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Abstract

In this paper, the response of a visco-elastic half-space subjected to moving loads with static and dynamic components is investigated. Four

types of vehicle loads are considered, including the moving point load, uniformly distributed wheel load, elastically distributed wheel load,

and a train load simulated as a sequence of elastically distributed wheel loads. In each case, the in¯uence of the moving loads traveling in the

subsonic, transonic and supersonic ranges on the dynamic responses of the half-space is studied. The parametric study conducted herein

enables us to grasp insight into the mechanism of wave propagation for a visco-elastic half-space under moving loads. q 2001 Elsevier

Science Ltd. All rights reserved.
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1. Introduction

The problem of ground-borne vibrations induced by

moving vehicles has been one of increasing interest, partly

enhanced by the construction of mass rapid transit systems

and high speed railways worldwide. Eason [1] studied the

three-dimensional steady-state problem for a uniform half-

space subjected to loads moving with constant speeds, in

which both point loads and loads distributed over a circular

or rectangular area are considered. The governing equations

were solved by means of integral transforms, with the result-

ing multiple integrals reduced to single ®nite integrals for

the subsonic case. Gakenheimer and Miklowitz [2] derived

the transient displacements for the interior of an elastic half-

space under a suddenly applied point load moving at a

constant speed along the free surface. All the subsonic,

transonic and supersonic cases were studied, while the

inverse transform is evaluated by the Carniard-de Hoop

technique. The steady-state response for the same problem

was also given by FryÂba [3] in integral form.

Using a method similar to Eason's [1], Alabi [4] studied

the response due to an oblique moving point load applied on

the free surface. By numerical integration, a parametric

study was performed to investigate the effects of the load

speed, distance and ground depth for the subsonic case. De

Barrors and Luco [5] obtained the steady-state displace-

ments and stresses within a multi-layered viscoelastic

half-space generated by a buried or surface point load

moving in a horizontal straight line with subsonic, transonic

or supersonic speeds, following generally the procedure

proposed by Luco and Aspel [6]. Grundmann et al. [7]

studied the response of a layered half-space subjected to a

single moving periodic load as well as a simpli®ed train

load. The inverse transformation was performed by a

decomposition in wavelets [8] and the layered half-space

was modeled by one-dimensional ®nite elements for the

vertical direction in the transformed domain.

The objective of this paper is not to give an extensive

review of all the related previous works. Rather, efforts

are concentrated on investigation of the key parameters

involved in wave propagation in a half-space caused by

moving vehicles. Four types of vehicle loads are considered,

which include a moving point load, a uniformly distributed

wheel load, an elastically distributed wheel load, and a train

load simulated as a sequence of elastically distributed wheel

loads. The elastically distributed wheel load has been

considered by Krylov et al. [9,10] and Takemiya [11].

However, they have not proceeded to investigate the effect

of vehicles traveling at different speeds.

2. Governing equations

The governing equations in terms of the displacements

for the homogenous isotropic elastic solid shown in Fig. 1
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can be written as

�l 1 m�77´u 1 m7 2u 1 r f � r �u �1�
where l and m are LameÂ's constants, u and f denote the

displacement and body force components, respectively, and

r is the mass density of the elastic solid. The preceding

equation can be reduced to a simple set of equations through
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Fig. 1. Uniform visco-elastic half-space subjected to a moving load.

Fig. 2. Schematic of a train-induced general moving load.

Fig. 3. Train-induced loadings between rails and soils: (a) single wheel

load, (b) a sequence of wheel loads.

Fig. 4. Comparison of present results with those of Eason.

Fig. 5. Comparison of present results with those of de Barros and Luco.



use of the Helmholtz potential. Let the displacement ®eld u
be represented as

u � 7F 1 7 £ C; Cy � 0 �2�
where F�x; t� is a scalar function and C�x; t� a vector-

valued function. The equation Cy � 0 provides a necessary

condition for uniquely determining the three components of

u from the four components of F and C. In the absence of

body forces, one may substitute Eq. (2) into Eq. (1) to obtain

DF 2
1

c 2
P

22F

2t 2
� 0; DC 2

1

c 2
S

22C

2t 2
� 0 �3�

in which the compression and shear wave speeds, cP and cS,

are de®ned as

cP �
�����������
l 1 2m

r

s
; cS �

����
m

r

r
�4�

The ®rst equation with the scalar potential F in Eq. (3)

describes the propagation of the compression waves, and the

second one with the vectorial potential C the shear waves.

