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Analysis and design of almost-periodic
vertical-grating-assisted codirectional coupler
filters with nonuniform duty ratios

Gia-Wei Chern and Lon. A. Wang

A systematic approach to the analysis of almost-periodic vertical-grating-assisted codirectional couplers
with nonuniform duty ratios is presented. The Poisson sum formula is used to expand rigorously a
nonuniform rectangular grating into a quasi-Fourier series, and local grating parameters such as period,
width, and duty ratio can be defined unambiguously in such a procedure. On the basis of this expansion
the coupled-local-mode formulation is the most natural extension for the analysis of such a nonuniform
grating-assisted codirectional coupler filter. By transformation of the coupled-local-mode equations into
the Zakharov–Shabat system the Gel’fand–Levintan–Marchenko inverse-scattering method is then used
to synthesize special grating-assisted codirectional coupler filters. The design is illustrated by two
typical examples: One is a third-order Butterworth filter, and the other is a linear filter. © 2000
Optical Society of America

OCIS codes: 050.2770, 130.2790, 230.7400.
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1. Introduction

Light-wave communication networks such as
wavelength-division-multiplexing systems require
narrow-band optical filters to achieve high-
transmission capacities. One such optical filter is
based on the grating-assisted codirectional coupler
~GACC!, which has attracted much attention; for
xample, the GACC has been proposed for applica-
ions such as wavelength-selective filters, noise
lters, tunable filters, and wavelength-selective
hotodetectors.1–5

A vertical GACC is shown schematically in Fig.
1~a!. It consists of two stacked slab waveguides with
the grating layer located on either slab. Power is
exchanged between the two waveguides through the
evanescent fields of the two guided modes. For a
uniform grating the filter’s spectrum is similar to a
sinc function and has high sidelobes. These side-
lobes can be suppressed with a weighted coupling
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coefficient, and it was proposed and demonstrated
that nonuniform coupling coefficients can be realized
by variation of the duty ratio of the rectangular grat-
ing.5,7 In these studies, conventional apodization
functions such as the Gaussian or the Hamming func-
tions were used for weighting the coupling coeffi-
cients, and the purpose was to reduce the filter
sidelobes. The grating was further divided into sev-
eral uniform sections, and a fundamental matrix-
multiplication method was used to analyze the
spectral response.8

With the well-developed synthesis methods,9,10

one can design a GACC to have a specified filter
response by appropriately varying the coupling coef-
ficient and the grating period. The Gel’fand–
Levintan–Marchenko ~GLM! inverse-scattering

ethod was used by Winick11 to design a GACC with
a third-order Butterworth filter response. However,
the geometry considered by Winick was a pair of
parallel-channel waveguides embedded in a planar
substrate with the grating region located between the
two channels. The nonuniform coupling coefficient
was realized by variation of the width of the grating
with fixed duty ratios.11

In this paper a GACC filter with a vertical-coupling
eometry @Fig. 1~a!# is our main concern. It has the
dvantage that the device can be combined with other
hotonic elements such as photodetectors and
uantum-well lasers in a monolithic way. We
1 September 2000 y Vol. 39, No. 25 y APPLIED OPTICS 4629
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present a systematic approach to analyzing the non-
uniform vertical GACC’s with a varying duty ratio
and grating period. The coupled-local-mode formal-
ism12 is used here to analyze the nonuniform GACC’s.
This approach is used because the grating is located
on one of the two waveguide layers, and the nonuni-
form grating duty ratio will change the average local
refractive index of the grating layer such that the
local guided modes will be different from point to
point. Conventionally, a nonuniform grating is de-
scribed by use of a complex taper function. The am-
plitude of the taper function corresponds to the

Fig. 1. ~a! Waveguide structure and the refractive-index profile of
a nonuniform vertical GACC with a varying grating width wn and
varying positions zn. ~b! Reference waveguide structure and
refractive-index profile for the GACC shown in ~a!. The original
grating layer is taken to be the same as the cover layer, i.e., with
a refractive index n1. This configuration corresponds to a non-
ynchronous codirectional coupler without a grating overlay. ~c!
aveguide structure and the refractive-index profile for the local
odes; this configuration represents a combination of the refer-

nce index profile and the zeroth-order index perturbation that is
ue to the nonuniformity of the duty ratios m.
630 APPLIED OPTICS y Vol. 39, No. 25 y 1 September 2000
varying coupling coefficient, and the phase character-
izes the aperiodicity.13 Here the effective taper
function of a nonuniform vertical GACC with a vary-
ing duty ratio and period is derived rigorously with
the aid of the Poisson sum formula.14 This formula
was originally adopted by Ishimaru15 in his treat-
ment of nonuniform antenna arrays.

