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Abstract

To hedge the interest-rate risk against a firm’s surplus, insurance companies commonly set
the firm’s asset duration equal to the debt ratio times the firm’s liability duration. However,
this strategy focuses only on the fluctuation of interest rates; it does not address any of the
uncertainty in the underlined factors, which guide the changes in interest rates. This paper
first identifies parameter risks against a firm’s surplus. We further propose to use goal
programming to integrate the traditional immunization strategy against interest-rate risk and the
strategies against parameter risks. Since the goal programming suggested in our paper is an
integrated model of immunization strategies against interest-rate risk and parameter risks, the

immunization strategy suggested here includes classical immunization strategy as a special case.

Keywords: asset and liability management, immunization strategy, parameter risks

Introduction

Many papers (Bierwag, 1987; Grove, 1974; and Reitano, 1992) have recommended using
classical immunization—setting the duration of assets equal to the asset/liability ratio times the
duration of liabilities—for immunizing interest-rate risk against an insurance company’s surplus.
To recognize the stochastic behavior of interest rates as found in the literature, Briys and
Varenne (1997) and Tzeng, Wang and Soo (2000) have extended the traditional research of
surplus management to the case where interest rates follow a stochastic process. The
researchers have found that, under a stochastic process of interest rates, the traditional

measurement of duration may miscalculate the firm’s risk and may require further modification.

' E.g., Vasicek, 1977, Dothan, 1978; Cox, Ingersoll, and Ross, 197%; Dothan and Feldman, 1986, Ho and Lee,
1986 Chan et al., 1992; and Heath, Jarrow, and Morton, 1992,



Although this line of research has provided many insightful strategies for asset-liability
management of insurance companies, most papers focus on changes in interest rates in the case
of given parameters. However, an insurance company may usually need to cope with the
environment in which both interest rates and other factors guiding interest rates could be
uncertain simultaneocusly.

For example, the current interest rates may fluctuate because of mean-reverting as
recognized by the literature (e.g., Vasicek, 1977; Cox, Ingersoll, and Ross, 1985). On the
other hand, long-term interest rates could also shift due to changes in many macroeconomic
policies. From an insurance company’s point of view, a change in the trend of interest rates
could cause even more significant impacts on a firm’s surplus than the stochastic changes of the
current interest rates. In this case, insurance companies may have not much linformation to
characterize their parameter risks.

Another example is estimation error in parameter estimates, which insurance companies
may have more information to evaluate their parameter risks. The managers in insurance
companies typically use unbiased point estimators for parameters in the process. However,
the managers also recognize that there exists estimation error in parameter estimates. Thus,
the practitioners may like to further control the risk caused by estimates’ standard errors, even
they have already employed the unbiased estimators.

In the above two cases, the insurance company may have few or some information to
measure their risk exposure on parameter risks. But, without any doubt, the managers in the
insurance company should have a need to further control unexpected shock from parameter
risks. Thus, this paper intends to investigate the parameter risks of surplus management when
interest rates follow a stochastic process. We employ the model proposed by Tzeng, Wang,
and Soo (2000) because their model is shown to be a general model of many other traditional

models. However, unlike Tzeng, Wang, and Soo, who examine the effects of a stochastic
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change on current interest rates, we focus on the changes in the underlined parameter factors
that guide the process of the interest rates. 'We first identify parameter risks against a firm’s
surplus and provide the methods for immunizing those risks. Furthermore, we propose a
goal-programming algorithm to integrate traditional immunization strategy against interest-rate
risk and the strategies against parameter risks. Since the goal programming suggested in our
paper is an integrated model of immunization strategies against both interest-rate risk and

parameter risks, this immunization strategy includes classical immunization strategy as a special

casc.

Model of Parameter Risks
Let CI(f) and CO(f) denote the cash inflows and cash outflows of an insurance

company at period f. Let us assume that the return of the interest rate follows the stochastic

process suggested by Cox, Ingersoll, and Ross (1985) and can be expressed as
dr, =a(b—r,)dt +o.[r,dz, (1)
where 7, is the spot rate at period 7 and a, &,and o are constants.

