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Abstract

It is well known that increases in an
asset’s “risk” (as defined by Rothschild and
Stiglitz, 1970) may not possess unambiguous
comparative statics of demand for a risk
averse decision maker.  Gollier (1995)
defined the concept of “central risk” and
showed that greater central risk dominance is
a necessary and sufficient condition for
unambiguous comparative statics of demand.
However, Gollier’s theorem applies only in
the case of one decision variable, whereas
many important economic problems involve a
multivariate setting. In this paper, we
provide sufficient and/or necessary conditions
for unambiguous comparative statics of
demand for a class of problems with two or
more decision variables.

Keywords: risk, stochastic dominance

Introduction

Gollier (1995) identified the necessary
and sufficient condition for unambiguous

comparative statics for demand under
transformations of the asset’s distribution.
This least-constraining condition is called
“Greater central riskiness” in the case of a
linear payoff function. Clearly, Gollier’s
approach can be applied to numerous
economic problems with one decision variable;
however, many problems involve more than
one such variable. In this paper, we extend
Gollier’s model for linear payoff cases with
two or more than two decision variables and
provide sufficient and/or necessary conditions
for unambiguous comparative statics of
demand.

Model

Let X €[a,b] be a random variable
with probability distribution function F(x).
An individual’s payoff z(g, X) depends on
the multivariate decision vector
@=[a,...,a,] and the random variable X .

Assume that #'()>0 and u”"()<0, and
that the decision maker maximizes the
expected utility, E[u(Z(Q,X ))] : The

problem can then be written as
Max EU(gu,F,z)= Lbu(z(g,x))dl-"(x),
with first-order conditions

= gau =2 [ 2 (@) (@, D)F(x)= 0, vi
(1)

It is easy to see that Gollier’s condition



(1995) may not provide unambiguous
comparative statics under condition (1).

Defining T (1) = [z, (@* £)}F ()

and Ti)= [| 2, @ DAG), where a;*
denotes the decision vector satisfying (1), it

follows that Gollier’s condition under the
transformation F — G can be expressed as

3y eR* 3T (%) 2 yTi(x), Vx, Vi.

Following Gollier (1995), it can then be
shown that

agaiu - =qu":(af*'x)‘ (Z(ap*,x))lG(x)>0, Vi

@)

Notice that, as shown in Gollier (1995),
condition (2) implies an increase in the
optimal solution when there is only one
decision variable. However, in the case with
more than one decision variables, condition (2)
does not imply that gz*>g@p*
(componentwise).

To address this problem clearly, we
focus on a particularly useful class of models,
linear payoff cases. As documented by
Gollier (1995), linear payoff function can be
applied to standard portfolio problems,
including insurance and investment as special
cases. In the linear payoff cases, Gollier’s
condition is specifically named as central risk
dominance by Gollier (1995). We assume
that z(a, X) can be expressed as

z(a, X)=6(@)X - ¢(a).

@)

We transform the original model into a
two-step optimization problem with multiple
decision variables in the first step, but only
one decision variable in the second step.

For the first step, we have

Min  ¢la)
. 6@)=o,
“4)

which yields @* = g * (), so that
9(@*)= p(@) and
z(w,X)= X - o(0).
(5)

Then, in the second step, the decision

s.t.

maker selects the optimal @ to maximize
expected utility; i.e.,

Mar  EUG@;u, F,2)= [ ule@x)HFG).
x 6)
Define T"(x)= L z, (@ r* tMF(t).

Two-step optimization has another niche,
i.e., we can extend our results to analyze a
more general change in the distribution.

Defining T,"(x) = fzm @r* tMF(t) and

T2 (x) = f z, (@r* AG(). Thus, in general,
we can express central risk dominance under
the transformation F— G as

Jy eR" >T7 (x) 2 yI7(x), Vx.
That is,

JyeR* > j [t - @' (@)IdG(E) 2 ¥ j "It - 9" (@)MF (1), Vx

This brings us to our principal result.
Theorem

(1) Let (2o,

Sgn\—a—w—} = k,- € {—1, O,l} be

constaVw .3y eR" 3T (x) = yT7 (x),Vx,
then Sgn(ou,»’G *~a, *)= k, Vi

It and only if
3y eR* 3T (x) 2y °(x),Yx , then
8, > 6, for all risk averse individuals.

Conclusion

In the linear payoff cases, Gollier (1995)
defined the concept of “central risk” and
showed that greater central risk dominance is
a necessary and sufficient condition for
unambiguous comparative statics of demand.
However, Gollier’s theorem applies only in
the case of one decision variable, whereas
many important economic problems involve a
multivariate setting. In this paper, we
provide sufficient and/or necessary conditions
for unambiguous comparative statics of
demand for linear payoff problems with two
or more decision variables. A new approach
to analyze the linear payoff case with multiple
decision variables is also suggested.
Although the focus of the paper is to



investigate the impact of an increase in risk,
the same methodology can be applied to
analyze the problem of an increase in risk
aversion as well as an increase in background
risk. A reasonable extension of the current
model is to cope with cases with non-lineal
payoff functions.
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