The implication from Eq. (3) is that the waves may propa-

gate into the interior of an elastic solid at two different

speeds, i.e. at cP and cS. From Eq. (2), the three components

of the displacement u can be expressed as:

u � 2

2x
F 1

2

2y
Cz

v � 2

2y
F 1

2

2z
Cx 2

2

2x
Cz �5�

w � 2

2z
F 2

2

2y
Cx

where u, v, w are the displacement components in the time
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Fig. 6. Vertical displacement V induced by a moving point load.



and space domains along the three directions x, y, z. By

Hooke's law and the strain-displacement relations, the stres-

ses can be expressed in terms of F and C as:

syy � 2m� 2
2

2y2
F 1

2 2

2y2z
Cx 2

22

2y2x
Cz�

1 l� 2
2

2x2
1

22

2y2
1

22

2z2
�F

txy � m 2
22

2x2y
F 1

2 2

2x2z
Cx 1 � 2

2

2y2
2

22

2x2
�Cz

" #
�6�

tzy � m 2
22

2z2y
F 2

2 2

2x2z
Cz 2 � 2

2

2y2
2

22

2z2
�Cx

" #
for an elastic solid.

In this paper, the triple Fourier transform and its inverse

that are adopted throughout are de®ned as follows:

f̂ �kx; y; kz;v� � 1

�2p�3
Z1

2 1

Z1

2 1

Z1

2 1
f �x; y; z; t�

� exp�2ikxx�exp�2ikzz�exp�2ivt�dxdzdt

�7a�

f �x; y; z; t� �
Z1

2 1

Z1

2 1

Z1

2 1
f̂ �kx; y; kz;v�

� exp�ikxx�exp�ikzz�exp�ivt�dkxdkzdv �7b�
Where kx and kz are wave numbers along the x and z axes,

respectively.

By applying the triple Fourier transformation, one can

transform Eq. (3) from partial differential equations into
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Fig. 7. Longitudinal displacement W induced by a moving point load.



ordinary differential equations with the vertical coordinate y

serving as the variable, that is,

2k2
x 2 k2

z 1
v

cP

� �2
" #

F̂ 1
2 2

2y2
F̂ � 0;

2k 2
x 2 k2

z 1
v

cS

� �2
" #

Ĉ 1
2 2

2y2
Ĉ � 0

�8�

By letting kP � v=cP, kS � v=cS and m2
1 � k2

x 1 k2
z 2 k2

P,

m2
2 � k2

x 1 k2
z 2 k2

S, the preceding differential equations

can be rewritten in a more compact form as

22

2y2
F̂ 2 m 2

1 F̂ � 0;
2 2

2y2
Ĉ 2 m 2

2 Ĉ � 0 �9�

both of which are of the same form.

3. Solutions for the response

3.1. Boundary conditions

The solution to the transformed differential Eq. (9) can be
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Fig. 8. Maximum displacements induced by the moving point load.

Fig. 9. A uniformly distributed moving load: (a) load distribution function,

(b) Fourier transform.

Fig. 10. Maximum displacements induced by a uniformly distributed load.

Fig. 11. An elastically distributed moving load: (a) load distribution func-

tion, (b) Fourier transform.



given as

F̂ � Aexp�2m1y�; Ĉ z � Bexp�2m2y�; Ĉ x � Cexp�2m2y�
�10�

where A, B and C are the constants to be determined and the

exponentially increasing terms have been discarded because

of the radiation and ®niteness conditions imposed for the

half-space at in®nity. Since the solutions to the governing

Eq. (9) have been given in the transformed domain, both the

displacements and stresses should be expressed in the same

domain before the boundary conditions can be imposed. By

applying the Fourier transformation to Eqs. (5) and (6),

along with substitution of Eq. (10), the transformed displa-

cements and stresses can be expressed in terms of the

constants A, B and C as

û

v̂

ŵ

8>><>>:
9>>=>>; � D� � H� �

A

B

C

8>><>>:
9>>=>>; �11a�

ŝ yy

t̂xy

t̂ zy

8>><>>:
9>>=>>; � S� � H� �

A

B

C

8>><>>:
9>>=>>; �11b�

where

D� � �
ikx 2m2 0

2m1 2ikx ikz

ikz 0 m2

2664
3775 �12a�

S� � �
�2m 1 l�m2

1 2 l�k2
x 1 k2

z � 2imkxm2 22imkzm2

22imkxm1 m�m2
2 1 k2

x � 2mkxkz

22imkzm1 mkxkz 2m�m2
2 1 k2

z �

26664
37775 �12b�

H� � �
e2m1y 0 0

0 e2m2y 0

0 0 e2m2y

2664
3775 �12c�

Consider a uniform elastic half-space subjected to a verti-

cal load P(x, z, t) moving along the negative z direction as

shown in Fig. 1, in which

P�x; z; t� � �0;P; 0� �13�
with P denoting the vertical load component. Accordingly,

