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Abstract

Time-dependent deformation behavior of rocks has a significant impact on the stability of rock slopes or underground constructions.

This paper presents systematic experimental data regarding time-dependent deformation of a typical weak sandstone, known as the

Mushan sandstone. The observed deformations are further separated to distinguish elastic and viscoplastic behaviors of the weak

sandstone through the use of multi-staged loading–creep-unloading–reloading tests. The stress path is designed to be a purely hydrostatic

loading followed by a pure shear, so that the deformations induced by these two types of stresses can be distinguished.

For elastic behavior, although the nonlinear stress–strain relations vary according to the applied hydrostatic stress, these stress–strain

relations can be normalized by the applied hydrostatic stress or the bulk modulus and converted into a single consistent stress–strain

curve. Inelastic behavior is then obtained by subtracting the elastic deformation from the total deformation. As a result, the

characteristics of the viscoplastic deformation are that: (1) the direction of the viscoplastic flow is time independent, and (2) it has a

similar direction to the conventionally defined plastic flow. As such, the viscoplastic potential has a similar shape to the plastic potential,

but the size of the former changes with time, while the latter has a size that is time independent. Meanwhile, through the calculation of

irreversible work, direct evidence of orthogonality between the yield surface and the plastic flow, as well as the viscoplastic flow, is

observed. Thus, it is reasonable to assert that the yield surface, the plastic potential, and the viscoplastic potential all have the same

geometry. Consequently, the associated flow rules are applicable to modeling the time-dependent deformational behavior of weak

sandstones.

r 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The time-dependent deformation of rocks has a sig-
nificant impact on the stability of rock slopes and under-
ground structures such as power plants, nuclear waste
storage facilities, and tunnels. These engineering projects
are susceptible to hazards induced by the time-dependent
material behavior during and after construction. In
tunneling, ‘‘squeezing ground’’ is one of the typical
engineering challenges associated with time-dependent
deformation of rocks. After a tunnel excavation and a
support installation, the ground may continue to deform as
e front matter r 2007 Elsevier Ltd. All rights reserved.
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time progresses, and may cause severe damage to the
tunnel linings and supports if they were not designed to
account for time-dependent ground deformation [1–3]. The
squeezing ground phenomenon is known to have caused
problems in many tunnels built in the sandstone of the
Western Foothill Range in Taiwan, and significant
remediation costs were required to repair the damage
induced by the time-dependent deformations.
Most rocks exhibit various degrees of time-dependent

deformation. In order to understand and to characterize
the time-dependent deformation, tests within either a very
short term (several minutes) to a short term (several hours)
were conducted by the rock mechanics laboratory at
National Taiwan University [4–6]. These tests and prior
research [7–10] concerning the creep behavior of rocks
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show that many different rocks such as rock salt,
limestone, granite, chalk, and sandstone, exhibit time-
dependent viscoplastic deformations. Additionally, irre-
coverable and pronounced time-dependent deformations
have been observed, even under relatively low stress, for
weak rocks such as sandstone, rock salt, and chalk.

It is necessary to understand the general deformation
characteristics of rocks before looking into their time-
dependent behavior. The deformation of rock is conven-
tionally decomposed into elastic and plastic components
(which ignores time-dependent behavior in the very short
term of loading), or elastic and viscoplastic components
(with consideration of time-dependent behavior). However,
Perzyna [11] comments that since in practice, it is difficult
to separate the plastic and viscous deformations, the
separation of deformation into elastic, plastic, and viscous
components can be difficult to achieve. Furthermore, a
common practice of describing elastic deformations may
not be ideal. Elastic deformations are commonly described
using isotropic linear elasticity. Maranini and Yamaguchi
[10] and Cristescu [12] proposed empirical expressions of
the linear elastic modulus, in which the influence of
confining pressures on the deformational behavior of
granite and rock salt is considered. However, experimental
results [13–15] suggest that rocks can exhibit nonlinear
elastic deformation, and coupling between shear stress and
elastic volumetric strains, e.g. shear dilation or shear
contraction, is obvious. Microscopically, the nonlinear
elastic deformation characteristics of rocks are possibly
related to the opening and closing of the void space and the
microcracks in rock during the loading–unloading pro-
cesses [12]. Most constitutive models for rocks assume that
shear stress will not induce elastic volumetric strain, but
this assumption does not conform to the experimental
results, especially for weak rocks.

