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Chapter 1

Introduction

The goal of this course is to provide numerical analysis background for finite difference methods
for solving partial differential equations. The focuses are the stability and convergence theory. The
partial differential equations to be discussed include

e parabolic equations,
e eclliptic equations,

e hyperbolic conservation laws.

1.1 Finite Difference Approximation

Our goal is to appriximate differential operators by finite difference operators. How to perform
approximation? What is the error so produced? We shall assume the underlying function v : R — R
is smooth. Let us define the following finite difference operators:

e Forward difference: Dju(z) := w,

e Backward difference: D_u(z) := W,

e Centered difference: Dyu(x) := W

Here, h is called the mesh size. By Taylor expansion, we can get
o v/ (z) = Dyu(z)+ O(h),
e v/ (z) = D_u(x)+ O(h),
e u/(z) = Dou(x) + O(h?).

We can also approximate u'(x) by other finite difference operators with higher order errors. For
example,
u/(x) = Dau(x) + O(R?),

3
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where

Dsu(z) = 6ih (2u(x + h) 4+ 3u(x) — 6u(z — h) + u(z — 2h)).

These formulae can be derived by performing Taylor expansion of « at x. For instance, we expand

2 3
u(x+h) = u(z)+d(x)h+ %u”(ac) + %u”’(w) + -
h? h:;’
ulx—h) = u(z)—d(x)h+ Eu”(az) — gu”’(az) -
Substracting these two equations yields
/ 2h3 n
w(@ +h) —u(z —h) = 2u'(@)h + —-u () + - -

3!
This gives

h2
ium(x) + -+ = Dou(z) + O(h?).

In general, we can derive finite difference approximation for u(¥) at specific point z by the values
of u at some nearby stencil points x;, j = 0, ...,n with n > k. That is,

u'(z) = Dou(z) —

u® (z) = Zn: cju(x;) + O(hP~H )
=0

for some p as larger as possible. Here, the mesh size h denotes max{|xz; — x;|}. As we shall see
later that we can choose p = n. To find the coefficients ¢;, j = 0, ..., n, we make Taylor expansion
of u(x;) about the point x:

uley) = L) — 2)u® @) + o).

~

We plug this expansion formula of u(z;) into the finite difference approximation formula for
&) (z):
u\ (x):

ul®) () = ' cj Zp: l(x] - x)iu(i) (z) + O(hp—k—i—l).

Comparing both sides, we obtain

n

1(zj—a) (1 ifi=k .
z;] i B 7710 otherwise [’ ford =0, ...p
J:

There are p + 1 equations here, it is natural to choose p = n to match the n + 1 unknowns. This is a
n xn Vandermonde system. It is nonsingular if z; are different. The matlab code fdcoeffV (k,xbar,x)
can be used to compute these coefficients. Reference: Randy LeVeque’s book and his Matlab code.
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In the case of uniform grid, using central finite differencing, we can get high order approxima-
tion. For instance, let x; = jh, where j € Z. Let uj = u(x;). Then

W'(0) 2l _h“‘l +O(h?)
W) = WL 2o Fu-y 21;13 UL L o)
1
u® (ug — 2u1 + 2up — 2u_1 + u_s) + O(R?).

2h3

Homeworks.

1. Consider x; = ih, ¢ = 0,...,n. Let £ = x,,,. Find the coefficients ¢; for u(k)(i) and the
coefficient of the leading truncation error for the following cases:

e k=1,n=2,3,m=0,1,2,3.
e k=2,n=2,m=0,1,2.

1.2 Basic Numerical Methods for Ordinary Differential Equations

The basic assumption to design numerical algorithm for ordinary differential equations is the smooth-
ness of the solutions, which is in general valid provided the coefficients are also smooth. Basic
designning techniques include numerical interpolation, numerical integration, and finite difference
approximation.

Euler method

Euler method is the simplest numerical integrator for ODEs. The ODE
y = ft,y) 2.1)

is discretized by
Y=yt R, (2.2)
Here, k is time step size of the discretization. This method is called the forward Euler method. It
simply replace dy/dt(t") by the forward finite difference (y"*! —4™)/k. By Taylor expansion, the
local truncation error is )
" —y(t"

Let " := y™ — y(t") be the true error.