the boundary conditions on the free surface of the half-space

are

ŝ yy�y � 0� � 2P̂; t̂xy�y � 0� � 0; t̂ zy�y � 0� � 0 �14�
where P̂ denotes the applied load in the transformed domain.

By substituting Eq. (14) into Eq. (11b), the three constants A, B

and C can be solved and expressed in terms of the transformed

load. Then, by substituting these constants A, B, C into Eq.

(11a), one can obtain the displacements in the transformed

domain, also in terms of the transformed load, as

û

v̂

ŵ

8>><>>:
9>>=>>; � 2 D� � H� � S� �21

P̂

0

0

8>><>>:
9>>=>>; �15�

where the inverse of matrix
�
S
�

is

S� �21� 1

2mQ
G� �3£3 �16�

and

Q � �k2
x 1 k2

z 2 1
2

k2
S�2 2 m1m2�k2

x 1 k2
z � �17�

The nine entries of the matrix [G] have been given in the

Appendix.

3.2. Steady state response in time domain

The ®nal expression of the displacements of the half-

space in time domain can be obtained by employing the

inverse Fourier transformation to Eq. (15), that is,

u

v

w

8>><>>:
9>>=>>; � 2

Z1

2 1

Z1

2 1

Z1

2 1
D� � H� �

� S� �21

P̂

0

0

8>><>>:
9>>=>>;exp�ikxx�exp�ikzz�exp�ivt�dkxdkzdv

�18�
Similarly, the velocities and accelerations in time domain

can be written as:

_u

_v

_w

8>><>>:
9>>=>>; � 2

Z1

2 1

Z1

2 1

Z1

2 1
iv D� � H� �

� S� �21

P̂

0

0

8>><>>:
9>>=>>;exp�ikxx�exp�ikzz�exp�ivt�dkxdkzdv

�19�
�u

�v

�w

8>><>>:
9>>=>>; �

Z1

2 1

Z1

2 1

Z1

2 1
v2 D� � H� �

� S� �21

P̂

0

0

8>><>>:
9>>=>>;exp�ikxx�exp�ikzz�exp�ivt�dkxdkzdv

�20�
which are all functions of the load component P̂.
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4. Loading functions for moving loads of different forms

4.1. General loading function of a moving train

Train-induced vibrations are caused in soils by loadings

transmitted to the track and underlying soils through the

contact points existing between the wheels and rails. In

general, the loadings can be split up into two parts as

depicted in Fig. 2. The ®rst part relates to the distribution

of the axle loads passing a ®xed point given as f�z 2 ct�,
where c is the speed of the moving vehicles and f�z� the

distribution pattern of the axle loads. This part may lead to

excitation at the vehicles passing frequencies and is the

major source for the train speed-dependent components of

the low frequency vibration spectra [10]. The second part is

generated by the interaction between the wheels and rails,

which, as indicated by f �t�, is moving with the wheels and

independent of the moving direction z. For the present case,

the moving load P (x, z, t) can be expressed as

P � d�x�f�z 2 ct�f �t� �21�
Both the functions f�z� and f �t� will be determined in the

following sections. By applying the Fourier transformation

to Eq. (21), the moving load can be expressed as

P̂ � 1

2p
~f �kz�~f �v 1 kzc� �22�

in which ~f �kz� and ~f �v� are the one-dimensional Fourier

transforms of f�z� and f �t�, respectively, with respect to

z and t. In this paper, the symbols :̂ and ~: are used to

denote a triple and one-dimensional Fourier transform,

respectively.
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4.2. Distribution function f�z� of the loading

Theoretically, the distribution function should be deter-

mined based on ®eld data collected for the wheel loads.

However, using simple models enables us to grasp the

most fundamental features of vehicle-induced ground vibra-

tions. Moreover, most related previous works that can be

used as references deal only with the case of moving point

loads. Based on these considerations, four different forms of

distribution function f�z�, ranging from a single point load

to a rather sophisticated train load with multi wheels, will be

considered, along with their Fourier transforms ~f �kz� given

in analytical form.

