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Surplus Management of Insurance Companies

Abstract
To immunize the surplus of an insurance company against the fluctuation of the interest rate,
asset-liability managers commonly adopt the so-called classical immunization strategy,
maintaining the duration of assets equal to the liability/asset ratio times the duration of liabilities.
However, it is well known that this strategy is valid only when the shift in the interest rate is
parallel and infinitesimal.  This paper examines the immunization strategy with a non-parallel
and non-infinitesimal yield curve shift. Instead of assuming that the interest rates of assets are
all equal in each period, we consider the strategy under a linear term structure. We find that
the immunization strategy under a linear term structure requires further adjustment in the
convexity of the surplus. Moreover, we show that maximizing the convexity of the surplus
subject to the classical immunization constraints is the optimal strategy for an insurance
company when the shift of the interest rate is not small. We also demonstrate that this optimal

strategy can be implemented by linear programming.



Staking and Babbel (1995) provide empirical evidence to support the relationship between
surplus duration and market value for insurance companies. Barney (1997) demonstrates that
the relationship found by Staking and Babbel (1995) may be at least partially caused by the
choice of the measure of surplus duration. Traditionally, to immunize the surplus of an
insurance company against the fluctuation of the interest rate, asset-liability managers need to
carefully arrange both the cash inflows and outflows of the firm. A classical immunization
strategy serves to maintain the duration of assets equal to the asset/liability ratio times the
duration of liabilities (Bierwag, 1987; Grove, 1974; Reitano, 1991).  Although this strategy is
commonly used by asset-liability managers, several issues have been raised to question this
theory. First, this classical immunization strategy is known to be valid only when the shift in
the interest rate is small. Second, Reitano (1992) demonstrates that the classical immunization
theory works only in the case of the parallel yield curve shift. Furthermore, Barney (1997)
shows that the interest spread between assets and liabilities is crucial to immunize the interest
rate risk for an insurance company. In an intriguing article, Briys and Varenne (1997) provide
an alternative measure of effective surplus duration under stochastic interest rates. However,
most insurance companies may consider a discrete time model easier to adopt in their ordinary
operation. This paper intends to integrate the models of Reitano (1992) and Barney (1997)
with a non-infinitesimal yield curve shift. Instead of assuming that the interest rates of assets
are the same as those of liabilities in each period, we examine the immunization strategy under a
linear term structure. We find that the immunization strategy under liner term structure
requires further adjustment in the convexity of the surplus. Moreover, we show that
maximizing the convexity of the surplus, subject to the classical immunization constraints, is the

optimal strategy for an insurance company when the shift in the interest rate is not small. We



also demonstrate that this optimal strategy can be implemented by linear programming.

-Parallel Shift of Yiel
Let us consider an insurance company with assets A and liabilities L. Assume that the
assets and liabilities are valued as the present value of the future cash inflows and cash outflows

of n periods. Thus,

Z:(1+ y

*Z (1)
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where 4, is the cash inflow at period /,

L, is the cash outflow at period /,

-, 18 the interest rate for the cash inflow at period i, and

is the interest rate for the cash outflow at period i.

From an accounting point of view, the surplus of firm § is equal to the difference between its

assets and liabilities. Thus,

_Z(1+ _Z(l+ @

The surplus of the firm is immunized locally by the change in interest rate if as _ 0, where r

/a
is the current interest rate.
Differentiating the surplus with respect to the interest rate gives
u —i ar,, <~ -—il. dr,
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To consider a non-parallel yield curve shift, we assume that
ry=(a, +Br+C,+K,i=(a,r+C)+(B,r+K,)i and
r,=(a, + B r+C,  +K i=(a,r+C)+(B,r +K )i, 4)
where a,, B,, a,, ,b’L, C,, C,, K,,and K, are all constants.