Furthermore, the nonlinear characteristics of the elastic
deformation should be of concern when separating the
elastic and the viscoplastic deformations from the total
deformation. Otherwise, the obtained viscoplastic defor-
mation is likely to contain the elastic deformation and not
solely the viscoplastic deformation. The incorrectly de-
duced viscoplastic deformation may inherently lead to an
increase in complexity in constitutive modeling, such that
the use of a non-associated flow rule becomes necessary to
reach agreement between the measured and modeled
behavior.

In this paper, we study the nonlinear elastic–viscoplastic
deformation characteristics, in conjunction with the shear
dilation/contraction for weak sandstones. The detailed
description of the deformation behavior was possible as the
experiment was designed to unambiguously separate the
nonlinear elastic and the viscoplastic deformations. The
experiment consists of triaxial tests with pure shear stress
paths (to distinguish shear dilation/contraction) and multi-
staged loading–creep–unloading–reloading procedures (to
separate the viscoplastic deformations from elastic ones).
Based on this effort, details of plastic flow, viscoplastic
flow, the plastic dilation threshold, the viscoplastic creep
dilation threshold, and the yield surface of rocks under
various stress conditions are obtained.
2. Methodology

The Mushan sandstone, which has caused squeezing
ground hazards for tunnels in Taiwan, was studied.
This sandstone has a void ratio of 14.1%, a dry density
of 2.3 g/cm3, a saturated water content of 5.8%, and an
average uniaxial compressive strength of 37.1MPa. Based
on microstructure analysis, the percentages of particles,
matrix, and voids are 67.5%, 18.5%, and 14.1%, with an
average particle diameter of 0.72mm. Mineralogically, the
Mushan sandstone consists of 90.7% quartz, and 9.0%
rock debris, and is thus classified as a lithic greywacke. The
oven-dried specimen used for the experiments has a
diameter of 55mm and a height of 129mm. The stress
was applied by a servo-controlled system, which controlled
the variation of stress to be less than 0.05MPa, about 0.2%
of the applied stress.
During the course of conventional triaxial compression

(CTC) tests, both confining pressures and shear stresses
vary with each increment of loading. As a result, it is
difficult to distinguish the effect of shear and volumetric
stresses on the volumetric deformations, which include
elastic, plastic and creep components. In order to separate
the effects of volumetric and shear stresses on the
volumetric deformation, the pure shear stress path is used
in triaxial tests. Triaxial tests with pure shear stress paths
make it possible to separate the effect of shear stresses and
volumetric stresses on deformations, and have been
adopted in recent years to study the mechanical behavior
of rocks in the three-dimensional stress space [13–17]. In
triaxial tests with pure shear stress paths, the confining
pressure is held constant by decreasing the cell pressure
increments to one-half of the increment of the axial stresses
ðDs2 ¼ Ds3 ¼ �0:5Ds1Þ. Such a stress path makes it
possible to study the effect of shear stresses on the shear
and volumetric deformations.
The experimental and test conditions used in this study

are summarized in Table 1. These experiments are designed
with engineering applicability in mind, thus a confining
pressure in the range 20–60MPa has been chosen. The
reproducibility of the experimental results was studied at
confining pressures of 20, 40, and 60MPa, and consistent
results were observed between different tests under the
same test conditions. For the Mushan sandstone, the pure
shear triaxial tests under a confining pressure of 60MPa
have a shear strength close to that obtained from the CTC
with 20MPa of confining pressure. The shear strength
obtained from pure shear triaxial tests with 60MPa of
confining pressure or CTC with 20MPa of confining
pressure is equivalent to the shear strength with roughly
800m of overburden. Therefore, the experimental data
should be applicable to a wide rage of engineering projects.
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Table 1