Theorem 2.1. Assume f € C' and suppose the solution y' = f(t,y) with y(0) = yo exists on
[0,T). Then the Euler method converges at any t € [0,T]. In fact, the true error e" has the

following estimate:
Mt

le"| < eTO(k:) — 0, asn — oo. (2.3)

Here, \ = max |0f /0y| and nk = t.
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Proof. From the regularity of the solution, we have y € C2[0, T] and
y(t™H) = y(t") + kF(E", y (™) + k7" 2.4)
Taking difference of (2.2) and (2.4), we obtain

e < e RIS ) = FEy ()] + KT
< (14 kX)€" + k|

where
|f(t,x) — f(ty)] < Az —yl.

The finite difference inequality has a fundamental solution G™ = (1 + A\k)", which is positive
provided k is small. Multiplying above equation by (1 + A\k)~"~!, we obtain

|em+1|G—m—1 < |em|G—m + kG—m—1|7_m|'

Summing in m from m = 0 ton — 1, we get

n—1 n—1
"] < > GTTTRET <Y GTO(R)
m=0 m=0

G" —1 Gn At

= H< = <<
~—O(k) < S-0(k) < S-0(k),
where ¢t = nk and we have used (1 + \k)" < e, O

Remarks.

1. The theorem states that the numerical method converges in [0, 7] as long as the solutions of
the ODE exists.

2. The error is O(k) if the solution is in C2[0, 7.

3. The proof above relies on the existence and smoothness of the solution. However, one can
also use this approach to prove the local existence theorem by showning the approximate
solutions generated by the Euler method form a Cauchy sequence.

Backward Euler method

In many applications, the system is relaxed to a stable solution in a very short period of time. For
instance, consider

/:g_y
_—

Y

The corresponding solution y(t) — § as t ~ O(7). In the above forward Euler method, practically,
we should require
1+kX<1
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in order to have G™ remain bounded. Here, A is the Lipschitz constant. In the present case, A = 1/7.
If 7 is very small, the the above forward Euler method will require very small k and lead to inefficient
computation. In general, forward Euler method is inefficient (require small k) if

max ‘M >> 1.

dy
In the case Jf /0y >> 1, we have no choice to resolve details. We have to take a very small k.
However, if 0f /0y < 0, say for example, y’ = —\y with A\ >> 1. then the backward Euler method
is recommended:

yn-i-l — yn + kf(tn+1 yn-‘rl)'
The error satisfies
le" T < e — Akle" T 4+ O(k?)

The corresponding fundamental solution is G™ := (1 + Ak)~". Notice that the error satisfies

n—1
"] < > (1+ M) 0K
m=0

(14 Xk)~mHL
< - 7
< Ve O(k*)
e—)\T
< )
< 3 O(k)

There is no restriction on the size of k.

Leap frog method

We integrate y' = f(t,%) from t"~! to ¢t"+1:
tn+1
s =y = [ st
tn—
We apply the midpoint rule for numerical integration, we then get
y(t" ) —y(t" ) = 2k f(1", y (") + O(K?).
The midpoint method (or called leapfrog method) is
g -yt T = 2k (). 2.5)

This is a two-step explicit method.

Homeworks.

1. Prove the convergence theorem for the backward Euler method.
Hint: show that e" ™! < e” + (1 + kX)e™ ! + k™, where )\ is the Lipschitz constant of f.

2. Prove the convergence theorem for the leap-frog method.
Hint: consider the system yi = y”_1 and y5 = y".
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1.3 Runge-Kutta methods

The Runge-Kutta method (RK) is a strategy to integrate ff:ﬂ f dr by some quadrature method.

RK2 For instance, a second order RK, denoted by RK2, is based on the trapezoidal rule of nu-
merical integration. First, we integrate the ODE ' = f(t,y) to get

tn+1
n+ly . n _ dr.
y(t" ) —y /tn f(ry(r))dr

Next, this integration is approximated by

1/2(F(t", y™) + f(t",y" )k

n+1. An explicit Runge-Kutta method approximate y"+! by y"+k f (t", y™).