4.2.1. Single moving point load

For a point load, the distribution function along the z-axis

can be written in the form of Dirac's delta function as:

f�z� � d�z� �23�
Correspondingly, the Fourier transform is

~f �kz� � 1

2p
�24�

which is a constant regardless of the value of kz.

4.2.2. A uniformly distributed wheel load

In reality, the contact point existing between a wheel and

rail is not actually a ªpointº but an ªareaº. Thus, a better

representation for the wheel load is a uniformly distributed

load given as:

f�z� �
1=�2a� 2 a # z # a

0 otherwise

(
�25�
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Fig. 13. Vertical velocity for an elastically distributed load (f0� 0 Hz).



where a is a constant, representing the half width of the

distributed load. Based on the de®nition of f�z� given in

Eq. (25), the integration of f�z� from 21 to 1 is 1, imply-

ing that the total contribution of the loading function equals

a unit value, same as that implied by Dirac's delta function.

By applying the Fourier transformation to Eq. (25), the

transformed load ~f �kz� can be obtained as

~f �kz� �
sin�akz�
pkz

kz ± 0

a

p
kz � 0

8>><>>: �26�

As can be seen, the transformed function ~f �kz� is no

longer a constant, but tends to decay with the increase of kz.

4.2.3. An elastically distributed wheel load

If the wheel load is regarded as the force exerted from the

track onto the underlying soils, rather than the one from the

wheels onto the track, one may use the de¯ection curve of

the track to simulate the distribution of the wheel load [9±

11]. In this connection, the track is treated as an in®nite

Bernoulli±Euler beam supported by an elastic foundation

of stiffness s as shown in Fig. 3(a). For an elastically

supported beam with an axle load T acting at z� 0, the

vertical displacement v is [12]:

v z� � � T

2sa
exp� 2uzu

a � cos� uzu
a �1 sin� uzu

a �
h i

�27�

where the characteristic length a can be related to the bend-

ing stiffness EI as

a � 4

������
4EI

s

r
�m� �28�

Consequently, the distribution loading function can be
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written as

f�z� � q0�z� � T

2a
exp� 2 zj j

a � cos� jzj�a �1 sin� zj j
a �

h i
�29�

Note that the integration of f�z� from z�21 to 1 equals

the axle load T. Obviously, the total force transmitted

through the rails remains unchanged, although the pattern

of distribution has been changed. By applying the Fourier

transformation to Eq. (29), the distribution function can be

transformed as

~f �kz� � ~q0�kz� � 4T

4 1 k4
za

4
�30�

which is a function of the characteristic length a.

4.2.4. A sequence of moving wheel loads

Let us extend the single wheel load case to the case of a

train consisting of N carriages of equal length L as depicted

in Fig. 3(b), where each carriage has two bogies separated

by distance b, each of which in turn comprises two axles, i.e.

two sets of wheels, separated by distance a. Suppose that

each set of wheels has the same loading distribution func-

tion q0�z� as the one given in Eq. (29). The total distribution

function of loading for the present case can be written as:

f�z� �
XN 2 1

n�0

h
q0�z 2 nL�1 q0�z 2 nL 2 a�1 q0�z 2 nL 2 a

2 b�1 q0�z 2 nL 2 2a 2 b�
i

(31)
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along with its Fourier transform as

~f �kz� � ~q0�kz�
XN 2 1

n�0

exp�2ikznL�
n
1 1 exp�2ikza�1 exp

h

2 ikz�a 1 b�
i

1 exp
h

2 ikz�2a 1 b�
io

�32�
where ~q0�kz� is the same as the one given in Eq. (30).

4.3. Interaction forces between wheels and rails

In general, the interaction force f �t� between the wheels

and rails may be simulated by a quasi-static term of constant

value plus a dynamic term that varies with time t [12]. The

static term is contributed mainly by the wheel weight,

whereas the dynamic term by the track irregularities and

vehicle defects, such as wheel ¯ats, natural vibrations and

hunting. The dynamic term is extremely complex and is by

no means generally accessible, due to the fact that the train

always interacts with the track, and in turn, with the soils,

during its movement. Unless all the carriages of a train,

together with track and underground soils, are accurately

included in an analytical model, the actual interaction

force can never be found. In the present study, the dynamic

term f �t� is assumed to depend on only a single frequency

v0, i.e. f �t� � exp�iv0t�. By so setting, it is easy to see that

as v0 � 0, f �t� � 1, implying that a moving load with no

oscillation is considered. For the case with vo ± 0, the

moving load oscillates by itself at a constant frequency

f0 � v0=�2p� Hz. The following are the ranges of frequen-

cies that may be induced by a moving train: (a) sprung mass:

0±20 Hz; (b) unsprung mass: 0±125 Hz; (c) corrugations,

welds, and wheel ¯ats: 0±2000 Hz [12].

