 bk

~0 !
, (B6)

F14 5 m
2kkj8

b j
~0 ! 1 bk

~0 !
1 m2

2kkjk jj8

2b j
~0 !@b j

~0 ! 2 bk
~0 !#

, (B7)

F21 5 m
2kkk8

2bk
~0 !

1 m2
2kkj8 k jk

@b j
~0 ! 2 bk

~0 !#@b j
~0 ! 1 bk

~0 !#
, (B8)

F22 5 1 1 m2H kkk8 2

@2bk
~0 !#2

1
kkj8 k jk8

@b j
~0 ! 1 bk

~0 !#2
2

1

2
DkJ ,

(B9)

F23 5 m
2kkj8

b j
~0 ! 1 bk

~0 !
1 m2

2kkk8 kkj

2bk
~0 !@b j

~0 ! 2 bk
~0 !#

, (B10)

F24 5 m
kkj

b j
~0 ! 2 bk

~0 !
1 m2H kkk8 kkj8

2bk
~0 !@b j

~0 ! 1 bk
~0 !#

1
kkj8 k jj8

2b j
~0 !@b j

~0 ! 1 bk
~0 !#

J , (B11)

F31 5 m
k jk

bk
~0 ! 2 b j

~0 !
, (B12)

F32 5 m
2k jk8

bk
~0 ! 1 b j

~0 !
1 m2

2k jkkkk8

2bk
~0 !@bk

~0 ! 2 b j
~0 !#

, (B13)

F33 5 1 1 m2H k jkkkj

@bk
~0 ! 2 b j

~0 !#2
1

1

2
DjJ , (B14)

F34 5 m
2k jj8

2b j
~0 !

1 m2
2k jkkkj8

@bk
~0 ! 2 b j

~0 !#@bk
~0 ! 1 b j

~0 !#
, (B15)

F41 5 m
2k jk8

bk
~0 ! 1 b j

~0 !
1 m2

2k jj8 k jk

2b j
~0 !@bk

~0 ! 1 b j
~0 !#

, (B16)
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F42 5 m
k jk

bk
~0 ! 2 b j

~0 !
1 m2H k jk8 kkk8

2bk
~0 !@bk

~0 ! 1 b j
~0 !#

1
k jj8 k jk8

2b j
~0 !@bk

~0 ! 1 b j
~0 !#

J , (B17)

F43 5 m
2k jj8

2b j
~0 !

1 m2
2k jk8 kkj

@bk
~0 ! 2 b j

~0 !#@bk
~0 ! 1 b j

~0 !#
,

(B18)

F44 5 1 1 m2H k jj8
2

@2b j
~0 !#2

1
k jk8 kkj8

@bk
~0 ! 1 b j

~0 !#2
2

1

2
DjJ .

(B19)

APPENDIX C: HIGHLIGHT OF
COUPLED-MODE THEORY
The derivation and the solution of the coupled-mode
theory can be found in many standard textbooks.5,11

Here we will highlight the theory and list the solution for
ideal two-mode coupling. To be consistent with our nota-
tion, the coupled-mode equation for the amplitude of
mode k is

dAk

dz
5 ibk

~1 !Ak 1 (
j

ik kj Aj exp~2i2d kj z !, (C1)

where bk
(1) is the first-order correction to the propagation

constant, which is due to the dc term in the photoinduced
index modulation, and kkj is the coupling coefficient of
mode k and mode j, which is due to the ac part of the in-
dex modulation. The detuning parameter dkj is defined
as

dkj 5 2d jk [
1

2 Fbk
~0 ! 2 b j

~0 ! 2
2p

L
G . (C2)

Other quantities are defined in the text. For a uniform
sinusoidal LPG with two-mode coupling (e.g., let mode k
be the core mode LP01, and let mode j be one specific clad-
ding mode HE1n), there is an analytic solution for Eq.
(C1), which can be expressed in the matrix form

S Ak~Lg!

Aj~Lg! D

5 F cos~kLg! 1 i
d

k
sin~kLg! i

k

k
sin~kLg!

i
k*

k
sin~kLg! cos~kLg! 1 i

d

k
sin~kLg!

G
3 S Ak~0 !

Aj~0 ! D , (C3)

where d [ dkj 1 @bk
(1) 2 b j

(1)#/2 is the modified detuning
parameter, k [ kkj is the coupling coefficient, and k
[ Ad 2 1 uku2. The coupled-mode theory has been suc-
cessfully applied to describe the cladding-mode resonance
of a sinusoidal modulated LPG in Ref. 7. Under certain
approximations, also discussed in the same reference, the
coupled-mode equations that describe copropagating cou-
plings in a LPG take the following form:

dAco

dz
5 ik01–01

co–co Aco

1 i(
n

m

2
k1n –01

cl–co An
cl exp~2i2d 1n –01

cl–co z !, (C4)

(
n

FdAn
cl

dz
5 1i

m

2
k1n –01

cl–co Aco exp~1i2d 1n –01
cl–co z !G , (C5)

where m is the depth of the index modulation. The sum-
mation sign in Eq. (C5) signifies that the equation is ap-
plicable to all cladding modes with varying mode number
n. Note that in the above equations the photoinduced in-
dex change used in the calculation of the various coupling
coefficients is the averaged dc value.

Address correspondence to Lon A. Wang at the location
on the title page or by phone, 886-223-635251; fax, 886-
223-656327; or e-mail, lon@ccms.ntu.edu.tw.
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