The contents of this paper are as follows: In
Section 2 the functional form of the nonuniform
rectangular grating is rewritten in a more intuitive
way that is also suitable for the application of the
Poisson sum formula. The nonuniform grating is
then expanded into a quasi-Fourier series whose
mth-order expansion coefficient corresponds to the
complex taper function of the mth-order grating.

he local grating parameters can be defined in an
nambiguous way. Section 3 outlines the formal-

sm of the coupled-local-mode theory. The zeroth-
rder index perturbation of the quasi-Fourier series
s used to define the local index profile from which
e can solve the local array modes. These local
odes are then regarded as unperturbed modes
ith respect to the almost-periodic grating, and a

et of coupled-mode equations are derived. These
oupled-mode equations are further transformed
nto a form known as the Zakharov–Shabat ~ZS!
ystem10,16 such that the GLM inverse-scattering

technique can be used to synthesize the grating
filter. In Section 4, we demonstrate two examples
of the GACC filter design by using the GLM
method. One example is a third-order Butter-
worth filter; the other is a linear filter, or so-called
power-discriminator filter in Ref. 9. Finally, we
draw main conclusions in Section 5.

2. Poisson Sum Formula for the Expansion of Index
Perturbations

The geometric structure of a typical almost-periodic
vertical GACC with nonuniform duty ratios is shown
schematically in Fig. 1~a!. The transverse structure
s composed of the following layers: a cover layer
ith a refractive index n1, a grating layer with a

thickness g and alternating refractive indices n1 and
n2, a top waveguide layer with a thickness t1 and a
refractive index n2, a separation layer with a thick-
ness t2 and a refractive index n3, a bottom waveguide
layer with a thickness t3 and a refractive index n4,
and the substrate with a refractive index n5. The
grating is rectangular in shape, and we denote the
center longitudinal position of the nth rectangle with
an index n2 as zn; the corresponding width of the
rectangle is denoted as wn @see Fig. 1~a!#. We define
a reference waveguide refractive-index profile n# 2~x!
as the one whose grating layer is the same as the
cover layer, as shown in Fig. 1~b!. This reference
structure is just a nonsynchronous codirectional cou-
pler without the grating overlay. Take this refer-
ence index profile as the unperturbed one; the index
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perturbation of a rectangular-shaped grating then
can be described by use of

Dn2~x, z! 5 5(n51

N

Dng
2 uSz 2 zn

wn
D 0 , x , g

0 elsewhere
, (1)

here Dng
2 5 n2

2 2 n1
2 and u~z! is the unit-square

function, which is unity when uzu # 0.5 and is zero
elsewhere. The summation can be formally ex-
tended from 2` to ` if one assumes that wn 5 0 when

, 1 or n . N. The grating positions and widths
re regarded as sampled values of two continuous
unctions, i.e., zn 5 z~n! and wn 5 w~n!.

We next transform the summation into integrals by
invoking the Poisson sum formula, which reads

(
n52`

`

f ~n! 5 (
m52`

`

*
2`

`

f ~n!exp~i2mpn!dn, (2)

where f ~n! is a continuous function of n. The trans-
formed index perturbation becomes

Dn2~z! 5 Dng
2 (

m52`

`

*
2`

`

uFz 2 z~n!

w~n! Gexp@i2mpn#dn.