In the above stochastic process, dz follows a standard Brownian motion.  a{b - r,) is the

drift rate of the interest rate and characterizes a mean-reverting process, where a and 5

represent the momentum of the drift rate and the mean of the long-term interest rate,
respectively. The standard deviation of the interest rate is proportional to +fr, and is denoted
by oVr..

Let rand P(f) denote the current interest rate and the current value of a one-dollar

zero-coupon bond at period 7. From Cox, Ingersoll, and Ross (1985),

? Many other stochastic models, such as Vasicek’s (1979), can also beused. Although each model may have its



P(t) = a(t)exp(-A(D)r), (2)
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Using Cox, Ingersoll, and Ross’ method (1979),° we measure the present value of future cash

flows of ¢ periods by the amount of cash flows times the current price of a one-dollar zero-

coupon bond, P(#). Thus, the assets and kabilities of an insurance company, A4 and L, can

be expressed as:

4= CIOP(), and

L= ZCO(I)PU) _ @)

The surplus of insurance company S is then equal to
S=A-L. (4)

Like many traditional papers, Tzeng, Wang, and Soo (2000) have proposed an

immunization strategy by setting %S'— =0 (Interest Rate Immunization). Although the interest
r ‘

rate may change stochastically, the immunization strategy of %r‘g = ( can protect the surplus of

own strength, it wonld be eagier to apply the model with a close form solution,

* Lai and Frees (1995) derived similar method of valuation to calculate the reserves for insurance contracts.
This method of valuation was also vsed by Tzeng, Wang, and Soo (2000), who assumed that there is a spread
between the discount rates of assets and liabilities. To focus on the integration of parameter risks and interest
rate risk, for the sake of simplicity we assume that the discount rates of assets and liabilities are the same.

However, the main results of the paper still hold after relaxing this assumption.



the firm, at least locally. However, the stochastic change in the interest rate is not the only

source of risks against a firm’s surplus.  Let us recall Equation (1):
dr, = a(b—r,)dt +o.fr,dz. (1)
In the above stochastic process, a and & represent the momentum of the drift rate and the

mean of the long-term interest rate, respectively. The level of long-term interest rates can be

different from the one insurance company uses because of a change in government’s financial
.. . L as o
policies or simply because of estimation error.  However, the strategy of > = 0 implicitly
r

assumes that the parameters in the interest model do not change.
To cope with the parameter risks in surplus management, asset-liability managers can

mimic traditional immunization strategy and arrange the assets and liabilities of the firm as

follows:
oy .
= 0 (Momentum Immunization), (5)
o8 .
> =0 (Mean Immunization), and/or (6)
o8 .. L
P 0 (Deviation Immunization). (7)

o

Mean immunization, momentum immunizaticn, and deviation immunization, respectively,
are used to hedge the risks of changes in the long-term interest rate level, the magnitude of the
drift rate, and the variance in the interest rate. One advantage of using Cox, Ingersoll, and
Ross’ (1985) model is that the parameters in their model represent meaningful characteristics of
the interest rate.  Another advantage is that their model provides explicit solutions, such as
Equation (2), for the price of a one-dollar zero-coupon bond. Thus, parameter risks can be
measured easily by taking derivatives with respect to those parameters. However, it is very

important to recognize that the existence of parameter risks in surplus management does not



depend on the employment of any specific stochastic mode! for interest rates. Almost every
model of stochastic interest rate is required to estimate certain parameters, which may have
their own meanings in reality. Although we use Cox, Ingersoll, and Ross’ (1985) model to
demonstrate our methodology, the idea of this paper can be adjusted to fit into any other
models.

Recalling Equations (2), (3), and (4), the surplus of an insurance company can be rewritten
as

Surplus = S(r,a,b,0), (8)

where S5(.) denotes the surplus function.