The latter term involves y
Thus, RK?2 reads

& o= f(t"y")
k
y"t = y"+§(f(t",y")+f(t"+1,y"+k£1))-

Another kind of RK2 is based on the midpoint rule of integration. It reads

&= f(t"y")
k
yn—i-l — yn+kf(tn+l/2’yn+§£1)

The truncation error of RK2 is
y(t" ) —y (") =y — y(t") + O(K?).

RK4 The 4th order Runge-Kutta method has the form

&= ft"y")

& = f(t"+ky"+ &)
& = f(t"+ ik,y" + 552)
§a = f(t"+Eky" + k&)

The truncation error of RK4 is

y(t" ) —y (") =y — y(t") + O(K°).
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General explicit Runge-Kutta methods The method takes the following general form

where

&1
&
&3

£s

S
YT =yt R bk,
i=1

ft"y"),
" + cok,y™ + kann &),
F{A" + c3k,y" + kaz1&1 + kazaéa),

f(tn + Cska yn + k(aslgl -+ as,s—lgs—l))-

We need to specify s (the number of stages), the coefficients a;;(1 < j < i < ), bj(i = 1,..., )
and ¢;(i = 2, ..., s). We list them in the following Butcher table.
There are s(s—1)/2+ s+ (s—1) unknowns to be determined for a specific scheme. We require the

0
C2 | a21
C3 | 31 G32

Cs | s1 Qg2 -+  (Oss—1

bl b2 e bs—l bs

truncation error to be O(kPT!). To find these coefficients, we need to expand the truncation error

formula

y(tn+1) _ yn — yn—l—l _ yn + O(k‘p+1)

about (¢",y™) in terms of derivatives of y(-) at ¢". Then we can get linear equations for the coeffi-

cients.

Convergence proof, an example Let us see the proof of the convergence of the two stage Runge-
Kutta method. The scheme can be expressed as

where

Yyt =y U (Yt k) (3.6)

W) = Fy k). (37

Suppose y(-) is a true solution, the corresponding truncation error

n .

y(" ) —y(t")

U w(y(en), k) = O(k?)
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Thus, the true solution satisfies
y(t" ) —y(t") = kU (y(t"), 1" k) + k7"
The true error e := y" — y(t") satisfies
et =" + k(U(y", " k) — U(y(t"), ", k) — kT

This implies
" < [em| 4 kN[ + ki7",

where )\’ is the Lipschitz constant of W(y, ¢, k) with respect to y. Hence, we get

n—1
€] < (RN + D> (14 EX)
m=0
/ e)\/t
< M + — max |7
Aom

Reference:

e Lloyd N. Trefethen, Finite Difference and Sprectral Methods for Ordinary and Partial Differ-
ential Equations,

e Randy LeVeque,

e You may also google Runge-Kutta method to get more references.

1.4 Multistep methods

L and

The idea of multi-step method is to derive a relation between, for instance, y"+!,y", y™~
"1 5o that the corresponding truncation is small. The simplest multistep method is the

s given. The new state y" 1! is defined by

y'" and y
midpoint method. Suppose 4" and ™~

Yty =2k = 2k (", y")

The truncation error is

i () < (e = 20/ () = 00

Thus, the method is second order.

We can also design a method which involves ", y™, y"~! and y/", /™

. For instance,

Y=y BT ~ F6m)
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The truncation error

i g (- R - 56 = 002

A general r-step multistep method can be written in the form

r r r
Z amyn+1—7’+m -k Z bmy/n+1—7‘+m —k Z bmfn+1_r+m. (48)
m=0 m=0 m=0

We will always assume a,. # 0. When b, = 0 the method is explicit; otherwise it is implicit. Ror a
smooth solution of (2.1), we define the truncation error 7" to be

n 1 ¢ n —r-+m ¢ n —r-+m
T ::E<Z“my(t +l-rt )—k'zbmy/(t +l-r+ )>

Definition 4.1. A multispep method is called of order p if " = O(kP) uniformly in n. It is called
consistent if 7" (k) — 0 uniformly in n as k — 0.