There are two important issues in Equation (4).  First, the decision-maker needs to choose
appropriate definitions for 7,,, 7, ,and r. Forexample, r, and 7, respectively, can be
the rates of return for lending and borrowing at period 7, while  is the current central rate of
return between lending and borrowing. Furthermore, r can be any factor that can influence
the term structure of the interest rate. For example, if the decision-maker is interested in how
to hedge the risk of the inflation rate embedded in the interest rate risk. It is easy to extend
Equation (4) to cope with this problem. The decision-maker can let r denote the current
inflation rate and let 7,, and 7,, denote the rate of return for lending and borrowing in period i,
respectively.  Second, it is critical for the decision-maker to get a set of parameters for «,,
B, a,,and B, . Oneway toestimate a,, fB,, a,,and f, istoregress r, and r,
with respect to r and ri. This method looks straightforward on the basis of Equation (4).
Basically, Equation (4) implies a linear term structure of interest rates for both assets and
liabilities.  That 1s, Equation (4) can simulate a rising, declining, or flat yield curve when
B,r+K, and pB,r+K, are positive, negative, or zero, respectively. Furthermore, this
equation is a general model of parallel yield curve shift. Thatis, if a, =, and f#,=4, =0,
Equation (4) simply implies a parallel shift of the term structure. Moreover, the Equation (4)
anticipates the problem of interest rate spread between assets and liabilities.

From Equation (4), Equation (3) can be rewritten as

S (@, +p0)= Z ,+,(L+/3Lz> )
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By arranging the terms, Equation (5) can be rewritten as

[, = AN S 8,4 z’(’““’
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Let us define the modified duration and convexity of assets and liabilities as follows:
= Z (1 +r )1+1 4
= _Z (1 +r )1+1 >
- lz l(l+1)Ai1’ and
A Q+r,)"
z i(i+1)L,
(1+ )1+1 ?
where D7 | D], V], and V;"denote the modified duration and the modified
convexity of assets and liabilities, respectively.
Thus, substituting D7 , D/, V", and V" into Equation (6), we get
D3 = (=B DE + (N GV P ™

- ﬁ 4 - ;BA
Equation (7) shows that the asset-liability managers may need to match not only the surplus’s

duration but also the surplus’s convexity when coping with interest rate risk under a linear term

structure. Obviously, the terms V' = (’B L )(—)V"' and D} = (&%L)(%)Df are
. a A

-
sufficient conditions of Equation (7). Moreover, the immunization strategy on the basis of
Equation (7) is more general than the classical immunization strategy and that suggested by
Barney (1997), since they are only the special cases of Equation (7).

To demonstrate this point, let @, =a, =« and f,=4,=0 (ie, r,==ar+C, and



r, == ar +(, ), then

A L
D, = D
I1+7, 4 I+r L ()
where D, IZ 4, = li
A= (A+r A) L (1+r)

We note that Equation (8) is the same as the results derived by Barney (1997). Obviously, if
a,=a,=a, B,=p,=0,and C,=C, (i.e, r,=r,), then D, :éDL, which is the

classical immunization strategy commonly used by asset-liability managers.

- itesi ift in Interest R
X as . ) ) )
It is well known that —d— is a good measure for the interest rate risk only if the movement of
r

the interest rate is small. From Taylor’s expansion series, we know

d*S (Ar)
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If the shift in the interest rate is small, the change in the surplus can be approximated by

Equation (9)at m =1. Thatis,
AS ~—Ar. (10)

It is obvious that the surplus of the firm is immunized by the change in the interest rate if

a5 _ 0, which is also the rationale of Equation (3). However, if the shift in the interest rate is

dr

not small, then Equation (9) with m =2 will provide a more accurate approximation. Thus,
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It is noteworthy that the second term of Equation (11), 1d f




d’s .. d*S .
> > 0. Inother word, if — >0, then the surplus of the firm increases whether or not
r

interest rate increases or decreases. Therefore, if the shift in the interest rate is not small, the

best strategy for immunization should be

2
Max d’s
AL dr 2

st. S=A-L, and

as
—=0.
> (12)

Equation (12) can be rewritten as

i(i +1)(a, + ﬂAI) i+ 1), + B0)
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n

Z(1+ A Z(1+L,) =5, and

=0

i(a,+B,0) l(aL +ﬂL1)
IZO (1+ )1+1 A‘l Z (1+ )1+1 i =0. (13)

Although the manager of an insurance company can control the firm’s future liabilities by means
of marketing and reinsurance strategies, such strategies are relatively difficult to achieve. A
better way to implement this asset-liability management strategy is to make appropriate
investment decisions given the firm’s future liability schedule. To demonstrate this point,