Let A denote the difference. By Taylor’s expansion series, the change in the surplus caused
by the changes in interest rate and parameters can be expressed as:

AS = B pr s B pa: B pp+ & po ©)
o  a  ob oo

Equation (9} provides some rationales for the strategies suggested by Equations (5}, (6), and
(7). From Equation {9), we know that

a8

as as
E(AS) ~ — E(Ar)+ =~ E(8a) +—

E(Ab) + —a—S;E (Ac) and
oo

std(AS) ~ ﬁsz‘d (Ar)+ 2 std(Aa}+ i'S'—srd (AD)+ ﬁ.s\‘::‘.ci' (Ao), if the changes in interest rate
ar oa ob do

and parameters are all independent. Further assume that the firm keeps %S- =0 to avoid
F

interest rate risk, then E(AS) = ﬁE(aﬂ\ar) +§E(ﬁb)+ ﬁ}_i'(.r_\,o‘) and
da ob do

std{AS)y~ g‘—fsrd (Aa) + -g—‘; std(Ab) + ?std (Ac). If the insurance company have no idea of
o
the change in parameters, then the insurance company may set % =0, % =0Q, and -g‘g =0
o



to make E(AS)~0 and std(AS)~0 to eliminate their parameter risks.

If the source of parameter risk come from estimation errors. ~ Given that the point

estimators in the process are unbiased, we could consider that E{Aa) = E(Ab) = E(Ac}=0.

Thus, If the firm does not take any risk on the changes in interest rate, then the firm can keep

%% =0 and make E(AS)=0. Assume that the changes in interest rate and parameters are

independent, then the standard deviation of the change of the surplus could be approximated by

3 ety + 2 staab) + L std(Acy st L= 0. Ifthe firm would like to further control
7.2 ob oo ar

as

any risk on the changes in parameters, then the best strategy is to set g =0, i 0, and

% _
oc

0.

Thus, if the firm does not like to take any risk on the changes in interest rate and

a5

parameters, then the best strategy is to keep XK. 0 as well as % =0, —=0, and
or Oa b

§§ = 0. Separately, it may not be difficult for managers to cope with each risk, such as
3

& _ 0 or g—i =(. However, immunization strategies may conflict with each other and/or

may not even be completely compatible. To integrate the immunization strategies against

interest-rate risk and parameter risks, we propose using the goal-programming algorithm as

follows:
g}%g d (10)
st % <d-w,,
oa
’éﬁ <d-w,,
&




a8 <dw,
do
5Ssd_ r
or

where d is the risk position the firm takes and w_, w,, w,, and w, are the weights of

parameter risks and interest-rate risk, respectively.
Given the insurance company’s liability schedule COXr), it is worth noting that % =0,

& _
b

as

0, —=0
do

>

and % =0 are all linear functions of asset allocation CJ7(#), which is the

decision variable of Equation (10). Thus, management can solve Equation (10) by linear
programming,

The rationale of Equation (10) is that managers make the optimal allocation of a firm’s
assets and liabilities to cope simultaneously with parameter risks and interest-rate risk against a
firm’s surplus.  If the optimal solution of Equation (10) is d” = 0, then the strategies against
parameter risks and interest-rate risk are completely compatible. If the optimal solution of
Equation {10) is greater than zero, then managers can also easily know how much risk they take
under various risk factors.

By means of their experience and judgment, asset-liability managers can further adjust the
weights between parameter risks and interest-rate risk accordingly. The smaller the value of
the weight given i a risk, the stricter the immunization strategy against the underlined risk the

managers intend to take.' For example, managers can use the strategy setting w, =0 and

w, =w, =w, = to implement the classical immunization against interest-rate risk.

[*]

Furthermore, by setting w_ =0 along with the appropriate weights for other parameter risks,

1 One way to delerminge 1he weights is to sl them proporlionat Lo the slandard crrors of cslimators.



managers not only immunize a firm’s interest-rate risk but also control the firm’s parameter
risks. Thus, the model suggested by Equation (10) can be considered as a general model of
traditional classical immunization strategy, since it includes classical immunization strategy as a

special case.

Conclusions
In this paper, we proposed to use goal programming to integrate the traditional
immunization strategy against interest-rate risk and the strategies against parameter risks.
Since the goal programming suggested in our paper is an integrated model of immunization
strategies of interest-rate risk and parameter risks, this immunization strategy includes classical

immunization strategy as a special case.