(3)

Note that henceforth the expression for Dn2~z! is
valid within 0 , x , g and zero outside this range.

ecause zn always increases with n, the position func-
ion z~n! is a monotonically increasing function and is

thus invertable. Let the inverse function be n~z!,
which is called the source-number function.15 As a
result of the assumption of almost periodicity, this
function is assumed to have form

n 5 n~z! 5 zyL~0! 1 n~z!, (4)

here L~0! is a reference period and n~z! is a slowly
arying function of z. Additionally, n~z! ,, 1 for an
lmost-periodic grating. The derivative dnydz is
sed in the expressions that follow, and it has the
hysical meaning of the inverse of the local period
note that dnydz > DnyDzn,n11 > 1yLn!. Thus we

define the local period function L~z! as

1
L~z!

;
dn
dz

5
1

L~0! 1
dn

dz
. (5)

Now we change the integration variable from n to
z0 and obtain

Dn2~z! 5 Dng
2 (

m52`

`

*
2`

`

uFz 2 z0

w~z0!G exp@i2mpn~z0!#

L~z0!
dz0.

(6)

Note that the local period function L~z0! in the inte-
rand of Eq. ~6! results from the factor dnydz0 that is

due to the change of integration variable. By fur-
ther changing the integration variable by z0 5 z 2 z9,
1

we derive the quasi-Fourier series expansion for the
index perturbation as

Dn2~z! 5 (
m52`

`

Dnm
2~z!expFim

2p

L~0! zG , (7)

with the mth-order expansion-coefficient function
nm

2~z! given by

Dnm
2~z! 5 Dng

2 *
2`

`

uF z9

w~z 2 z9!G
3

exp@i2mpn~z 2 z9!#

L~z 2 z9!

3 exp$2im@2pyL~0!#z9%dz9, (8)

where we used expression ~4! for n~z!.
The expansion in Eq. ~8! is exact so far, and we

proved that the index perturbation of a slowly vary-
ing nonuniform almost-periodic grating can be ex-
panded as a quasi-Fourier series. The expansion
coefficients are also slowly varying functions of z and
act as the effective taper function of the correspond-
ing grating order. We can further simplify Eq. ~8! by
noting that the integration interval for z9 is approx-
imately limited within 6w# y2, where w# is some aver-
age value of the grating width. Because the grating
is assumed to be slowly varying and if the conditions

dwydz ,, 1, dLydz ,, 1 (9)

are satisfied, we can approximate functions ~9! with
their zeroth-order expansion, i.e., w~z 2 z9! > w~z!
and L~z 2 z9! > L~z!, respectively. However, the
function n~z 2 z9! in the exponential must be consis-
tently approximated by use of the first-order expan-
sion because its first derivative is related to the local
period function as

n~z 2 z9! > n~z! 2
dn

dz
z9 5 n~z! 1

z9

L~0! 2
z9

L~z!
. (10)

Substituting these approximations into Eq. ~8!, we
btain a simplified expression for the expansion-
oefficient function:

Dnm
2~z! > Dng

2 exp@i2mpn~z!#

L~z! *
2`

`

uF z9

w~z!G
3 exp$2im@2pyL~z!#z9%dz9. (11)

With expression ~11! the quasi-Fourier expansion can
be rewritten as

Dn2~z! 5 (
m52`

`

Dn̂m
2~z!expFim *

0

z 2p

L~z9!
dz9G . (12)

Note that expression ~12! is expanded by use of the
local grating period L~z! in integral form but not the
reference grating period L~0!. And the newly defined
expansion coefficients are
September 2000 y Vol. 39, No. 25 y APPLIED OPTICS 4631
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Dn̂m ~z! ; Dnm ~z!exp@2i2mpn~z!#

5
Dng

2

L~z! *
2`

`

uF z9

w~z!Gexp$2im@2pyL~z!#z9%dz9.

(13)

Expression ~13! is the usual formula for evaluating
the Fourier coefficients of a unit-squared function
u~z!. However, the local parameters L~z! and w~z!
are used instead. For a slowly varying, almost-
periodic grating this approach seems intuitively true;
however, we gave a rigorous derivation here. Using
the definition of the unit-squared function allows the
mth-order coefficient to be evaluated readily as

Dn̂m
2~z! 5 5Dng

2m~z! m 5 0
Dng

2

mp
sin@mpm~z!# m Þ 0 , (14)

here we defined the local duty ratio m~z! as

m~z! 5
w~z!

L~z!
. (15)

quations ~14! and ~15! are used in the following
nalysis and design of nonuniform GACC filters.
nd, without a loss of generality, we mainly consider
ouplings caused by the first-order grating, i.e., m 5
.

