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The main purpose of present study aims
at the establishment of a mathematical
model for predicting the pollutant
transport in a nonlinear 3D estuary. To
reduce the handling of nonlinear partial
differential equations, the concept of
velocity-vorticity formulation is
adopted to model the estuary
hydrodynamics. Thus the governing
equations for the velocity field are
deduced to the linear Poisson equations.
To further lower the dimension, the
BEM is again applied to solve the
velocity Poisson equation. The
distribution of pollutant, temperature, as
well as salinity are all solved by the
FEM algorithms as well as the the
feasibility of the concept of velocity-
vorticity formulation.
In this study, we use the
velocity-vorticity method, in
combination with finite element
method, boundary element
method and Runge-Kutta method
to solve the three-dimensional
inertial and non-inertial unsteady
incompressible viscous flows.
The correctness of the model is
verified by a simple driven cavity
flow by comparing with existing
literature.

As far as flow verification is
concerned, we analyze the flows
satisfying the Navier-Stokes
equations with low Reynolds
numbers. In computation, one can
understand the relation between
the change of flow velocity and

vorticity. By the process of
verification, we know the fact
that the viscous force on the
boundary induces the generation
of the vorticity, and interactively
the vorticity would diffuse into
the whole flows, and cause the
variation of the flows. However
the variation of the flows also
will change the vorticity. Finally,
they are influenced and coupled
each other.

We have established the Navier-
Stokes equations for both the
inertial and non-inertial
coordinate systems. The
Reynolds numbers were chosen
to be 20,100,200,600,and 1300 to
reflect the strong influences of
nonlinear phenomenon. Even
using very coarse grids, the
models render good results for
both with and without
considering the effect of coriolis
force. We also calculate the role
of density stratification for
Froude number equal to Fr=0.05
and investigate the importance of
density influence to the estuaries.
The pollutant transport for the
associated flow field is also
studied and shows promising
progress. The variations of
velocity and vorticity fields are
stronger than those of
temperature and pollutant
concentration. These



characteristics are all
correspondent to the mechanisms
of transports of velocity,
temperature and poliutant
concentration.
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VELOCITY - VORTICITY FORMULATION FOR 3D INCOMPRESSIBLE FLOW
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ABSTRACT

The motion of incompressible and viscous fluid in a
three-dimensional square cavity and three-dimensional
backward-facing step are solved by the finite difference
method using the velocity-vorticity formulation.

For the calculation of Helmholtz vorticity transport
equation, explicit Adams-Bashforth scheme is proposed.
The Fast Fourier Transform (FFT) is suggesied to
directly solve the velocity Poisson's equation, In
conjunction with staggered grid system, the boundary
condition of vorticity is satisfied automatically and
without any consideration.

Iteration process is not necessary in the solving
process between velocity and voroticity of proposed
numerical method. By the way, the numerical solution
reaches second-order accuracy in both time and space.
The preliminary results of this study show that the
numerical method is quite successful.

KEYWORDS: velocity-vorticity formulation,
three-dimensional flows, cavity flow,
backward-facing step flow.
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NUMERICAL SIMULATION FOR THE
THREE-DIMENSIONAL BACKWARD-
FACING STEP FLOW

Ching-Biao Liao M. F. Wu

The Graduate Institute of Civil and Hydraulic
Engineering Feag Chia University
T.C.Lu
Department of Civil Engineering, Chen Kuo Jr.
College of Technology Commerce
Der-Liang Young

Department of Civil Engineering and Bydrotech
Laboratory, Mational Taiwan University

ABSTRACT

We presented an efficient, accurate numerical
scheme to solve the incompressible flow with open
boundary problem. The three-dirnensional backward
facing step flow was adopted to the numerical
simulation. The velocity-vorticity formulation for the
incompressibie Mavier-Stokes equation was used to
solve the flow problems. In numerical model, explicit
Adams-Bashforth scheme was propoesed to solve the
Helmholtz verticity transport equation. The Fast
Fourier Transform (FFT) was suggested to direcily
solve the velocity Poisson’s equation. In conjunction

" with the staggersd grid system, the boundary

condition of vorticity is satisfied automatically and
without any consideration. [teration process is not
pecessary in the solving process between velocity and
vorticity of proposed numerical method. By the way,
the numerical solution reaches second-order accuracy
in both time and space. The steady solution of 3D
backward-facing step flow for different Reynolds
numbers was obtained from the numerical
computation. The computational results were
agreeable with the experimental data. This proves
that the numerical scheme is very powerful to solve
the three dimensional incompressible flow problems.