Remark. When f is smooth, the solution of ODE ¢’ = f(y) is also smooth. Then the truncation is
a smooth function of k. In this case, 7(k) — 0 is equivalent to 7(k) = O(k) as k — 0. Let us set
A = 0, by, = 0 for m > r for notational convinience. Taking Taylor expansion about t"*1~", we
get

r 00 1 ' ) r 0 1 . .
B = Y a0y Dk k3 b 3 ey k!
m=0  j=0 ' m=0  j=1 G-1)
_ < am> O 4 Zl' (mIay, — jmi by Ky
m=0 j=1 A —y
m=0 j=1 T =0
> 1 7j—1 Jq,(F)
= 27 m? ™ (magy, — jbm) Ky
7=0 J: m=0
_ Z ij(J)
§=0

Here, the derivatives of y(-) are evaluated at t"+1=". We list few equations for the coefficients a and
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b:
Co = ap+-+ar
Ci = (m+2a2+---ray)— (bg+---+0by)
1
Cy = 5 ((a1+22a2+---7’2ar)—2(b1+~'+7“br))

T

P r p—1
c, = Z%am— Z_:lhbm

To obtain order p scheme, we need to require
C; =0, forj=0,..p.

There are 2(r + 1) unknowns for the coefficients {an, }7,_, {bm }1,—o- In principle, we can choose
p = 2r + 1 to have the same number of equations. Unfortunately, there is some limitation from
stability criterion which we shall be explained in the next section. The order of accuracy p satisfies

r + 2 if r is even,
p < r+ 1if ris odd,
r if it is an explicit scheme.

This is the first Dahlquist stability barrier. We shall not discuss here. See Trefethen. Let us see
some concrete examples below.

Explicit Adams-Bashforth schemes When b, = 0, the method is explicit. Here are some exam-
ples of the explicit schemes called Adams-Bashforth schemes, where a, = 1:

o l-step: y" ! =y + kf(y")
o 2-step: y" T =y + EBf(y") — fF(y"Y)
o 3step: y" T =y + £(23f(y") — 16/ (y" ) + 5 (y"2))

The step size is r and the order is p = s.

Implicit Adams-Moulton schemes Another examples are the Adams-Moulton schemes, where
b, # 0 and and the step size r = p

o I-step: y" Tl =y" + %(f(ynﬂ) + fy™)
o 2step: " =y H(5S () + 81" — f(y" )

o 3step: y" T =y + EOF (") +19f(y") = 5f ("N + f(y" )
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Sometimes, we can use an explicit scheme to guess y" 1! as a predictor in an implicit scheme.
Such a method is called a predictor-corrector method. A standard one is the following Adams-
Bashforth-Moulton scheme: Its predictor part is the Adams-Bashforth scheme:

. k _ _
g =y 5 (23F (") — 16 (") + 5 (")
The corrector is the Adams-Moulton scheme:
k . _ _
y"t =y 4 ﬂ(f}f(y"“) +19f(y™) = 5F(" ) + )

The predictor-corrector is still an explicit scheme. However, for stiff problem, we should use im-
plicit scheme instead.

Formal algebra Let us introduce the shift operator Zy™ = 4™, or in continuous sense, Zy(t) =
y(t + k). Let D be the differential operator. The Taylor expansion

(i k) = y(6) + k' (1) + o K2DPy() + -+
can be expressed formally as
Zy = <1 + (kD) + %(k‘D)2 + ) y = Py,
The multistep method can be expressed as
Ly = (a(Z) = kb(Z)D)y = (ale"?) = kDb(e"?) ) y = (Co+ C1(kD) + ) y.
Here, . i
a(Z) = amZ™b(Z) = bnZ™
m=0 m=0
are the generating functions of {a,, } and {b,,}. A multistep method is of order p means that
(a(ekD) - ka(k:D)) y = O((kD)"+1)y.

We may abbreviate kD by a symbol . The above formula is equivalent to

a(e)
b(er)

=K+ O(KPTY) ask — 0. (4.9)

We have the following theorem
Theorem 4.2. A multistep method with b(1) # 0 is of order p if and only if
% =logz+O((z— 1)’ asz— 1.

It is consistent if and only if
a(l) = 0and d'(1) = b(1).
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Proof. The first formula can be obtain from (4.9) by writing e® = 2. For the second formula, we
expand log z about 1. We can get

212 (2—1)3
a(z) = b(z) <(z—1)—( 21) +( 31) +--->+O((z—1)p+1).