3. Coupled-Local-Mode Theory for Nonuniform
Grating-Assisted Codirectional Couplers

In this section a coupled-local-mode theory is pro-
posed that is based on the quasi-Fourier series ex-
pansion developed in Section 2 for the analysis of a
nonuniform GACC with a varying duty ratio and pe-
riod. Consider the reference refractive-index profile
n# 2~x! that is shown in Fig. 1~b!. The coordinate sys-
tem is also shown in Fig. 1. As was mentioned
above, as the duty ratio is varied along the grating,
the local guiding structure is changed accordingly.
Here the zeroth-order expansion of the grating is
used to define the local index profile as

n0
2~x, z!

Hn# 2~x! 1 Dn0
2~z! 5 n1

2 1 Dng
2m~z! 0 , x , g

n# 2~x! elsewhere , (16)

where we used Eq. ~14! for Dn0
2~z!. The index pro-

file of the local waveguide structure is shown sche-
matically in Fig. 1~c!. Note that the squared
refractive index of the grating layer is linearly depen-
dent on the local duty ratio: it equals n1

2 when m 5
0 and n2

2 when m 5 1. In the following we consider
nly couplings between the fundamental TE modes.
The vector electric and magnetic fields of the local

undamental modes can be expressed as

Ej 5 ej@x, bj~z!#expFi *
0

z

bj~z9!dz9G ,
632 APPLIED OPTICS y Vol. 39, No. 25 y 1 September 2000
Hj 5 hj@x, bj~z!#expFi *
0

z

bj~z9!dz9G , (17)

respectively, where j 5 1 or j 5 2 for the local even
and odd array modes, respectively. For TE modes,
the electric fields are y polarized, and the x compo-
nent of the magnetic field is zero in our coordinate
system, i.e., ej 5 yeyj and hxj 5 0. The local mode
fields are z dependent through the dependence on
bj~z!, which is, in turn, z dependent through the de-
pendence on m~z!. The local mode fields satisfy the
following wave equations:

H d2

dx2 1 k0
2@n# 2~x! 1 Dn̂0

2~x, z!#J eyj 5 bj
2~z!eyj,

hxj 5 2
bj

vm
eyj,

hzj 5
2i
vm

deyj

dx
, (18)

with the appropriate boundary conditions. In Eqs.
~18!, k0 5 2pyl is the vacuum wave number, v is the
frequency, and m0 is the permeability in free space.
Because we consider only the codirectional couplings,
the total electric field can be expressed in terms of the
local even and odd modes as

Et 5 (
j51,2

aj~z!ej@x, bj~z!#expFi *
0

z

bj~z9!dz9G , (19)

where aj~z! is the slowly varying amplitude of mode j.
As was mentioned above, we consider couplings
caused by the first-order grating, m 5 1, i.e., Dn̂1

2~z!.
Substituting Eq. ~19! into Maxwell’s equations, as
outlined in Ref. 12, with the first-order grating per-
turbation Dn̂1

2~z! taken into consideration allows the
oupled-local-mode equations to be derived as

da1

dz
5 C11a1 1 C12a2 expHi *

0

z

@b2~z9! 2 b1~z9!#dz9J ,

da2

dz
5 C22a2 1 C21a1 expHi *

0

z

@b1~z9! 2 b2~z9!#dz9J ,

(20)

here the coupling coefficients are given by

Cjk 5
1
4 *

2`

` Fhxj

]eyk

]z
2 eyj

]hxk

]z Gdx

1 i
ve0

4
expFi *

0

z 2p

L~z9!
dz9G *

0

g

Dn̂1
2eyjeykdx.