KEYWORDS: velocity-vorticity, three-dimensional
flows, backword-facing step (flow,
Helmboltz equation, Poisson
equation.
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Solution of the Velocity-Vorticity Navier-Stokes Equations
Using Dual Reciprocity Boundary Element Method
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SUMMARY

This paper describes the use of dual reciprocity boundary element method
(DRBEM) for the solution of incompressible viscous flow problems using velocity-
vorticity variables. The model involves the solution of vorticity transport equation for
vorticity whose solenoidal vorticity components are obtained by solving Poisson
equations involving the velocity and vorticity components. Both the Poisson
equations and the vorticity transport equation are solved iteratively using DRBEM
and combined to determine the velocity and vorticity vectors. Here the results of 2-
dimensional Navier- Stokes problems with low Reynolds number in a typical cavity
flow are obtained and compared with other models. The DRBEM model has been
found to be satisfactory.

KEY WORDS
Navier-Stokes equations, velocity-vorticity, dual reciprocity boundary element
method

1. INTRODUCTION

For the solution of incompressible viscous flow problems, the velocity-vorticity form -
of Navier-Stokes equations has been established as an effective formulation. The main
advantage of this formulation includes the numerical separation of the kinematic and
kinetic aspects of the fluid flow from the pressure computation, which is determined
afterwards from the known velocity and vorticity fields. Boundary Element Method
(BEM) has been established as a powerful numerical tool in the solution of various
fluid flow problems (Power and Wrobel, 1995). The main advantages of BEM are;
reduction in computational dimensions, easiness in discretization and data preparation
and direct solution to flux term at the boundaries. The major problems in using the
general BEM techniques to solve the incompressible viscous flows are the difficulties
in dealing with the convective and time dependent terms unless internal cells are
defined (Brebbia et al. 1984).

Dual reciprocity boundary element method (DRBEM) employs a fundamental
solution corresponding to a simpler equation and treat the remaining terms, through a
procedure which involve a series expansion using global approximating functions and
the applications of the reciprocity principle (Partridge et. al,1992) so that a boundary
only sclution is possible.

To solve the incompressible viscous flow problems, here DRBEM is used. In the
DRBEM solution of Navier-Stokes equations, the fundamental solution of Laplace
equation is used. The vorticity boundary conditions are got by the DRBEM solution
of the Poisson equations. An iterative scheme is used to solve the system of equations
after the numerical discretization by DRBEM., The feasibility of the DRBEM model
has been demonstrated using the model problem of flow in a driven square cavity.



2. GOVERNING EQUATIONS

For two-dimensional incompressible viscous flow problems, if (w,v) are the velocity
vectors (7} and @« is the corresponding vorticity, the governing Navier-Stokes
equations in the velocity-vorticity formulation can be written as:

@—+FOVa1=—-l—?:m (1)

Bt Re

V’u:—ﬂ?—; V2y=_a-..m_ (2)
dy ax

I

The vorticity vector @ can be expressed as, @ =V x # . A solution is sought in the
domain satisfying the initial conditions, 7 =#,, @ =V x#,
boundary conditions, # =#.,@ =(Vxu)|, at t20.

The solution of vorticity-transport equation (1), in combination with the velocity

Poisson equations (2), with reference to initial and boundary conditions, gives the
velocity and vorticity distribution all over the domain at the concerned time step.

at initial time and the

3. NUMERICAL FORMULATION
3.1. DRBEM Formulation of Velocity Poisson Equations

Consider the Poisson type velocity equation in # and @, say

Viu=- 9w _ b (3)
By

with velocity boundary conditions as, u=#,onI;q =0u, /dnonT,, where n is the

unit outward normal vector. Here, an iterative algorithm is used such that the right

hand side of equation (3) is known from the previous step by solving (1).