By setting f �t� � exp�iv0t�, the dynamic function ~f �v 1
kzc� in Eq. (22) can be expressed as

~f �v 1 kzc� � 1

c
d

v 2 v0

c
1 kz

� �
�33�

which has been given in analytical form.

4.4. Calculation of inverse Fourier transform

At this stage, both the functions ~f �kz� and ~f �v 1 kzc�
have been made available. By substituting these two func-

tions into Eq. (22) and, in turn, into Eqs. (18)±(20), the ®nal

responses of the soils in time domain can be obtained. Note

that the inversion of the Fourier transform with respect to z

in Eqs. (18)±(20) can be done analytically by only replacing

kz with 2�v 2 v0�=c because of the involvement of Dirac's

delta function in Eq. (33). As a result, the original triple

integral is reduced to a double integral with respect to

frequency v and wave number kx only.

By carefully examining Eqs. (18)±(20), we ®nd that there

exist two radicals (as represented by m1 � 0 and m2 � 0)

and a singularity (as represented by Q� 0) in the inte-

grands. This makes the evaluation of these integrals a

formidable task. Because of this, equations similar to Eqs.

(18)±(20) were frequently presented in integral form in

most previous works. However, over the last decade, more

and more researchers tend to evaluate integrals of this sort

by numerical methods that can automatically skip the singu-

larities and yield the desired results. In this study, appropri-

ate quadrature routines available in IMSL [13] will be used

to perform the inverse transform with respect to kx and the

fast Fourier transform with respect to v. For the cases of
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Fig. 16. Maximum responses induced by an elastically distributed load: (a)

displacement, (b) velocity, (c) acceleration.



transonic and supersonic speeds, the pole of the integrands

can be shifted off the real axis kx by introducing material

attenuation. The material damping can be taken into account

through use of complex LameÂ's constants, i.e. mp � m�1 1
2ib� and lp � l�1 1 2ib�, where b denotes the hysteretic

damping ratio.

5. Numerical studies and discussions

5.1. Veri®cation of present approach

The moving point load was the model frequently adopted

by researchers in their study of vehicle-induced vibrations.

For the purpose of veri®cation, we shall adopt here the same

model to study the response of an elastic half-space, assum-

ing the load to move at a subsonic speed. The steady-state

response for the same problem was presented by Eason [1]

by reducing the resulting multiple integrals to single ®nite

integrals. The Eason results used as the reference herein

have been obtained by using subroutines available in

IMSL for evaluating these single ®nite integrals.

For this example, the load is assumed to move at

c� 90 m/s. The elastic half-space considered has a shear

wave (S-wave) speed of cS � 100 m/s, Poisson's ratio y �
0:25 and mass density r � 2000 kg/m3. The corresponding

compression wave (P-wave) speed cP and Rayleigh wave

(R-wave) speed cR are 173.2 and 92 m/s, respectively. In

Fig. 4, the normalized displacements V and W computed

for the observation point (x, y, z)� (0,y0,0), with y0 set to

be 1 m, have been plotted against time t, where V �
2pmy0v=P and W � 2pmy0w=P. As can be seen, the results

obtained by the present approach are in good agreement

with those based on Eason [1].
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Fig. 17. Displacement in frequency domain for a moving point load (f0� 10 Hz).



To verify the accuracy of the present procedure on appli-

cation to the supersonic range, the displacements V* and W*

at the observation point (0, 1 m, 0) are computed for a point

load moving at speed c� 200 m/s against the normalized

time t* in Fig. 5, where Vp � my0v=P, Wp � my0w=P, and

tp � cSt=y0. The solid considered has the same properties as

the preceding case, except that a material damping of

b� 0.01 is considered for the present case. As can be

seen, the present results are in good agreement with those

of de Barros and Luco [5].

In the preceding two examples, the present approach has

been demonstrated to be capable of computing the soil

displacements for both the subsonic and supersonic cases.