(21)
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In deriving the expressions ~20! and ~21! the following
orthogonality relations are used:

1
2 *

2`

`

z~etj 3 htk!dx 5 djk. (22)

Note that there are two contributions to the coupling
coefficients. The first term on the right-hand side of
Eq. ~21! comes from variations of the local mode

elds. For j 5 k, this term vanishes because it is
roportional to the z derivative of the normalized
ower in Eq. ~22!. The second term on the right-
and side of Eq. ~21! represents couplings of the local
odes through the first-order grating. By keeping

nly the phase-matching terms, we obtain

da1

dz
5 ik~z!a2 expF22i *

0

z

d~z9!dz9G ,

da2

dz
5 ik~z!a1 expF2i *

0

z

d~z9!dz9G , (23)

where we defined the local detuning parameter d~z!
as

d~z! 5
1
2Fb1~z! 2 b2~z! 2

2p

L~z!G (24)

nd the coupling coefficient k~z! as

k~z! 5 Dng
2 ve0

4p
sin@pm~z!# *

0

g

ey1@m~z!#ey2@m~z!#dx.

(25)

Note that the electric fields eyj used to evaluate the
overlapping integral are also dependent on the local
duty ratio m~z!. With transformations of the mode
amplitudes by

ã1~z! 5 a1~z!expFi *
0

z

d~z9!dz9G ,

ã2~z! 5 a2~z!expF2i *
0

z

d~z9!dz9G , (26)

qs. ~23! become

dã1ydz 5 id~z!ã1 1 ik~z!ã2,

dã2ydz 5 2id~z!ã2 1 ik~z!ã1, (27)

hich are the well-known coupled-wave equations for
odirectional two-mode couplings.17 However, the

detuning parameter as well as the coupling coeffi-
cient are both dependent on the longitudinal distance
z.

To use the well-developed GLM inverse-scattering
method for the synthesis of GACC filters requires
that the above set of coupled-mode equations ~27! be
further transformed into a form known as the ZS
system,10,16 and many methods have been developed
to solve the inverse ~synthesis! problems of the ZS
1

system. We first define b1 and b2 as two reference
propagation constants that correspond to the refer-
ence waveguide structure. The local propagation
constants are expressed as bj~l, z! 5 bj

~0!~l! 1 Dbj~z,
l!, where j 5 1, 2. Let us define the following
z-independent detuning parameter:

j 5
1
2 Fb1

~0!~l! 2 b2
~0!~l! 2

2p

L~0!G . (28)

Equation ~28! is obviously a function of the wave-
ength l. The reference grating period L~0! is chosen

such that j~l0! 5 0 for a given center wavelength l0.
We now make the following variable transforma-

ions:

n1~z! 5 a1~z!exp~ijz!,

n2~z! 5 a2~z!exp~2ijz!. (29)

Then the original coupled equations ~23! are trans-
formed into the ZS system as

dn1~z, j!ydz 2 ijn1~z, j! 5 q~z!n2~z, j!,

dn2~z, j!ydz 1 ijn2~z, j! 5 2q*~z!n1~z, j!, (30)

respectively, where the expression for the complex
coupling potential q~z! is

q~z! 5 ik~z!exp@iu~z!#, (31)

with k~z! given in Eq. ~25! and the following expres-
sion for u~z!:

u~z! 5 2pn~z! 2 *
0

z

@Db1~z9! 2 Db2~z9!#dz9. (32)

Equations ~31! and ~32! relate the complex coupling
potential q~z! to the local duty ratio m~z! through the
coupling coefficient k~z! and to the source-number
function through n~z!. Having determined the
source-number function n~z!, we can use it to find the
corresponding positions zn and widths wn of the rect-
angular grating. This relation indicates that we
might properly adjust these parameters, wn and zn, to
realize a coupling potential that results in a specific
grating response.

4. Design Examples

We now present two vertical GACC filter design ex-
amples. The designs are based on the GLM inverse-
scattering technique. Details of the GLM method
can be found in Refs. 10 and 11.

To apply the GLM inverse-scattering method, we
must specify the scattering data of the ZS equation,
and, in the forward-coupling case, one must specify
the scattering coefficient10,11 as

r~j! 5 n2~L, j!yn1~L, j!, (33)

where L is the interaction length of the grating. Ba-
sically, the GLM equation is a set of integral equa-
tions for solving the unknown coupling potential q~z!,
provided the scattering coefficient r~j! is given.
September 2000 y Vol. 39, No. 25 y APPLIED OPTICS 4633
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Song and Shin10 showed that the GLM integral equa-
tions can be transformed into a set of linear equations
for q~z! and thus can be solved exactly if r~j! is a
rational function of j. We use this method in the
following synthesis problem.