Solution to equation (3) can be expressed as the sum of the solution of a homogeneous
Laplace equation (# ) and a particular solution (4 ) as, u =# +4# , such that, V?# =5.
The DRBEM proposes the use of a series of particular solution #  instead of a single # .
The number of # ; used is equal to the total number (N+L, N= boundary nodes, L=

internal nodes) of nodes in the problem. Following approximation of b is then proposed,
N+L N+L

b =Y a, f,=y a, Vi, “)
R

F=1
where the @, - are a set of initially unknown coefficients and the f;are approximating
function which is geometrically dependent. Using (4) in (3) gives,

N+L

Viu =3 a, (Vi) (5)
J=1

The procedure for developing the boundary element method for the Laplace equation
(Brebbia et al,1984) will now be applied. Equation (5) can be multiplied by the
fundamental solution u* (for 2-D problems u*=In /(2 7 ), where r is the distance from the
collocation point (k) to other field points (i}) and integrating over the domain producing,

[, (FrwyurdQ =h;LaJIﬂ (Vi) u*dQ (©)

Applying Green’s second identity, (Brebbia et al. 1984) produces the following

integral equation for each source node i,
Nl

Cou, + jrq*ud]" - Lu*qdl’ = ZQJ{C,.J,.} +Lq*u'jdl' - Iru*éjdf ) Q)
i=1

where C; is the Green’s constant, (}j = i, /on and q*= Gu*/On. Note that

equation (7) involves no domain integrals. The source term b in (3) has been
substituted by equivalent boundary integrals. After introducing the interpolation
functions and integrating over each boundary element, the above equation can be



written in the discretized matrix form as: :
N N N+L . N . N .
Cou, + 2 Hyuy — D Gug, = Za,.[f.‘,u,.j + D Huliy, -3 qu,g.] (8)
k=] ke FEL] k=] k=]
Applying to all boundary nodes using a collocation technique, and each of the vector
i,and G, is considered to be one column of the matrices U and  respectively,

equation (8) can be expressed in matrix form as,

Hu-Gg=(HU-6G0)a (%)
Equation {9} is the basis for the application of the DRBEM and involves discretization of
the boundary only. Internal nodes may be defined in the number and the location desired
by the user. From equation (3), taking the value of b at (N+L) points and expressing in a
matrix form, 5 = F a;a = F~' 4 , where each column of F consists of vectors f;
containing the values of the function £ at the (IN+L) collocation points. Thus the right hand
side vector of (9) is a known vector. Applying the boundary conditions to (9) gives a
linear system of equations which are solved using Gauss elimination scheme to get the
boundary unknowns, After finding the boundary unknowns, the internal values can be
found from equation {9).

The particular solution #, its normal derivative and the corresponding approximating
function f'used in DRBEM analysis are limited by the formulation except that the resulting
F matrix, should be non-singular. Here the f function used is: f =1+ r +r2+ . +r".
Correspondingly,
ﬁ=i+i+__+ P ;é:[r -E—?-'E-+r Q](L+L+..+ r- ] (10)

6 12 (m+2) +(m+2) “on 7 dn 3 4 m+3

Other than the boundary only solution, the main advantage of using DRBEM in the
solution of the velocity Poisson equations is the exact determination of the vorticity
boundary conditions which are obtained as the velocity normal derivative from the
solution of (9) together with the no-slip boundary conditions.

3.2. DRBEM Formulation of Vorticity Transport Equation
Consider the advection-diffusion type vorticity transport equation (1),

Viaw =R,(%%+F-Vm)=R,b(x.y.w,r} (11)

As mentioned earlier, an iterative procedure is used to solve equation (11). In the current
iteration it will be assumed that the values of (#, v) are known from the previous iteration.
The fundamental solution of Laplace equation is used in the solution (11). Appropriate
boundary conditions¢ or ¢ (3@ /8n) and initial conditions should be prescribed.