List of triaxial tests and testing conditions

Test Confining

pressure (MPa)

Number of tests without

unloading–reloading cycles

Number of tests with

unloading–reloading cycles

Test conditions

Pure shearing stress path

triaxial tests

20 3 2 � Loading rate

Hydrostatic stage: 5MPa/min

Shearing stage:

axial: 16/3MPa/min

radial: �8/3MPa/min

� Unloading/reloading tests at

Z ¼ 0.22, 0.44, 0.66, 0.88

� 8 creep stresses at

Z ¼ 0.2–0.95

� Creep time, tc:

Z ¼ 0.2–0.60, tc ¼ 6 h

Z ¼ 0.6–0.80, tc ¼ 12 h

Z ¼ 0.8–0.95, tc ¼ 24 h

Note:

1 Z is shear stress ratio

2 All specimens are dry

30 1

40 1 2

50 1 0

60 3 2

Pure shearing stress path

creep tests

20 2 1

30 1 0

40 2 0

50 1 0

60 2 1

Notes on the test procedures:

Step 1. Hydrostatic loading to a desired confining pressure.

Step 2. Pure shear to a certain shear stress ratio Z.
Step 3. Conduct creep test for a certain period of time tc.

Step 4. Perform optional unloading–reloading cycle to obtain the elastic strain.

Step 5. Pure shear to a higher level and repeat steps 3–5 until the specimen fails.

Dat a
logger
Data 

logger
Exterior of membrane

Interior of 
membrane

step 1 :   attach strain gauge onto the surface of specimen

step 2 :  Wrap the specimen with membrane, and make 

              opening on the membrane.

step 3 :  Connect lead wires of the strain gauge through the 

              opening on the membrane to the terminal.

step 4 :  Attach the terminal to the exterior of the membrane

step 5 :  Connect wires from the data logger to the terminal.

Terminal SiliconStrain gauge

Specimen

Fig. 1. Schematic illustration of procedures for measuring deformations

of the specimen.

L.S. Tsai et al. / International Journal of Rock Mechanics & Mining Sciences 45 (2008) 144–154146
To measure the deformation of the specimen, strain
gauges of 20mm in length, 120O in electrical resistance,
maximum measurable strain of 2%, working temperature
between �20 and 80 1C, and a measurement accuracy of
0.85 [(mm/m)/1C] were directly attached to the surface of
the specimen inside the membrane. In order to connect
these strain gauges to the outside of the membrane, we
made small openings on the membrane, connected wires
through these openings, and then sealed the opening with
silicon (Fig. 1). This method has been validated by
checking for the presence of cell fluid inside the membrane
after the completion of experiments. Cell fluid was not
found inside the membrane, thus there was no oil leakage
into the specimen. Two full bridges are formed by the
attached strain gauges to measure axial (e1) and circumfer-
ential strains (e2 ¼ e3). Finally, the volumetric strain �v ¼

I 01 ¼ �kk and the deviatoric shear strain 2
ffiffiffiffiffi
J 02

p
(where I01 is

the first strain invariant; and J02 is the second deviatoric
strain invariant) of the specimen can be measured and
recorded. The procedure was further validated by compar-
ing the measured deformation to the one measured by liner
variable differential transformer. Satisfactory agreement
between these two measurements was obtained.

For the hydrostatic compression stage of loading,
experimental results show that the creep volumetric strain
monotonically decreases while the confining pressure
increases, suggesting that the specimen approaches a stable
condition under a greater compression. The creep volume
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strain induced by hydrostatic stress ðp ¼ I1=3 ¼ skk=3Þ is
much smaller than that induced by shear stress. Therefore,
the creep deformations induced by hydrostatic pressure
during the shearing stage of loading were ignored so as to
focus on the creep deformational behavior under pure
shearing. The same set of loading rates for triaxial tests and
creep tests (shown in Table 1) was applied to all
experiments under a constant room temperature of 25 1C.
Multistaged loading–unloading–reloading tests, as shown
in Fig. 2, were performed on selected experiments in order
to obtain elastic deformations. We recognized that creep
could potentially contribute to the ‘‘elastic’’ strain �e and
‘‘viscoplastic’’ strain �vp