After the synthesized coupling potential q~z! is ob-
tained its amplitude can be used to determine the
local duty ratio m~z! through Eq. ~25!. After the local
duty ratio is known the local propagation constants
can be solved by use of Eq. ~18!. And from the phase
of q~z! the local grating period can be derived by the
differentiation of Eq. ~32! with respect to z:

L~z! 5 H 1
L~0! 1

1
2p

du

dz
1

@Db1~z! 2 Db2~z!#

2p J21

. (34)

Note that there are three contributions to the local
period. The first term in braces in Eq. ~34! is the
constant reference grating period L~0!. The second
term comes from the required grating phase. And
the third compensates for the effective chirp that is
caused by the nonuniform local propagation con-
stants. Finally, the local grating width is given by
w~z! 5 m~z!L~z!.

The material parameters used in the following de-
sign were as follows: The cover layer, the separation
layer, and the substrate are all composed of InP.
The thickness of the separation layer is t2 5 1 mm.

he top waveguide layer is InGaAsP latticed
atched to InP with a bandgap wavelength of lg 5

.45 mm and a thickness of t1 5 0.5 mm. The bottom
waveguide layer is also InGaAsP latticed matched to
InP with a bandgap wavelength of lg 5 1.1 mm and a
thickness of t3 5 0.3 mm. Material dispersion of
InGaAsP latticed matched to the InP substrate is
taken into consideration by use of the refractive-
index model of Ref. 18.

In Fig. 2, we show the dependence of the coupling
coefficient on the local duty ratio for a first-order
grating ~m 5 1!. The thickness of the grating layer

Fig. 2. Coupling coefficient k plotted as a function of the local duty
atio m for a first-order ~m 5 1! grating.
634 APPLIED OPTICS y Vol. 39, No. 25 y 1 September 2000
is g 5 0.07 mm. Note from the figure that, apart
from the explicit sin~pm! dependence ~which is obvi-
ously symmetric to m!, the coupling coefficient k also
depends on the local duty ratio through the overlap-
ping integral of the two local mode fields @see Eq.
~25!#.

In the case of forward coupling, instead of the scat-
tering coefficient, we often specify the power transfer
function, which is defined as

T~j! 5 Un2~L, j!

n1~0, j!
U2

. (35)

As a result of power conservation, un2~L, j!u2 1 un1~L,
j!u2 5 un1~0, j!u2, function ~35! can be related to the
scattering coefficient r~j! as follows:

ur~j!u2 5
T~j!

1 2 T~j!
. (36)

We can use relation ~36! to derive the required
scattering-coefficient function. In the first example,
we consider a third-order Butterworth filter whose
frequency response is defined as

T~j! 5
Tmax

1 1 ~jyjc!
6 , (37)

where Tmax is the maximum power transfer and jc is
the filter half-power point. By substituting Eq. ~37!
into Eq. ~36! and assuming that the scattering coef-

cient satisfies r*~j! 5 r~2j!, such that ur~j!u2 5
r~j!r~2j!, we obtain a rational representation for r~j!
as

r~j! 5
N~j!

D~j!
, (38)

with

N~j! 5 ~Tmax!
1y2,

D~j! 5 ~1 2 Tmax!
1y2 1 i~jyjc!

3. (39)

Figure 3 shows the synthesized filter response,
which indicates that a good result is obtained in this
case. The maximum power transfer is Tmax 5 0.9 in
his case. Because L~0! is chosen such that j~l0! 5 0,

for small deviations from the center wavelength l0
the detuning parameter j is proportional to the wave-
length deviation as

j >
1
2 Fdb1

~0!

dl
2

db2
~0!

dl G
l5l0

~l 2 l0!, (40)

where the center wavelength l0 is chosen to be 1550
nm, and the half-power detuning parameter is jc 5
1.21 mm21. The corresponding FWHM wavelength
range is approximately 2.5 nm, as can be seen from
Fig. 3.