As in section 3.1, using the DRBEM, solution to equation (11} can be expressed as the
sum of the solution of a.homogeneous Laplace equation @ and a particular solution& as,
@ =@ +@ such that, v*& =4 . The DRBEM proposes the use of a series of N+L

particular solution @ ;. Following approximation of b is then proposed,
b = :‘:La + J (12}

J=1
where the & are a set of initially unknown coefficients and the fare approximating

function. As explained in section 3.1, we can finally write equation (12) as:
N+l

Vie =R,y a,(Vid) (13)
j=1

Similar to the procedure in section 3.1, using the 2D fundamental solution of Laplace
equation In r/(2 77 ), using the BEM procedure and after the boundary discretization and
integration, the final system of equations in matrix form is obtained as:



Hm—Gq=R,(Hc6—GQ)a (14)
Similar in section 3.1, b=Faor ¢ =F"" band putting § = - (H @ -G Q)F" and
substituting for b, equation (14) can be written as:

Hm—Gq=S[R.[2ﬂ+u§-£+v£2]J (15)

EY, dx ay

Setting, w=# 8 or B =F"'w.Differentiating e withrespecttoxandy,

dw _OF . 0@ _OF ... (16)

ox dx dy oy

Therefore equatioﬁ (15) can be written as,

Hw—Gq=R,S[E?—+(ua—F-+ vi‘i}ﬁ‘“w] (17
ot ox ay

Putting @’ = w /01, E = u oF / & +v 6F /Ay , we can write equation (17) as,

HaJ—Gq=R,S[w'+EF"aJ] (183)

Now substituting, Af =R, S E F™' ;N = -R,§, we can write the final system as:

No'+(H -M)o=Gg (19)

Using a two level time integration for w and q and a difference scheme for @'

w=0-0,)e" +9_a.:"";q-(|—6,)q' +8, q"";w'=11—f{m"" ~—w") (20

where &, and £, are weighting factors which position the values of u and q , respectively,
between time levels m and m+1. Substituting (20} into (19) gives:

(L +o.n —M)]m'”' -9,G ¢ =[£’7-u-e.xﬂ —M)]m* +1-8,6 ¢~ (D

The right hand side of (21) is known at time {(m+1) At, since it involves values which have
been specified as initial conditions or calculated previously. Upon imposing the boundary
conditions at time (m+1)At, we can form a linear system, which are solved using the
Gauss elimination scheme to find the unknown function values initially over the boundary
and then at the internal nodes considered. The approximating functions ‘f” given in section
3.1 and corresponding particular solutions and derivatives given in equation (10) are used
here also. Here an iterative scheme is used and the derivatives of the vorticity @ in x- and
y- direction are determined using (16} before the velocity Poisson equations are solved.

4. MODEL RESULTS AND DISCUSSIONS

The proposed DRBEM model has been applied on the classical ‘driven flow in a square
cavity’ problem for which many numerical mode! results are available in literature. Present
model results are compared with a series solution, FDM, FEM and BEM models in 2-D.

The model problem consists of a square cavity with a moving top lid with constant
velocity, totally filled with an incompressible viscous fluid. The flow inside the cavity is
initially at rest. No slip and impermeability conditions were imposed on all walls, with the
velocity at the upper wall set equal to unity. Due to the computational [imitations (we used
an IBM Pentium II PC with 64 MB RAM), the present analysis is limited to a maximum
of computational mesh points of 21x21 (on the boundary and internal nodes). One analysis
is presented here, for a Reynolds number of 100.

Figures 1 and 2 show the u and v velocity profiles along the vertical and horizontal
centerlines of the cavity, respectively. The velocity variations are compared with a series
solution of Burgraff (1966), FDM solution of Ghia et al. {1982), FEM sclution of Young
and Lin (1986) and BEM solution of Young et al. (2000). The results mostly agree with
all the model results, considering the coarse nature of the mesh used in the present
analysis. Figure 3 shows the vorticity distribution along the domain and Fig. 4 shows the



velocity vector field.
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Fig. 1. u- velocity profile along vertical centerline for Re=100
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Fig. 2. v- velocity profile along horizontal centerline for Re=100

DRBEM has been proved to be a feasible method to solve advective-diffusion equation
like vorticity transport equation. The necessary vorticity boundary conditions are
determined by the DRBEM solution of the velocity Poisson equations together with the
no-slip boundary conditions. Hence the present model in which the velocity Poisson
equations and vorticity transport equation are solved using DRBEM, and the iterative
scheme combining both models provides the best way to treat the velocity-vorticity
formulation for two-dimensional incompressible viscous flow problems.