Equation (13) can be rewritten as

Mo Z i(i+1)a, +,BA1)

4, pr (l +r )1+2 ’

st YL gose> 1 l)xLl,and
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In Equation (14), 4, is the investment decision for asset-liability management in each period

for insurance company. It is very important to recognize that, when surplus § and both the

liability schedule and the term structure are given as parameters, the

yr -\ 2 ; ; n
terms l(l+1)(a,4 -*;:Z:Al) , 1 - I(a,q +,B;:;:)’ S+Z___1__TLi’ and
(+7,) (A+ry) (+ry) o (1+7,)
> %CL’?II)L,. are all constants with respect to 4;,. Therefore, Equation (14) can be
i=0 + rLi

solved by linear programming.

lation
To demonstrate the application of our model, we construct a hypothetical insurance company.
Solvency and non-negative constraints are further considered to make the case more realistic.
The results of the simulation show that the immunization strategy of our model can be
implemented by using linear programming. We also find that the effect of the convexity
cannot be ignored under a linear term structure.
For simulation purposes, we create a balance sheet for the hypothetical insurance company at

period O (Exhibit 1).

it 1 h le In
Assets Liabilities Surplus
$238,798M $211,303M $27,495M

Without losing any generosity, we assume the liabilities are to be paid out in five years as shown

in Exhibit 2.



ility Schedule of the Sampl n

Periods Liabilities
1 $45,500M
2 $49,000M
3 $52,700M
4 $56,500M
5 $60,900M

Let us assume that the current interest rate is 5 percent. Let us also assume that a, =1.00,
a, =110, p,=005, B, =0.06, C,=0.00,and C, =0.01. By Equation (4), we know
7, =0.05+0.0025/ and

r,, =0.065+0.003; .

As mentioned above, the best immunization strategy suggested by Equation (14) should be:

n o s -\ 2
Mar S i(i +1)(1+O.05.1_)2 |
4 5(1.05+0.0025i)"

" 1
s.t. -4 =238,798, and
ZO: (1.05+ 0.00251')"4’

Z": i(1+0.051)
£ (1.05 + 0.0025/)""!

A =773,330.5 (15)

It is reasonable to assume that no 4, is less than zero. That is,
4, 20,i=0,1,234,5. (16)
An insurance company may sometimes need to maintain solvency in each period because of the

regulation. This constraint can be expressed as



J . )
(4 -L)(A+r,)" 20,j=012345, a7
i=0

where 7, ; is the interest rate from the ith period to the jth period.
Let us also assume that the expectation hypothesis holds. Thus, 7 , can be estimated
rationally from the current term structure. Ifall L, are given, then Equation (17) is, indeed, a
linear function of 4, and can be expressed as

1.054, + 4, > 45,500,

1.114,+1.064, + 4, 297,116,

1.184, +1.124, +1.064, + A4, > 155,888,

1264, +1.204, +1.134, +1.074, + 4, > 222,916, and

1.354, +1.294, +1.224, +1.144, +1.074, + A; 229,990

After considering the non-negative constraints of Equation (6) and the solvency constraints of

Equation (17), the problem of the asset/liability manager can be expressed as:

no ags N2
Mo Z ii+D(+ 0.05.1_) 4
4 = (1.05+0.0025#)"

> ! 4 =238,798,
£ (1.05 + 0.0025/)

$ 1(1+0.05’). 4, =773330.5,
“ (1.05+0.0025/)"

1.054, + 4, > 45,500,

1.114, +1.064, + 4, > 97,116,

1.184, +1.124, +1.064, + 4, >1558388,

1264, +1.204, +1.134, +1.074, + 4, > 222916,

1.354, +1.294, +1.224, +1.144, +1.074, + A, >299,990, and



4,20,i=0]12345. (18)
Obviously, Equation (18) can be solved by linear programming. The results from the equation

are as follows:

xhibit 3: imal locati
Periods Assets

0 $58,844M
1 $oM

2 $31,624M
3 $52,700M
4 $56,498M
5 $84,262M

In addition, to demonstrate the immunization effect of the strategy suggested in this paper, we
generate two counter-examples. Example A shows the cost of failing to recognize the

existence of a term structure for the interest rates; and example B shows the cost of failing to

recognize a non-infinitesimal shift in interest rates.