0!t0
, as shown in Fig. 2, during the

unloading–reloading cycle. However, it was found that the
influence of this creep is insignificant, and the framework
of the traditional plasticity theory is accordingly adopted in
this study so that the separated deformation obtained in
this research and others can be compared on the same
basis. As such, �e and �vp

0!t0
are regarded as elastic and

plastic strain, respectively. For creep tests, this work
applied the multistaged loadings shown in Fig. 2d, and
the stress applied in each stage has a shear stress ratio
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represent creep stage.
Z ¼ 0.2–0.95 (Z �
ffiffiffiffiffi
J2

p
=
ffiffiffiffiffiffiffi
J2f

p
, where

ffiffiffiffiffi
J2

p
is the second

deviatoric stress invariant and
ffiffiffiffiffiffiffi
J2f

p
the second deviatoric

stress invariant at failure).
The duration of the creep tests is based on work by

Cristescu [17], which suggested the use of the stabilization
boundary, defined by data points at the end of the primary
creep. This concept was adopted to determine the time
interval of creep for each stage of creep. As a result, the
time to the end of the primary creep was found to be
proportional to the shear stress during the shearing phase
of the triaxial tests. Therefore, the present authors have
used a creep time of 6 h for Z ¼ 0.2–0.6, 12 h for
Z ¼ 0.6–0.8, and 24 h for Z ¼ 0.8–0.95. When the creep
tests have reached the designated time period, the next
stage of loading/creep is then conducted. Figs. 3 and 4
show the creep tests for different values of Z under a
confining pressure of 20MPa. The authors kept in mind
that the test procedure, the multistage creep test, should be
easy to conduct in laboratories in order to increase its
applicability when creep behavior is being investigated. An
overlong creep test cannot fulfill the needs of engineering
projects, as only limited time is available to wait for the
vp
t0→
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experimental results. A few creep tests lasting more than
100 h had been conducted, and the experimental results
showed that the primary creep could have occurred within
24 h. As such, the total test time for one specimen is
designed to be about 5 days, while each single step of the
creep test can be as long as 24 h to allow the full
development of primary creep.

3. Elastic deformation behavior

Based on the small strain assumption and the work done
by Perzyna [11], the total strain is the sum of the elastic and
the viscoplastic strains, and can be presented as:

�t
ij ¼ �

e
ij þ �

vp
ij , (1)
where �t
ij is the second strain tensor of the total strain, �eij is

the second strain tensor of the elastic component, and �vp
ij is

the second strain tensor of the viscoplastic component.

3.1. Volumetric stress–elastic volume strain relationships

In order to separate the total strain into the elastic and
inelastic components, the unloading–reloading cycle is used
to find the elastic strains. Based on the unloading–reload-
ing test, confining pressure–volumetric strain curves were
obtained from several experiments and are shown in Fig. 5.
A nonlinear regression curve of the following form was
then obtained as

�ev;p ¼ a0 �

ffiffiffiffiffi
p

p0

r
. (2)

In Eq. (2), �ev;p is the elastic volume strain induced by
hydrostatic stress, a0 is a material constant, p is the
hydrostatic stress, and p0 ¼ 1MPa. For the Mushan
sandstone, a0 ¼ 1120 (the bold curve in Fig. 5) is obtained
by fitting the experiment data. Based on Eq. (2), it can be
seen that the elastic bulk modulus increases nonlinearly
with the confining pressure.