™ . , v v .
Biz Nl 00 oW 848 05 Ae QP g oM I

Fig. 3. Vorticity distribution for Re=100
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S. CONCLUDING REMARKS
Here a dual reciprocity boundary element method for solving the velocity-vorticity -
Navier-Stokes equations is presented. The Poisson type velocity equations and the
vorticity transport equation are solved using DRBEM. The vorticity boundary
conditions for the solution of vorticity transport equation are exactly obtained from
the DRBEM solution of velocity Poisson equations. The use of DRBEM enables one
to have a boundary only solution for the problem. Here the results of 2-D Navier-
Stokes problems with low Reynelds number in a typical square cavity are presented.
A comparison with other models demonstrates the feasibility of the DRBEM model.
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Abstract

in this study, the motion of incompressible viscous
fluid in a two-dimensional domain is solved by the finite
clement method using the velocity-vorticity formulation.
To demonstrate the model feasibility, first of all the steady
Stokes flow in a square cavity are computed, The resulis
of square cavity flow are comparable with the pumerical
solutions of Burggraff(1966,FDM) and Yang(1997 BEM).
Then the unsteady Navier-Stokes flow are computed and
compared with other models. The results reveal that finits
element analysis is a very powerful approach in the realm
of computational fluid mechanics,

Keywords: Velocity—Vorticity formulation, Finita Element
Method, Navier-Stokes equations, square
cavity flow

1. Introduction

Finite element method (FEM) has been proved to be
very convenient and most promising for obtaining spatial
spproximation to problems with complex geometries.
Finite ¢lement theory provides an effective methodology
for construction of discrete and/or semi-discrete
approximations to variational boundary value problems
in computational mechanics, including the different forms
of the Navier-Stokes equations in fluid mechanics. Three
formulation are well known for the solution of the
incompressible Navier-Stokes equations, in terms of :
primitive  variables of pressure and velocity, velocity-
stream function and velocity-vorticity. The first two
formulations have been thoroughly investigated by
various researchers for two dimensiopal and three
dimensional problems using various numerical methods
such as finite difference (FDM), finite element {FEM} and
boundary element  methods (BEM). The third
formulation in terms of wvelocity and vorticity also
has been explained in the last decade, mainly
in two dimensions using various numerical schemes.

In the computational methodology of unsteady
incompressible viscous fluid flows, the fractional step
methods have been proven to be ~ effective. However
semi-implicit FEM methods have pained some
advantages of stability and simplicity. Different time
marching methods to solve the vorticity transport
cquation are another feature in  this study. The schemes

include the explicit method ,implicit methods, and
fully-implicit method. The difference between these
methods is that if we usc explicit method< it has
the strict limitation of the time, Af . On the other
hand, if the implicit method is used, although the range of
At is not restricted, itis suitable to use smaller value of
At 1o ensure that at the high Reynolds number ,

each iterative steps can guarantee the convergcnce of the
iterative solution.

2. GOVERNING EQUATIONS

The partial differential equation set governing
viscous, laminar flow of an incompressible fluid is a
subject class of the familiar ponlinear Navier-
Stokes system. Let £) be the fluid domain, which is
surrounded by a piecewisc smooth boundary I'. By
using .- wvector form, the corresponding basic equatwn of
conservation of mass, momenum are

Continoity
V. i=0 - ' )
Momentum
au 1 2=
—+#-Vi=-VYVp+—V'a 2
o -V P e " 3]

where i is the velocity vector,p is the pressure, Re
is the Reynolds number and t is the time.
Eguation (1) and (2) represent the  Navier-Stokes
equations in the pressure-velocity formulation.

The vorticity vector @ can be expressed as:

-

D=VXu (3

By taking the cul of both sides of Eq. (2) snd
using Egs. (1) and (3), we can obtain the vorticity
transport equation as:



ad
ot Re

By taking the curl of Eq. (3) and using Eq. (1) we get,”
Vii=-Vxd (5
which is vector form of Poisson equation for & .

Equation (4) and (5) with 6(u,v)as velocity
and B{(@, ,0, , @) as vorticity vectors are known as

Velocity-Vorticity  formulation of the Navier-Stokes
equations and can replace Eqs. (1) and (2) in which
& and p are variables.

The two—dimensional velocity-vorticity  formulation
for the incompressible flows can be derived from the Egs.
{4) and (5) as:

do odo oJo 1

—ét—+ —a:r'-"i- g‘“ V’a) (6}

oW
Vi="o 8
v . (8)

For Navier-Stokes equations, the solution of
vorticity  iransport  equation in  Eq. (6), in
combination with the velocity Poisson equations, (7)
and (8),gives the velocity and wvorticity distribution
allover the domain at the concerned time step.