The reconstructed grating’s local width and local
period are shown in Figs. 4 and 5, respectively. Note
that a sign change of the grating width w~z! indicates
the insertion of a p phase shift at the crossing point.
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Because a symmetric filter response such as with the
Butterworth filter will result in a real-valued cou-
pling potential, u~z! is either zero or p.19 However,
as was mentioned above, the grating period varies in
such a way as to compensate for the effective chirp
that is caused by the variation of the differential local
propagation constants @see Eq. ~33! and Fig. 5#.

As a second example, we consider a linear filter
with a filter response of

T~j! 5 HTmax~1 2 jyjc!y2 ujyjcu # 1
0 elsewhere , (41)

where we choose a value of Tmax 5 0.7.
Given the above power transfer function, we can

find the corresponding r~j! with the aid of Eq. ~36!.

Fig. 3. Synthesized filter response ~points! compared with the
esired filter response ~solid curve! of a third-order Butterworth

GACC filter designed by use of the coupled-local-mode equations
and the GLM technique.

Fig. 4. Local grating width w plotted as a function of the grating
osition z for a third-order Butterworth GACC filter.
1

In this case there are no analytic expressions for N~j!
nd D~j!. Thus we use a fifth-order, polynomial,
east-squares fit to derive N~j! and a sixth-order,
olynomial, least-squares fit to derive D~j!. In fit-
ing the linear filter’s scattering coefficient r~j!, a
ixth-order Butterworth filter is included in the de-
ominator of function T~j! @Eq. ~41!# to derive the
ransmission to zero for wavelengths outside the
pecified region.
Figure 6 shows the synthesized linear filter re-

ponse. The desired linear wavelength region is
rom 1548 to 1552 nm. Because the GLM method is
xact, as described above, the discrepancy between
he synthesized spectrum and the desired one comes
ainly from the fitting error of the rational function

Fig. 5. Local grating period L plotted as a function of the grating
position z for a third-order Butterworth GACC filter.

Fig. 6. Response of the linear GACC filter designed by use of the
coupled-local-mode equations and the GLM technique: the syn-
thesized response ~points! compared with the desired response
~solid curve!.
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to r~j!. Figures 7 and 8 show the grating’s local
width and local period as functions of the longitudinal
distance z. The designed total filter length is ap-

roximately 7 mm. Qualitatively, the narrower the
lter bandwidth, the longer the interaction length
equired.

5. Conclusions

In summary, an approach based on the Poisson sum
formula and coupled-local-mode theory has been pre-
sented for the analysis of almost-periodic GACC fil-
ters with nonuniform duty ratios. A rectangular
grating with nonuniform widths and variable spac-
ings is expanded into a quasi-Fourier series by use of
the Poisson sum formula. Without a loss of gener-
ality, we consider the first-order grating and the cou-
plings between the two fundamental TE array modes.

Fig. 8. Local grating period L plotted as a function of the grating
osition z for a linear GACC filter.

Fig. 7. Local grating width w plotted as a function of the grating
osition z for a linear GACC filter.
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On the basis of the quasi-Fourier series expansion
the zeroth-order refractive-index perturbation com-
bined with the z-independent reference waveguide
structure has been used to define the local refractive-
index profile from which we derive the local mode
fields and the local propagation constants. These
local modes act as unperturbed modes with respect to
the first-order grating, and a set of coupled-local-
mode equations was then used to analyze the inter-
action of these local modes. We have also pointed
out that the approach that uses the Poisson sum
formula to define clearly the local grating parameters
is very suitable for combination with the coupled-
local-mode theory for the analysis of nonuniform
GACC filters.

By transforming the coupled-local-mode equations
into the ZS system, we have applied the well-known
GLM inverse-scattering method to the design of spe-
cial GACC filters. The GLM integral equations can
be solved exactly, provided the scattering data are
expressed as a rational function of the wavelength-
detuning parameter and the accuracy of the GLM
method is limited by the fitting error of the rational
function.

The design has been illustrated with two examples:
One is a third-order Butterworth filter, and the other
is a linear filter. For these synthesized GACC filters
the grating widths and periods are larger than the
contradirectional ones and may be realized by use of
conventional photolithography or e-beam lithography
techniques.

The authors are grateful for the support in part by
the National Science Council Taiwan under contract
NSC 89-2215-E-002-013 and by the Education Min-
istry, Taiwan, under contract 89-E-FA06-2-4.
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