3.2. Elastic volumetric strain induced by shearing

The shear stress–volumetric strain relationships were
obtained from triaxial tests with pure shear stress paths. In
this work, three different confining pressures p ¼ 20, 40,
and 60MPa were used to conduct unloading–reloading
pure shearing triaxial tests with four different shear stress
ratios Z ¼ 0.22, 0.44, 0.66, and 0.88. Significant shear
dilation was observed when Z ¼ 0.88, suggesting that the
stress state should be close to the yield condition. As a
result, unloading–reloading cycles with Z ¼ 0.22, 0.44, 0.66
and p ¼ 20, 40, and 60MPa (nine different curves) were
used for regression analyses to obtain the shear stress–vo-
lumetric strain relationships.
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By normalizing the shear stress
ffiffiffiffiffi
J2

p
with respect to p, a

regression curve, as shown in Fig. 6, can be expressed as

�ev;s ¼ �a1

ffiffiffiffiffi
J2

p

p

� �2
, (3)

where �ev;s is the elastic volume strain induced by the shear
stress and a1 is a material constant.

In Fig. 6, it can be seen that Eq. (3) with a1 ¼ 488 can
closely match nine sets of experimental data observed
under different conditions. From these results, it can be
seen that pure shearing induces elastic volumetric dilation

�ev;s

� �
on the unloading–reloading path. Thus, the tested

weak sandstone indeed exhibits a nonlinear coupling
between the shear stresses and the elastic volumetric
strains.

3.3. Shear stress–elastic shear strain relationship

By using the sets of data obtained from unloading–
reloading during pure shearing triaxial tests, the relation-
ship between shear stress and elastic shear strain can be
obtained. Fig. 7a shows the shear stress–elastic shear strain
relationships obtained from these nine sets of data. A linear
relationship obtained by fitting these data has the following
form:

2
ffiffiffiffiffi
J 02

q
¼ a2

ffiffiffiffiffi
J2

p
. (4)

In Eq. (4), J02 is the second deviatoric strain invariant
and is defined as J 02 ¼ ð1=2Þeijeji; where eij is the deviatoric
strain tensor and a2 is a material constant.

From these data, it seems that a2 is a function of p or K

(elastic bulk modulus), and the regression shown in Fig. 7a
suggests that a larger confinement results in a larger shear
stiffness. This data is further analyzed by normalizing the
shear stress

ffiffiffiffiffi
J2

p
with respect to K (by taking the derivative

of the regression curve shown in Fig. 5 at the respective
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Pronounced coupling between shear stress and elastic volumetric strain

can be observed. This coupling is related not only to shear stress, but also

to the confining pressure.
confining pressures), all these data converge to a single
linear relationship, as shown in Fig. 7b.

4. Viscoplastic deformation behavior

As described in Eq. (1), viscoplastic strains can be
computed by subtracting the elastic strains from the total
strains. In Section 3, we have obtained the regression
equations (Eqs. (2)–(4)) to describe elastic volumetric
stress–volumetric strain, shear stress–volume strain, and
shear stress–shear strain relationships based on unloadin-
g–reloading tests. In this section, the viscoplastic deforma-
tion is deduced and its characteristics are then discussed.
The deformations obtained from the pure shearing state

of loading were used to calculate the plastic strains (plastic
flow) based on methods suggested in Refs. [1, 15]. The
deformations obtained from creep tests can be presented as
normalized resultant vectors, which are composed of the
creep volumetric strain and creep shear strain, to indicate
the viscoplastic strain increment (viscoplastic flow). Based
on the plasticity theory, we can define b1 as the angle
between the plastic flow and the strain axis (horizontal),
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and b2 as the angle between the viscoplastic flow and the
strain axis as

b1 ¼ tan�1
dgp

d�p
v

� �
, (5)

b2 ¼ tan�1
gvp

t0�t

�vp
vðt0�tÞ

" #
, (6)

where b1 is the plastic flow angle, b2 is the viscoplastic flow
angle, dgp is the plastic shear strain increment, d�p

v is the
plastic volumetric strain increment, gvp

ðt0�tÞ is the creep shear
strain increment between time t0 and t, �vp

vðt0�tÞ is the creep
volumetric strain increment between time t0 and t, t0 is the
time at the beginning of creep, and t is an arbitrary time
after creep starts.