In what follows, the same procedure will be adopted to

study the in¯uence of moving speeds for different load

distribution functions. Throughout the following analyses,

the visco-elastic half-space considered is assumed to have

an S-wave speed cS � 100 m/s, P-wave speed

cP � 173:2 m/s, R-wave speed cR � 92 m/s, Poisson's

ratio y � 0:25, mass density r � 2000 kg/m3, and damping

ratio b� 0.02.

H.-H. Hung, Y.-B. Yang / Soil Dynamics and Earthquake Engineering 21 (2001) 1±17 13

Fig. 18. Response attenuation for an elastically distributed moving load: (a)

displacement, (b) velocity, (c) acceleration.
Fig. 19. Response attenuation for an elastically distributed load moving at

c� 70 m/s with different frequencies f0: (a) displacement, (b) velocity, (c)

acceleration.



5.2. Single moving point load

To evaluate the effect of load moving speeds, the normal-

ized displacements V and W, respectively computed at the

observation point (0, 1 m, 0) for the solid subjected to loads

moving at the subsonic (c , 100 m/s), transonic (100 m/

s , c , 173.2 m/s) and supersonic (c . 173.2 m/s) ranges

in Figs. 6 and 7, where the instant t� 0 corresponds to the

moment at which the point load passes through the origin

(z� 0). As can be seen, the shapes of the responses for load

moving speeds in the subsonic region (c , 100 m/s) are

generally different, depending on whether the speed is

lower or greater than the R-wave speed cR � 92 m=s.

The response is almost symmetric for V or anti-symmetric

for W with respect to t� 0 for load moving speeds lower

than the R-wave speed. For the case of zero damping, it

becomes entirely symmetric or anti-symmetric, as shown

in Fig. 4. As the speed increases and becomes larger than

the R-wave speed, the response becomes more asymmetri-

cal as a result of the Mach radiation effect. For the transonic

case (100 m/s , c , 173.2 m/s), the ®rst peak of the

response occurring after the instant t� 0 corresponds to

the arrival of the S-wave front, followed immediately by

the R-wave front. However, the S- and R-wave fronts are

so close to each other that they cannot be clearly

distinguished. For the supersonic case (c� 200 m/s), the

®rst peak of the response immediately after the instant

t� 0 represents the arrival of the P-wave front, followed

by the arrival of the S- and R-wave fronts, which are very

close to each other.

The maximum displacements computed at the observa-

tion point (0, 1 m, 0) have been plotted with respect to the S-

wave Mach number de®ned as M2 � c=cS in Fig. 8. Here, the

range M2 , 1.0 should be interpreted as the subsonic range,

1.0 , M2 , 1.73 the transonic range, and M2 . 1.73 the

supersonic range. As can be seen, the critical speed is

equal to the R-wave speed, as indicated by M2� 0.92.

The general trend for the displacements is that as the

moving speed increases, they all show a tendency to

increase until the critical (resonant) speed is reached, and

then they all decrease. However, the vertical displacement V

increases at a rate faster than the longitudinal displacement

W before the critical speed is reached. Besides, the former

attains its maximum at the ®rst critical speed (c� cR), while

the latter at a speed higher than the R-wave speed cR.

As can be veri®ed from Fig. 8, for the special case of

zero moving speed, the present problem reduces to that

of a static point force acting at the origin, known as the

classical Boussinesq's problem. According to Fung [14],

the vertical displacement v for a Boussinesq's problem

with load P is

v � P

4pmR
2�1 2 y�1

y 2

R2

" #
; R2 � x2 1 y2 1 z2 �34�

which yields a value of 1.25 for the normalized displa-

cement at the observation point for the case with

y � 0:25, exactly the same as the one shown in the

®gure for M2� 0.

5.3. A Uniformly distributed moving wheel load

Consider a uniformly distributed moving wheel load with

a� 0.5 (see Eq. (25) for de®nition). For the present case, the

load distribution function f�z� and its Fourier transform
~f �kz� have been drawn in Fig. 9(a) and (b). The maximum

displacements computed for the point (0, 1 m, 0) with

respect to different S-wave Mach numbers M2 have been

plotted in Fig. 10, from which a trend similar to that of Fig. 8

can be observed, except that the response amplitudes are

much lower throughout all the speed range. Such a result

is consistent with the understanding that for the same load to

be distributed in a wider area, the response induced should

be smaller.