We seek a solution in

the domain £ which
satisfies the initial conditions, '

U=Ly,V=v,00=0, att=0 9

no-slip boundary conditions of wvelocity on the
boundary I” of Q.

As far as vorticity boundary condition is concerned, it
is not known a prior. From the Stokes theorem, the
vorticity boundary conditions can be written as,

1
area

=

§E-d3 (10)

3. FINITE ELEMENT FORMULATION _

The arbitrary element velocity and  vorticity are
approximated as ( By using indical notation and
summation convection for repeated indices )

W, =N 0, (11)

2 EiVG=6-VB+——VG @)

'For two dimension , if 4,

u_,:Nju} . (12)

v, =Ny, | (13)
where * N, denotes the interpolation or shape

function of vorticity and  velocity . The weak
formulations of equation {6), is obtained by using the
standard Galerkin method

0= HM(@E+ §2+ CL

dy
2
1<am am))dg

(14)

and using a time integration for the Lime derivative of
@, Eq.(14) can be written as,

0= Z_UNN —dQ+ Y, [[(Nu,N

N
N,VEN,—gy-L)mj-m—Z,J g, N, dT+

N, aN aN oN,
—ZH o Ty oy
{15)
where g —a—mn +a—mn
F 2 ay 4

=0 or @ is specified on the

boundary, then the surface integration vanishes. Equation
{15) can be written in the form,

bl b+ Yo e Lkl -0}
' (16

where

M;={[NN,dQ |
_.H{N u,N
—ﬂ(a;‘;i >

+va ay}i

aN oN,
3y 3y

EF-2

El
3




(17

The fractional step metheds have been proven to be
effective, in the meantime semi-implicit FEM method
has rendered some advantages of  stability and
simplicity. -

So the Eq.(17) can be written
bl o+ ke o
ool LerJor

(18)
Equation (18) confirms that the nesded. additional
data are integration time-step size Af, implicit factor
@, the known data {w}; atany time 7",
@ = 0 means explicit method (always instability)
& = 1 means fully-implicit method

In this model, We add value of & =-§-

Consider the Poisson type velocity equation in u and
assuming that the vorticity and its derivatives
are known, Eq(7) can be written as follows:

Viu=5 )

gthememmofwelghtedmsldualsandGalexm
criterion, Eg. (19) can be written as,

0= HN( u -éi-—b)dﬂ (20)
oN, aN aN
:>O=Zﬂ(ax Fe % @}dﬂ+
2 [N a2 @y

3. SOLUTION PROCEDURE

Here an iterative scheme is used in the solution of
the velocity-vorticity formulation of Navier-Stokes
equations. In  most of the incompressible viscous flow
problems, the most natural boundary conditions arise
when the velocity is prescribed all over  the boundaries
of the problem. The vorticiy boundary conditions
are originated from the Stokes theorem. In the present
model, the velocity poisson equations are inmitially
solved to get the vorticity boundary condition
which are used in the solution of the vorticity
transport equations. The sclution procedure adopted here
includes the following iterative steps :

1. Initial condition: Let @ =0
2, Solve the velocity Poisson Eqs using FEM
a. Calculate the velocity distribution and velocity
derivatives at all nodal points .
b. Determine the new vorticity boundary values
3. Solved the vorticity transport equations
a.Get the unknown vorticity values through
out the domain
b. Calculate the derivatives of the vorticity to
be used in the velocity Poisson equation
4. Check for the convergence of the velocity and
vorticity components in the present iteration, If
convergence criterion is satisfied, then stop and
proceed to the next time step, otherwise  go to step 2.
5. In the successive time step, use the velocity and
vorticity components from the previous time
step as initial conditions and use the iterative
procedure, steps 2 to 4.The procedure is repeated until
the prescribed time step is reached. (Fig 1)

5. NUMERICAL EXAMPLE

The aim of workshop is to compute a two-
dimensional lid-driven cavity flow(see Fig. 2). The
model problem consists of a square cavity of sizel:l
(dimensionless) witha moving top lid with constant
velocity of unity (dimensionless) in the x-direction,
totally filled with an incompressible viscous

‘fluid. Fig 2 shows the geometry and boundary

conditions of the problem.