We also expand a(z) and b(z) about z = 1, we can get
a(1) + (z — 1)a'(1) = b(1)(z — 1) + O((z — 1)*).
Thus, the scheme is consistent if and only if a(1) = 0 and a/(1) = b(1). O

Homeworks.

1. Consider the linear ODE 3/ = Ay, derive the finite difference equation using multistep method
involving y", 4™, y" ! and y'" and y/™ " for this linear ODE.

2. Solve the linear finite difference equations derived from previous exercise.

1.5 Linear difference equation

Second-order linear difference equation. In the linear case y' = My, the above difference
scheme results in a linear difference equation. Let us consider general second order linear difference
equation with constant coefficients:

ay™™ 4 by + eyt =0, (5.10)

where a # 0. To find its general solutions, we try the ansatz "™ = p" for some number p. Here, the
n in y" is an index, whereas the n in p" is a power. Plug this ansatz into the equation, we get

apn+1+bpn+cpn—1 =0.

This leads to
ap® +bp+c=0.

There are two solutions p; and po. In case p; # p2, these two solutions are independent. Since the
equation is linear, any linear combination of these two solutions is again a solution. Moreover, the
general solution can only depend on two free parameters, namely, once 4" and y~' are known, then
{y" }nez is uniquely determined. Thus, the general solution is

y" = C1pt + Capy,

where C1, Cy are constants. In case of p; = po, then we can use the two solutions p5 and p}' with
p2 # p1, but very closed, to produce another nontrivial solution:

n__.n
lim P2 — Pr
p2—2pPL P2 — P1

This yields the second solution is np?_l. Thus, the general solution is

Chpt + anp?_l.
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Linear finite difference equation of order » . We consider general linear finite difference equa-
tion of order r:

ay" T+ 4 agy™ =0, (5.11)

where a,. # 0. Since 4™ can be solved in terms of y"*"~1, ... y™ for all n, this equation together

with initial data yq, ..., y—+1 has a unique solution. The solution space is r dimensions.
To find fundamental solutions, we try the ansatz

y =p
for some number p. Plug this ansatz into equation, we get
n+r no_
arp”" 4 F+agp” =0,

for all n. This implies
a(p) :==ap" +---+ap=0. (5.12)

The polynomial a(p) is called the characteristic polynomial of (??) and its roots p1, ..., p, are called
the characteristic roots.

e Simple roots (i.e. p; # pj, for all © # j): The fundamental solutions are p’, i = 1, ..., 7.
e Multiple roots: if p; is a multiple root with multiplicity m;, then the corresponding indepen-

dent solutions
n n—2 n n—m;+1
N O v

Py npi ™, Gy 1P}
Here, C7 := n!/(k!(n — k)!). The solution C%'p!"~? can be derived from differentiation dilpCi“p”_1
at p;.
In the case of simple roots, we can express general solution as
y"=Cipl + -+ Crpy,

where the constants C1, ..., C, are determined by

v =Cipi+ -+ Cppli =0, ..., —r + 1.

System of linear difference equation. The above rth order linear difference equation is equiva-
lent to a first order linear difference system:

Agy" ™t = Ay" (5.13)

where
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16
0 1 0
/ 0 0 0 1 0
_ (r—1)x(r—1) — :
Ao < 0 ar > » A :
0 0 0 1
—ap —aip —a2 —Qr—1

We may divide (5.13) by Ay and get
yn+1 — Gyn‘

We call G the fundamental matrix of (5.13). For this homogeneous equation, the solution is

yn — GnyO

Next, we compute G™ in terms of eigenvalues of G.
In the case that all eigenvalues p;, i = 1, ..., of G are distinct, then G can be expressed as

G = TDT_17 D= dlag (p17 U 7p7‘)7

and the column vectors of T are the corresponding eigenvectors.
When the eigenvalues of G have multiple roots, we can normalize it into Jordan blocks:

G=TJT !, J= diag (Jy,---,J,),

where the Jordan block J; corresponds to eigenvalue p; with multiplicity m;:

pi 1 0 -~ 0
0 pp 1 -+ 0
Ji=1 :
0o 00 --- 1
0 0 0 -+ p; s

and >, m; = r. Indeed, this form also covers the case of distinct eigenvalues.
In the stability analysis below, we are concerned with whether G” is bounnded. It is easy to see

that
G"=TJ'"T ', J" = diag (J},---,J")
pr omplTt Cppnt? o O Pt
N R Y
Ji = : : : . :
0 0 0 npf!
0 0 0 o -

no.__ n!
where Ck‘ = m

Definition 5.2. The fundamental matrix G is called stable if G™ remains bounded under certain

norm || - || for all n.
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Theorem 5.3. The fundamental matrix G is stable if and only if its eigenvalues satisfy the following

condition:
either |p| = 1 and p is a simple root,

or|p| <1 (5.14)