Besides, the maximum displacements in Fig. 10 show a

trend much smoother than that of Fig. 8. One reason for this

is that the contribution of ~f �kz� for a uniformly distributed

load is mostly concentrated on the lower kz, as can be seen

from Fig. 9(b), thus only a small range of frequencies need

be considered when performing the inverse FFT. For the

case of a point load, however, the function ~f �kz� is a

constant, as indicated by Eq. (24), implying that ªallº

frequencies should be considered to guarantee convergence

of the maximum displacements to the exact ones. In this

study, the range of frequencies considered is 0±1000 Hz.

5.4. An elastically distributed moving wheel load

Consider an elastically distributed moving wheel load as

de®ned in Eq. (29), assuming the wheel load T� 10 t and

the characteristic length a� 0.8 m. The load distribution

function and its transform were shown in Fig. 11(a) and

(b). The vertical displacements, velocities and accelerations

computed at the observation point (0, 1 m, 0) for a static

wheel load moving at different speeds have been plotted in

Figs. 12±14. In contrast, the real-part displacement of the

wheel load with a frequency of f0� 10 Hz was plotted in

Fig. 15. A comparison of Figs. 12 with 14 indicates that for

the static load case, the responses are concentrated only in a

very small duration, whereas for the case with a dynamic

load, the responses oscillate and propagate for a rather long

duration. Moreover, for the later case, a larger frequency of

¯uctuation is observed for the waves ahead of the arrival of

the moving load than that following in the subsonic range.

The two frequencies can be computed as

fcr � f0= 1 ^
c

cR

� �
�35�

where c
R
� 92 m/s, according to the Doppler effect.

The effect of vibration frequency f0 of the moving wheel

load on the maximum (i.e. absolute) displacements, veloci-

ties and accelerations of the observation point was plotted in

Fig. 16(a)±(c) with respect to the Mach number M2. As can
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be seen, for the case with no self-oscillation, i.e. with

f0� 0 Hz, there exists a distinct critical speed at

M2� 0.92, but for the case with ¯uctuating wheel load,

i.e. with f0 ± 0 Hz, no distinct critical speeds can be

observed. These results suggest that only when vibrations

of the train wheels are neglected, can the critical region be

determined for the train speed in relation to the R-wave

speed of the soils. As a matter of fact, the critical speed

for this case can be obtained from Eq. (35) as:

ccr � ^� f 2 f0�
f

cR �36�

which can also be veri®ed by the plot for the displacement�� ~V �� vs. speed c in Fig. 17 in frequency domain for

f0� 10 Hz. For the case with f0� 0 Hz, the critical speed

becomes equal to cR, in consistence with what we have

observed. But for f0 ± 0 Hz, the critical speed depends

not only on f0, but also on the frequency f� v=2p. However,

as the time domain responses are computed as the super-

position of the responses contributed by all the frequencies,

the effect of critical speed can hardly be identi®ed in time

domain for the case with f0 ± 0 Hz.

The other observation from Fig. 16 is that for

f0 ± 0 Hz, the in¯uence of f0 on the maximum displace-

ments is quite different from its in¯uence on maximum

velocities and accelerations. In general, the increase of f0

results in the decrease of the displacement, whereas the

reverse is true for the velocity and acceleration. More-

over, for the cases with non-zero f0, the higher the

frequency of vibration f0 of the moving load, the larger

the magnitudes of the velocity and acceleration are.

Nevertheless, it should be noted that all the results

presented in Fig. 16 are based on the assumption that

the amplitude of the wheel load remains constant, i.e. set

equal to T� 10 t, regardless of the variation of the frequency

f0. For a moving static wheel load, this assumption is reason-

able, but for a moving wheel load with non-zero f0,

the amplitude can be far less than the wheel weight T. Thus,

for the case with nonzero f0, the results presented herein serve

merely as a qualitative illustration of the in¯uence of the

dynamic component of a traf®c load on ground vibrations.

In order to investigate the effect of response attenuation, the

vertical displacement, velocity and acceleration along a line

which is located 1 m beneath the x-axis for a range of 0±20 m

were plotted for loads moving in the subsonic speeds (c� 30±

90 m/s) and transonic speeds (c� 110±170 m/s) with no

oscillation, i.e. f0� 0 Hz, in Fig. 18. As can be seen, the

attenuation trend is generally different for the subsonic and

transonic speeds. For the subsonic case, the responses attenu-

ate very quickly with respect to the distance, especially when

the velocity and acceleration are concerned, whereas for the

transonic case, the responses attenuate much more slowly.