In the Navier-Stokes system of equations, the
intensity of the nonlinearity and the convective effects,
are known to be related with the magnitude of
the Reynolds number. Therefors, the computational
effort required for its numerical solution increases as  the
Reynolds number increases. An important consquence of
this dependency is that the accurary of the
numerical sclution, at different values of the
Reynolds npumber, is strongly associated with the
way in which the mesh discretisationis  defined,
requiring a higher density in the regions npear the
contours, where the boundary layer is developed, as the
Reynolds number increases.

For high Reynolds numbers, the use of a coarse
mesh often yields a convergent solution without physical
meaning. By refining the computational mesh, it is
possible to improve the solution of the flow phenomena,
but at the expense of increasing the computational
cost, In the present examples, use of a non-uniform
mesh (Fig 3.) is better than uniform mesh to solve the
Navier-Stokes equations,

Re=d

The case presented here, is for steady state  Stokes
flow conditions (Re = 0). Figure 4(a) shows the velocity
profiles for Re = 0 on vertical and horizontal centerlines.
The results are compared with Burggraf (1966) and
Young(1997)et. The streamlines and velocity vector are
shown Figd(b), 4(c). The distribution of vorticity
contour is shown in Fig4(d).

|
In Figure 5(a), we plot the velocity filed, and the

F-3



vertical and horizontal centre-line velocity  profiles,
respectively, obtained with the present approach
without the use of the domain decomposition  scheme
for the case of Re=100. In this case, we used
81*31 nodes. Ascan be observed, for this small value
of the Reynolds  number , the results based upon a
velocity-vorticity formulation are in close agreement
with the benchmark values obtained by Burrggraf
(1566) and Ghia (1982) et.. , using a finite difference
multigrid numerical scheme. As pointed out
previously, as the  flow regions near the comers ,the flow
contains singularities associated with infinite values of
the velocity and surface traction. The distribution of
velocity, streamlines, and vorticity contours are shown in
figure 5(b),5(c).5(d).

Re=100d

When  Re is increased, the inertia begins to play an
important role. As a consequence, the vortex
center has shifted downstream, vorticity distribution
get more complex, and corner eddies start to appear. As
shown in Fig. 6{a) to 6(d) which illustrates the
velocity profiles, velocity distribution, streamlines and
vorticity contours. .

As Re increase to 1000, the above-mentioned
physical characteristics become more conspicucus. In
particular, the vortex center first moves downstream,
and finally moves back to the geometric center of
the cavity. This illustrates the fact that viscous forces is
confined only lo the boundary layer, and most of
the region away from the boundaries behaves like
the inviscid core of a vortex, as mentioned by Burggraf
(1966).

The formation of comer eddies, as pointed out by
Moffatt (1964) is another very strange phenomenonin
the square cavity simulation. It is seen that the
nonlinearity (high Re) and corner separation are two
major mechanisms to form the secondary currents.
There appear a big lower right-hand secondary eddy and
a small lower left-hand secondary eddy.

As Re increases further, the number of secondary
eddies will increase. It is observed that as many as
five secondary eddies will be formead in the upper left,
lower right, and lower left comers when Re
approaches 5000. This also indicates that the inertia
force is another trigger factor in the formation of
secondary eddies. Fig 7(a) , 7(b) , 7(c) illustrates the
transformation ~ of  vorticity in the cavity flow.
Fig.7(d),7(c) shows the distribution of streamlines
and velocity of  a recirculating flow  at Re=5000.

Table 1 provides a summary of the preliminary
results of the high Re over accomplished with
respect 1o each scheme. In addition, some  authoritative
literature in  this effort is also included for
comparisen. It is better to compute high Reynolds number
by using velocity-vorticity formulation from the
results,

6. CONCLUDING REMARK
Finite element method model has been developed for
solving the velocity-vorticity Navier-Stokes equations

in two dimensions, Here the results of low Reynolds
number to  high Reynolds number problems, in a
typical cavity flow are presented and compared  with
other numerical models. Computational results show
that the FEM presented here provides an  efficient
method for numerical investigation of two-dimensional
incompressible viscous fluid in motion.
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Table 1 : Comparision of primary vortex, streamline with others for square cavity