Proof. Tt is easy to see that the nth power of a Jordan form .J* is bounded if its eigenvalue |p;| < 1
or if p;| = 1 but simple. On the other hand, if |p;| > 1 then J]* is unbounded; or if p;| = 1 but not
simple, then the term np?_l in J;* will be unbounded. O

Nonhomogeneous linear finite difference system In general, we consider the nonhomogeneous
linear difference system:
y"H = Gy" + " (5.15)

with initial data y°. Its solution can be expressed as
yn — Gyn—l + fn—l
— G(Gyn—2 + fn—2) + fn—l

n—1
— GnyO + Z Gn—l—mfm
m=0
Homeworks.
1. Consider the linear ODE
y =Ny

where A considered here can be complex. Study the linear difference equation derived for this
ODE by forward Euler method, backward Euler, midpoint. Find its general solutions.

2. Consider linear finite difference equation with source term
ayn-‘rl + byn + Cyn—l — fn
Given initial data 4° and ', find its solution.

3. Find the characteristic roots for the Adams-Bashforth and Adams-Moulton schemes with
steps 1-3 for the linear equation ¢y = \y.

1.6 Stability analysis
There are two kinds of stability concepts.
e Fix t = nk, the computed solution 4" remains bounded as n — oo (or equivalently, & — 0).

e Fix k > 0, the computed solution y” remains bounded as n — co.

The first one is refered to zero stability. The second is called absolute stability.
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1.6.1 Zero Stability

Our goal is to develop general convergence theory for multistep finite difference method for ODE:
y' = f(t,y) with initial condition y(0) = yg. An r-step multistep finite difference scheme can be
expressed as

T T
Ly" = amy™ T =k by f(eTITET gy < ) (6.16)
m=0 m=0
Definition 6.3. The truncation error 7" (k) for the above finite difference scheme is defined by
1 T s
(k) = (Z amy(t" ) — kY bmf<t"+1-7”+m,y(t"“—’“*mn) :

m=0 m=0

where y(+) is a true solution of the ODE.

Definition 6.4. A difference scheme is called consistent if the corresponding truncation error 7" (k) —
0 uniformly in n as the mesh size k — 0. The scheme is of order p if T (k) = O(kP) uniform in n.

In the multistep method, the consistency is equivalent to 7(k) = O(k) because we assume y(-)
is smooth and the truncation error is a smooth function in k. The consistency is 7(k) — 0 as k — 0.
Thus the smoothness of 7 implies 7(k) = O(k).

Definition 6.5. A difference scheme is called zero stable if its solutions at time step n remain
bounded as the mesh size k — 0 (nk = T is fixed, according n — c0).

The main theorem is the follows. We will postpone its proof at the end of this section.

Theorem 6.4 (Dahlquist). For finite difference schemes for ODE y' = f(t,y),

consistency + zero-stability < convergence

Stability criterion Let us investigate the condition on the coefficients a and b of an explicit mul-
tistep method for the stability
Ly" =0

to be bounded. We assume a,, = 1 and b, = 0. Let us write it in matrix form:
yn+1 — Ayn + kan

where

—ap te —Qr—2 —Qr_1
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0 O frer
B = = |
0 0 fr
bo br—o br_1

In order to have solution to be bounded for a multistep scheme Ly = 0 for arbitrary f, it has at least
to be valid when f = 0. In this case, we need to invetigate the boundedness for the homogeneous
equation:

yn+1 — Ayn

We have seen in the last section that

Theorem 6.5. The necessary and sufficient condition for | A"™|| to be bounded is that the charac-
teristic roots p; of the characteristic equation a(z) = 0 satisfies:

either |p;| < 1
or |p;| = 1 but simple.