Besides, for the subsonic case, the response increases as the

load speed increases, while for the transonic case, such a trend

remains only true for the acceleration, but is reversed for the

displacement and velocity.

To investigate the attenuation behavior of the

responses for moving loads with self oscillation, the

vertical responses computed along the line located at

1 m beneath the x-axis induced by a wheel load moving

at speed c� 70 m/s, but with different frequencies f0,

have been plotted in Fig. 19. As can be seen, the

attenuation rates of responses for the case with zero f0

are larger than that for the case with non-zero f0. In

general, the attenuation rate on the displacement response

is higher for wheel loads with higher frequencies f0 than

that with lower frequencies.

5.5. A Sequence of moving wheel loads

As a ®nal example, a moving load that takes into account

the spatial distribution of the wheels of a real train will be

considered. Based on the de®nition given in Eq. (31) and

Fig. 3(b), the following dimensions are adopted:

a� 2.56 m, b� 16.44 m and L� 25 m. The load distribu-

tion functions in the spatial and transformed domains for a

carriage number of N� 4 were shown in Fig. 20(a) and (b).

In Fig. 20(b), the load distribution function in the trans-

formed domain appears to be periodically distributed.

Each peak in this ®gure relates to one passing frequency

implied by the distances between wheels.

The effect associated with the number of carriages is

investigated in Fig. 21, in which the maximum vertical
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Fig. 20. A sequence of wheel loads: (a) load distribution function, (b)

Fourier transform.



responses with respect to different Mach numbers M2 were

plotted for the three cases: a single moving wheel load, four

carriages, and ten carriages. From Fig. 21(a), it is observed

that with the increasing numbers of wheels or carriages, the

displacement increases in all the speed range, but the differ-

ence between the cases with N� 4 and N� 10 is not so

obvious. On the other hand, as can be seen from Fig. 21(b)

and (c), basically no difference can be made for the velocity

and acceleration responses as the carriage number N

increases from 4 to 10, and the responses produced by a

single wheel load appear to be even larger than the other

two cases in the transonic and supersonic range.

6. Concluding remarks

In this paper, a procedure for computing the responses of

a visco-elastic half-space subjected to various moving vehi-

cle loads on the surface has been presented. The moving

load is assumed to consist of a static part, to simulate the

gravitational effect, and a dynamic part, to simulate the self-

oscillation effect. Four different forms of load distribution

functions are considered. The following conclusions can be

drawn from the numerical studies conducted. (1) For the

case with vertical moving loads, the critical speed is equal

to the R-wave speed. (2) Unlike the case with static moving

loads, the critical speed for a moving load with a ¯uctuating

component depends on the particular frequency considered.

Because of this, no obvious resonance phenomenon can be

observed in time domain. (3) The dynamic component of a

moving load can affect signi®cantly the velocity and accel-

eration responses. As the ¯uctuating frequency increases,

the amplitude of the velocity and acceleration increases as

well. (4) The attenuation rate of the soil responses for

moving loads traveling in the transonic and supersonic

ranges is smaller than that in the subsonic range. (5) The

velocity and acceleration of the soils induced by a moving

load that vibrates itself with a higher frequency may attenu-

ate faster than that with a lower frequency. (6) The increase

in the number of carriages constituting a train may result in

increase of the displacement, but not of the velocity and

acceleration of the soils.
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Appendix A.

The following is a list of the entries involved in the [G]

matrix of Eq. (16):

g11 � k2
x 1 k2

z 2 1
2

k2
S �37�

g12 � 2ikxm2 �38�

g13 � 2ikzm2 �39�

g21 � ikxm1 �40�

g22 � k2
z

m2
2

�k2
x 1 k2

z 2 1
2

k2
S 2 2m1m2�1 �k2

x 1 k2
z 2 1

2
k2

S�
�41�

g23 � kxkz 2 m1

m2
2 1

m2
2

�k2
x 1 k2

z 2 1
2

k2
S�

� �
�42�

g31 � 2ikzm1 �43�
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Fig. 21. Maximum vertical responses caused by a sequence of wheel loads:

displacement, (b) velocity, (c) acceleration.



g32 � 2kxkz 2 m1

m2
2 1

m2
2

�k2
x 1 k2

z 2 1
2

k2
S�

� �
�44�

g33 � 2 k2
x

m2
2

�k2
x 1 k2

z 2 1
2

k2
S 2 2m1m2�1 �k2

x 1 k2
z 2 1

2
k2

S�
� �

�45�
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