In counter-example A, the asset-liability manager fails to recognize the existence of a term

structure for the interest rates. Therefore he/she assumes that «, =0.00, «a, =0.00,
p,=0.00, B, =000, C,=0.05,and C, =0.065, where they are actually a, =1.00,
a, =110, p,=0.05, £, =006, C,=0.00,and C, =0.01. Thus, the asset-liability

manager allocates the firm's assets as follows:

10



xhibit 4: location of -Exampl

Periods Assets
0 $78,308M
1 $oM
2 $11,123M
3 $54,164M
4 $58,846M
5 $70,45M

Let us assume that the interest rate shifts from S percent to 3 percent, 4 percent, 6 percent, or 7

percent. The surpluses of the optimal case and counter-example A are as follows:
f in Ex
(D ) ©) (4=(3)-(2)([4)/$27,495M)
Interest Rate Optimal Case Example A Differences
5% $27,495M $21,444M $-6,051M (-22.01%)
6% $27,495M $22.281M $-5,215M (-18.97%)
4% $27,495M $20,561M $-6,934M (-25.22%)
7% $27,497M $23,074M $-4,424M (-16.09%)
3% $27,493M $19,623M $-7,896M (-28.62%)

Exhibit 5 shows that the cost of failing to recognize the existence of the term structure is

extremely high, ranging from —16 percent to nearly —29 percent. Furthermore, in all the

situations, the surplus of the firm in the optimal case is almost immunized against the interest

11



rate risk, whereas the surplus of the firm in counter-example A faces volatile fluctuations.

ili i -infinitesimal Shift of In R
In counter-example B, the asset-liability manager recognizes that there is a term structure for
the interest rate but fails to maximize the convexity of the surplus. Therefore, the asset
allocation in counter-example B satisfies all the constraints in Equation (18) except for

maximizing the objective function.

xhibit 6: ion of I- 1
Periods Assets
0 $ oM
1 $ 45,500M
2 $ 49,000M
3 $52,701M
4 $ 127,058M
5 $ 8,580M

Let us assume that the interest rate shifts from 5 percent to 3 percent, 4 percent, 6 percent, or 7

percent. The surpluses of the optimal case and counter-example B are as follows:

Exhibit 7: The Effects of Immunization
1) @) 3) (4)=(2)-(3)([41/$27,495M)
In i B Di
5% $27,495M $27,494M § 1M (0.0035%)
6% $27,495M $27,461M $ 35M (0.1258%)

12



4% $27,495M $27,457TM $ 37M (0.1362%)
7% $27,497TM $27,36TM $130M (0.4732%)

3% $27,493M $27,340M $153M (0.5574%)

From Exhibit 7, the effect of immunization is better in the optimal case than in the counter case.
When the change in the interest rate is 1 percent, the surplus of the firm is immunized in the
optimal case, whereas the surplus of the firm has little fluctuation in counter-example B (the
cases when the interest rate is 6 percent and 4 percent). When the change in the interest rate is
2 percent, the surplus of the firm in the optimal case is still almost immunized, whereas the
change in the surplus of the firm in counter-example B is shown to be large (the cases when
interest rate is 7 percent and is 3 percent). Most important, in all situations the surpluses of

the firm in the optimal case are always higher than those in counter-example B.

Conclusions
In this paper, we find that the immunization strategy under a linear term structure requires
further adjustments in the convexity of the surplus. The immunization strategy in our model is
more general than the classical immunization strategy and that suggested by Barney (1997).
Moreover, we show that maximizing the convexity of the surplus, subject to the classical
immunization constraints, is the optimal strategy for an insurance company when the shift of the
interest rate is not small. We also demonstrate that this optimal strategy can be implemented
by linear programming. By simulation, we further demonstrate the application of our model.
The results of our simulation show that the immunization strategy of our model can be
implemented easily by using linear programming. We also find that the costs of failing to
recognize the term structure are extremely high, and the effect of the convexity cannot be

ignored.  As a future extension of this paper, we suggest considering a more general term

13



structure or to that assume interest rates follow a stochastic process.
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