Convergence = Stability

Proof. We only need to find an f such that the corresponding multistep is not stable implies that it
does not converge. We choose f = 0. Since A" is unbounded, which means there is an eigenvalue
p; with eigenvector y* such that |p;| > 1 or |p;| = 1 but not simple. We discuss the formal case.
The latter case can also be prove easily. In the former case, we choose y° such that y° - y; # 0.
Then the corresponding bfy™ := A"y will be unbounded. Hence it cannot converge to a constant,
as k — 0. Here, we use that fact that y° - y; # 0. We generate bfy° = (yg_l, -, y0)T by
some explicit scheme starting from y°. The point is that bfy" depends on the mesh size k and
yo(k) — (yo,--- ,v0)" as k — 0. With this, given any y’, we can always construct y°(k) such

that yO(k) - y; # 0 when k # 0. O

Convergence = Consistency

Proof. We need to show that a(1) = 0 and a’(1) = b(1). To show the first, we consider ¢y’ = 0 with
y(0) = 1. For the second, we consider ' = 1 and y(0) = 0.

e Show a(1) = 0: We choose y° = (1,--- ,1)T. Fromy! = Ay?, we get
y = —agy’ = —aray T = —ag — o = ap

Since " is independent of k, and we should have y" — 1 as & — 0 (by convergence), we
conclude that y" = 1. Thus, we geta(l) =ag+ -+ a,—1 +1=0.
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e Show a/(1) = b(1). We choose f = 1, y(0) = 0. The corresponding ODE solution is
y(t) = t. The multistep method gives

a(Z)y" — kb(Z)1 = 0. (6.17)
We write
a(Z)=d (1)(Z - 1)+ 0((Z —1)%),b(Z)1 = b(1).
Then the principal part of the above finite difference is
b(1)
a'(1)
This is an arithmetic series. Its solution is y™ = nk%. Indeed, this sequence also satisfies

(6.17) provided its initial data 4™ has the same form for 0 < n < r. Since nk = t, the

convergence y" — t as n — oo forces ;,((11)) =1.

(Z-1y—k =0.

O

Stability + Consistency = Convergence
Proof. We recall that we can express the scheme as
y"t = Ay" + kBf".
Let Y be an exact solution, then plug it into the above =scheme, we get
Yt = AY" + kBF" + k7"
We substract these two and call ” := Y™ — y™. We get
" = Ae" + kB (F" — ") 4+ kr".
The term F” — f” can be repressed as
F'— " = (fY"T) = fy" ) SO = fy)T
= (L_Te"_r, R ,Loe")T
= L,e"
where .
L = / fy"™™ 4+ te"™) dt.
Thus, we get '
e = (A4 kBL,)e" + k"
= Gp(k)e" + k"

with C' independent of n and k. The reason is the follows. First, we assume that f is Lipschitz.
Thus, the functions L_,, above are uniformly bounded (independent of n). Hence the term || BL||
is uniformly bounded. Second we have a lemma
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Lemma 6.1. If || A"|| is bounded and ||B,|| are uniformly bounded, then the product

1 1
A+-By)---(A+-B,
I(A +—B1)--- (A+ ~B,)]

is also uniformly bounded.

We have

G_1e" !+ k!

Gno1Gp2e" 2 +k (Gpoot" 2 4+ 77 1)
G-1Gy_a- - Goe’

+k (Gn—2 G b+ G2 Tn—l)

VAN VAN VAN

From the lemma, we get

le”[| < Clle°|| + nkC max ||| < Clle”|| + O(kP).
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Chapter 2

Finite Difference Methods for Linear
Parabolic Equations

2.1 Finite Difference Methods for the Heat Equation

2.1.1 Some discretization methods

Let us start from the simplest parabolic equation, the heat equation:
Ut = Ugy

Let h = Az, k = At be the spatial and temporal mesh sizes. Define x; = jh, j € Z and t" = nk,
n > 0. Let us abbreviate u(z;,t") by u’. We shall approximate v by U}', where U}" satisfies some
finite difference equations.

Spatial discretization : The simplest one is that we use centered finite difference approximation
for wy,:
Uj+1 — QUj + Uj—1

Ugy = 12 + O(hQ)

This results in the following systems of ODEs

Uj1(t) = 2U;(t) + Uja(t)
h2

Uj(t) =

or in vector form

. 1

where U = (Up, Uy, ...)!, A = diag (1,—2,1).