Fig. 8 shows the variation of b2 with respect to time for
the specimen under 20MPa of confining pressure. Very
small variations of the viscoplastic angle are observed
during the experiments. Fig. 9 presents the variation of
plastic flow angle b1 and viscoplastic flow angle b2 with
respect to shear stress ratio Z, and a nearly linear
relationship between b1, b2, and Z is observed. It should
be noted that plastic flow angle b ¼ 901 marks the
transition from compressive (b1o901) to dilative
(b14901) volumetric plastic behavior. It is apparent from
Fig. 9 that under the same shear stress ratio Z, the plastic
flow angle b1 and viscoplastic flow angle b2 are very close.

As shown in Figs. 8 and 9, it was found that the
directions of plastic flow and viscoplastic flows coincide,
suggesting similarities between the plastic strain (from pure
shearing tests) and the viscoplastic strain (from creep tests).
The plastic strain is often obtained from a very short term
(a few minutes) loading, in which the time-dependent
deformation can still exist and contribute to the deduced
‘‘plastic’’ deformation. The embedment of the viscoplastic
deformation in the plastic deformation probably accounts
for the similarity between the directions of the plastic flow
and the viscoplastic flow. For the sake of convenience, the
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Fig. 8. Measured viscoplastic flow angle b2 in creep tests. Points shown in

the figure correspond to calculated b2 from measurements done every

30min under different shear stress ratios.
very short-term viscoplastic deformation is referred to as
the plastic deformation hereinafter.

4.1. Plastic dilation threshold and viscoplastic creep dilation

threshold

As shown in Fig. 10, both the plastic deformation and
the viscoplastic deformation exhibit shear contraction
followed by shear dilation when subjected to pure shearing.
Therefore, a dilation threshold for both the plastic and the
viscoplastic deformations exists. The plastic dilation
threshold is a transitional stress state from the volume
contraction behavior to the volume dilatation behavior of
materials in plastic states under shearing, and is often
considered to be associated with the initiation of unstable
cracking in sandstones.
Fig. 10 illustrates the relationship between shear stresses

and total strains, plastic strains, and viscoplastic strains.
Points A, B and C mark the corresponding transition
points between the compressive volumetric behavior and
the dilative volumetric behavior under one specific confin-
ing pressure. Among the thresholds shown in Fig. 10, the
dilation thresholds of plastic and viscoplastic deformation
(points B and C) are similar and correspond to a greater
shear stress level than the threshold of total deformation
(point A). It has been observed that a specimen under
sustained creep compression, in which the specimen is
shear contracted, is less likely to yield. If the initiation of
unstable cracks within the rock is related to the shear
dilation, then the threshold of plastic or viscoplastic
deformation (points B or C in Fig. 10, rather than
point A) should represent the initiation of unstable crack
growth.
Fig. 11 further summarizes the experimental data for

these transitional stress states under different confining
pressures and shear stress ratios. It is seen that these
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dilation thresholds are not significantly affected, or only
slightly increased by the increase in confining pressure. This
result is consistent with the references for sandstones
[18–20]. It is also seen that the plastic dilation and the
viscoplastic dilation thresholds are still very close to each
other for varying hydrostatic stresses.
1
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Fig. 12. Plastic strain increments (hollow data points) and viscoplastic

strains (solid data points) versus increasing shear stress ratios under

various confinements.
4.2. Plastic strain increment and viscoplastic strain

The plastic strain increment d�p and viscoplastic strain
�vp are defined as:

d�p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d�p

v

� �2
þ dgpð Þ

2

q
, (7)

�vp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�vp

v

� �2
þ gvpð Þ

2

q
, (8)

where d�p
v is the plastic volumetric strain increment, dgp is

the plastic shear strain increment, and �vp
v and gvp are the

viscoplastic volumetric and shear strain increment on the
stabilizing boundary, respectively. The plastic strain incre-
ment used in this work corresponds to a stress increment of
1MPa in

ffiffiffiffiffi
J2

p
, and Eq. (8) is used to calculate the

viscoplastic strain increment.
Fig. 12 shows �vp under various values of the shear stress

ratio Z under different confining pressures. It is seen that �vp

increases with Z under all confining pressures p, and the
relationship between �vp and Z appears to be independent
of p. It is also seen from Fig. 12 that plastic strains can
occur even when Z is very small, suggesting that yielding of
weak sandstones occurs at very low shear stress levels,
which is very different from the behavior of hard rocks.
Fig. 12 also shows a significant decrease in stiffness (inverse
of the slope of curves) by a factor of 2–3 under high shear
stress ratio Z for both plastic and viscoplastic behavior.
5. Yield, plastic potential, and viscoplastic potential surfaces