Reynolds | Reference | Year | Meshsize | Method P, o Location Circulation | Continuiry
no
Re=D, Burggraf | 1966 4040 0l -3.2 (0.5,0.76)
Yang 1997 100*4 0.1002 | -3,148 (0.5,0.726) -1.0159% 89E-15
Present 2000 | 201*201 -0.0998 | -31.21 (0.50.76) 0590 -1.O3E-05

Re=l Young 1597 60*4
Liag - 1997 3232
Present 2000 81*81

i Re=100 | Burggraf 1966 40%40
i Ghia 1982 129*129
i Yang 1997 60*4
© liso 1997 32032
Present 2000 81*81

Re=200 Yang 1997 60°4
1997 32432
Present 2000 101*10t

Re=400 | Burggraf | 1966 | 40%40
Ghia 1982 A57257
Yang 1997 50%4
Liao 1997 32*32

Present 2000 101°101

-0.0931 | -A.021 {0.483,0.767) 096199 <4.5E-14
0.09955 | -321377 | {0.5.0.766)
0.0941 | -1.161 {0.5.0.767) -0.9561 -2.JE05

0.1015 | -314 (0.62,0.740}
<0.1034 | -3.1665 | (0.617,0.734)

0098 | -3.018 (0.583,0.75) -0.56323 42E-14
0.1012 | -3.251 (0.629,0.747)
-0.0978 | -3.221 {0.53,0.748) -0.981 -3.01E-04

-0.96361 | -2724 | (0.617.,0.7M7) -D.96261 LIE-14
<0.1026 | -2.608 {0.619,0.69) :
0.971 274 (0.62,0.72) -0.9659 402805

0.1017 | -2142 (0.56,0.610)
0.1139 | 228 (0.555,0.606)
-0.1011 | -2227 | (0.583,0.632} } -0.56058 17E-14
-0.1006 | -2.146 | (0.566,0.621)
-0.101 =221 0.578,0.651) | -0.964 32E-04

3
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Re=800 Yang 1997 5074 00028 | -212 (0.55,0.600 -0.96559 ~4.6E-14
Present 2000 | 101*101 01011 | -2.10 {0.36,0.60) 0.9851 S01E-05
Re=1000 Ghia 1982 129+129 L1179 | 2049 (0.931.0.583) :
Young&Lin| 1986 16*16 -0.1028 } -1.6605 | (0.535,0570)
Yang 1997 604 -0.1028 | -1.88% (0.55,0.583) L£96924 -75E-14
Liso 1597 48%48 0.1032 | -1.8502 | (D.535.0574)
Present 2000 101*101 01041 | -1.876 (053,057 .9681 ~12B-05
Re=2000 Yang 1997 6Q4 0.1033 | -L.767 {0.533,0.567) -0.9556 53E-15
Lizo 1997 72%72 -0.1083 | -L.7577 | (0.524,055) :
Present 2000 101*101 01085 | -1.761 (0.52,0.56} 0.987 1.06E-05
Re=3200 § Present 2000 1o1*191 -0.1056 | -L.746 | ((0.496,053) -0.9658 -6.1E-06
Re=35000 Lica 1997 128*128 0.1082 | -1.6809 | (0.516,0534%)
Prescat 2000 121*121 -0.1091 | -1.691 {0.505,0.52) 0,987 -1 ISE0S
T: Triangular El=ment (FEM) Ts:; Triangular Element (FEM) - Siaggered method
D: Finite Difference Method L: Lincar Element (BEM)
FEM: Finite Flement Method BEM: Boondary Element Method

HBRE-RERT RAKERAB =TT R GRS
RE¥/MAL HE /N2
4MARBEEAIAEA

B2
AXAHRRE-RERAFBRAT AR BT TRR BHARG TS S THRRRANER Y
A It N oY 36 5 M %3 » #4 Burggraf (1966) A (1997) $AH—ER - #F - £AT
HABHZAR-LRAMFTARGH L ARHNAERPHAABREA LR SRUERBFARAY
N RARN 2K ERITFHRE -

T




BO. #k &220005"Fk b = HFT 0 57 S Ao HACHE X2 9 - R AR (203 ) »
£ 22 AANIATHE  BHCAEIASMARERE > HF > 2000
£ 11He _ »