Based on the method described in Section 4, plastic
strains were obtained throughout the course of the
experiment. Based on the experiments, yielding at small
strains was observed, suggesting that the stress state at the
beginning of the experiment should be close to the plastic
potential surface, which evolves with the increase in
shearing. Applying the techniques described in Ref. [15],
plastic potential surface can be deduced from plotting the
plastic flow, as shown in Fig. 13. It is seen in Fig. 13 that
the plastic potential surface before reaching yielding in
shear is an elliptical cap. The cap of the plastic potential
surface increases its size with increasing stress levels, and
coincides with the yield envelope when the material reaches
yielding in shear. Similar results are obtained for visco-
plastic potential surfaces, suggesting that the weak
sandstone has the same surface for both plastic potential
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and viscoplastic potential by separating the appropriate
elastic deformations from the total deformations.

Under the assumption of homogeneous, isotropic, and
small strain, the yield function H p;

ffiffiffiffiffi
J2

p� �
can be written as

[7,17]

Hðp;
ffiffiffiffiffi
J2

p
Þ � HH ðpÞ þHDðp;

ffiffiffiffiffi
J2

p
Þ, (9)

where HH is yield function under hydrostatic compression,
and HD is the yield function under pure shearing. In
Eq. (9), HH is controlled by hydrostatic compression, and
HD is controlled by pure shearing. On the stabilization
boundary, the value of the yield function equals the
irreversible stress work, W I ðtÞ. This is because the
irreversible strain increment and stress increment are both
zero on the stabilization boundary, and the material is in
an elastic condition inside and on this boundary. Thus, the
yield surface can be defined using W I ðtÞ. Cristescu [7,17]
suggested that the irreversible stress work W I ðtÞ can be
expressed as

W I ðtÞ �W I
H ðtÞ þW I

DðtÞ

¼

Z TH

0

pðtÞ_�I
vðtÞ dtþ

Z T

TH

s0ðtÞ � _�0I ðtÞ dt; ð10Þ

where W I
HðtÞ is the irreversible stress work under hydro-

static compression, W I
DðtÞ is the irreversible stress work

under pure shearing condition, p is the hydrostatic
compression, s0 is the deviatoric stress, _�Iv is the irreversible
volumetric strain increment during the hydrostatic com-
pression, _�0I is the irreversible strain increment and is a
general term which can involve the volumetric and the
deviatoric components during deviatoric shearing, TH is
the time at the end of hydrostatic compression, and T is the
time corresponding to a certain time during pure shearing.
If there is no coupling between the shear stress and
elastic volumetric strain, then the volumetric strain during
pure shearing can be treated as irrecoverable deformation
[17]. Nevertheless, based on the experimental evidence
shown in Section 4.1, coupling between the shearing and
volumetric deformations is evident for weak sandstone.
The elastic bulk modulus is related not only to the
confining pressure, but also to the shear stress state.
Therefore, for both weak sandstones and materials, the
irreversible stress work can be further distinguished as

HH ðpÞ ¼W I
HðtÞ ¼

Z TH

0

pðtÞ_�I
vðtÞ dt, (11)

HDðp;
ffiffiffiffiffi
J2

p
Þ ¼W I

DðtÞ ¼

Z T

TH

s0ðtÞ � _�I 0 ðtÞ dt,

¼

Z T

TH

ffiffiffiffiffi
J2

p
ðtÞ_gI ðtÞ dtþ p

Z T

TH

_�I 0

v ðtÞ dt: ð12Þ

In Eq. (12), _gI is the irreversible shearing strain
increment under deviatoric shearing, and _�I 0

v is the
irreversible volumetric strain increment in shear. Remark-
ably, the elastic volumetric strain has been removed to
obtain these two increments. As will be shown later, this
removal of elastic volumetric strain enables a simple
associated viscoplastic flow rule. Fig. 14 shows the
variation of W I

H versus confining pressure p during
hydrostatic loading for the weak sandstone with four
different final confining pressures. It is seen that W I

H

increases with increasing p, suggesting that sandstones
exhibit work-hardening behavior.
Fig. 15 shows W I

D versus shear stress
ffiffiffiffiffi
J2

p
under

confining pressures of 20, 30, 40, 50, and 60MPa. An
exponential increase of W I

D with
ffiffiffiffiffi
J2

p
is seen regardless of

the confining pressures, suggesting that sandstones also
exhibit work-hardening during pure shearing. This is
because each unit increase of the shear stress results in
exponentially increasing strain increments due to plasticity,
thus a larger increment of W I

D is achieved.
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By using Eq. (9), along with data in Figs. 14 and 15, the
yield locus in Fig. 16 can be obtained by plotting the
contours of WI in the stress space. Fig. 16 also shows: (1)
the plastic flow direction, (2) the viscoplastic flow direction,
(3) the hypothesized yield surface (contours of irreversible
stress work), and (4) the failure envelope. It can be seen
from Fig. 16 that both the plastic flow and the viscoplastic
flow are mostly orthogonal to the yield surfaces, suggesting
that both plastic potential and viscoplastic potential take
the same form of yield surface, thus associated flow rules
can be used when formulating the constitutive models for
weak sandstones. However, the plastic potential surface is
not necessarily the same as the viscoplastic potential
surface, as the plastic potential is time independent, while
the viscoplastic potential surface is time dependent. The
size of the viscoplastic potential surface will increase as
time elapses.

6. Conclusions

Details and corresponding insights into the time-depen-
dent deformational behavior of the Mushan sandstone, a
typical weak sandstone found in Taiwan, are presented and
analyzed based on a series of pure shear stress path triaxial
tests and multistage creep tests. For the weak sandstones
tested in this investigation, it was found that the elastic
behavior, which was used to deduce their plastic or
viscoplastic strains, is nonlinear and differs from that of
the linear materials. Furthermore, strong coupling between
the pure shear stress and the elastic volumetric behavior was
also found, and can be described by a regression function
normalized by the confining pressure (Eq. (3)).
It was found that the plastic dilation threshold of the

investigated weak sandstone is, in fact, quite close to the
viscoplastic dilation threshold. This is quite different from
results based on the assumption that there is no shear
dilatancy and no shear contraction. Such assumptions lead
to a significantly lower threshold for plastic dilation than
for creep dilation. By introducing the shear dilation/
contraction, it is found that the plastic dilation threshold
is close to the viscoplastic dilation threshold, and this
threshold can be regarded as the initiation of unstable
cracks inside the rock material, suggesting the initiation of
micro-crack opening inside the specimen. It is also
concluded that the direction of the plastic flow is similar
to that of the viscoplastic flow, suggesting that the plastic
potentials coincide with the viscoplastic potentials. The
experimental data shows that the plastic strain and
viscoplastic strain increments are orthogonal to the yield
surface, which implies that the associated flow rule in
plasticity theory is applicable. In other words, the yield
surface, the plastic potential, and the viscoplastic potential
may take the same form.
Consequently, separations of the coupling between the

pure shearing and the volumetric deformations could
potentially simplify the formulation of the constitutive
behavior of sandstone materials. Conventional constitutive
models that ignore this coupling or assume linear relation-
ships between the pure shearing and volumetric behavior
are unable to describe the plastic and viscoplastic behaviors
in a more precise manner, and require complex formula-
tions, such as the nonassociated flow rule, in order to
achieve reasonable modeling capabilities. Based on the
findings presented in this work, the coupling between pure
shearing and volumetric deformations should be taken into
account when formulating a constitutive model for weak
sandstones. Consideration of this coupling allows the use
of associated flow rules to describe time-dependent
behavior, and thus greatly simplifies the formulation of
the constitutive models
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