23
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Homeworks.

1. Derive the 4th order centered finite difference approximation for
1
Ugy = m(—uy'_g + 16’LL]'_1 — 3OUj + 16uj+1 — uj+2) + O(h4).
2. Derive a 2nd order centered finite difference approximation for (x(x)uy ).

Temporal discretization We can apply numerical ODE solvers

e Forward Euler method: ]

Urtt =pn + = — AU" (1.1
e Backward Euler method: .
Un+1 U" + = AUn-‘rl (1.2)
e 2nd order Runge-Kutta (RK?2):
yntl _pn = ﬁAUn+1/2 Un+1/2 Un" + iAUn (1.3)
h? ’ 2h2 '
e Crank-Nicolson: .
Urtt = U" = s (AU 4+ AU™). (1.4)
These linear finite difference equations can be solved formally as
Uttt =Ggun
where
e Forward Euler: G =1+ ¢ kA,
e Backward Euler: G = (1 — h—kQA)_l,
¢ RK2: G =1+ HA+1 (k)42
A
e Crank-Nicolson: G = 1+2§;2
1—5E5 A
For the Forward Euler, We may abbreviate it as
UMttt = GUJ-,, U}, U, (1.5)

where k
GUj-1,Uj, Uj1) = Uj + 55 Uj—1 = 2U; + Uj41)
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2.1.2 Stability and Convergence for the Forward Euler method

Our goal is to show under what condition can U} converges to u(z;, t") as the mesh sizes h, k — 0.
To see this, we first see the local error a true solution can produce. Plug a true solution u(z,t)

into (1.1). We get

k
Wt = =~ 2 ) e a6

where

7 = Dyt — ()] = (D Dot} — (uge)}) = O(k) + O(h?).

Let eg‘ denote for ug‘ -U J" Then substract (1.1) from (1.6), we get

k
et —ef = 3 (€fy1 —2ef + € ) + k] (1.7)
This can be expressed in operator form:

"t = Ge™ + k. (1.8)

“l

< NG+ kT
< NG 2|+ k(G2 + [I7" )
< NG+ RGO - A G+ )

Suppose G satisfies the stability condition
IG"U| < U]
for some C' independent of n. Then
le” | < Clle’ll + € max|7™|.
If the local truncation error has the estimate

max || = O(h?) + O(k)

and the initial error €° satisfies
%] = O(h?),

then so does the global true error satisfies
le"|| = O(h?) + O(k) for all n.
The above analysis leads to the following definitions.
Definition 1.6. A finite difference method is called consistent if its local truncation error T satisfies

|7hkll = 0 as h,k — 0.
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Definition 1.7. A finite difference scheme U™ = Gy, ,.(U™) is called stable under the norm || - ||
in a region (h,k) € R if
1GH LU < ClU]

for all n with nk fixed. Here, C' is a constant independent of n.

Definition 1.8. A finite difference method is called convergence if the true error
llenkl| = 0as h,k — 0.
In the above analysis, we have seen that for forward Euler method for the heat equation,

stability + consistency = convergence.

2.2 L? Stability — von Neumann Analysis

Since we only deal with smooth solutions in this section, the L?-norm or the Sobolev norm is a
proper norm to our stability analysis. For constant coefficient and scalar case, the von Neumann
analysis (via Fourier method) provides a necessary and sufficient condition for stability. For system
with constant coefficients, the von Neumann analysis gives a necessary condition for statbility. For
systems with variable coefficients, the Kreiss’ matrix theorem provides characterizations of stability
condition.

Below, we give L? stability analysis. We use two methods, one is the energy method, the other
is the Fourier method, that is the von Neumann analysis. We describe the von Neumann analysis
below.

Given {U, } ez, we define

1w =" |u;l?

J

and its Fourier transform )
J S RIS
U =5 > Ui,
The advantages of Fourier method for analyzing finite difference scheme are
o the shift operator is transformed to a multiplier:
TU() = U (©),
where (TU); := Ujiq;
o the Parseval equility
iz = o
T2
JRLGRS

—T
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If a finite difference scheme is expressed as
m .
UMt = (GU™); = Y ai(T'U™);,
i=—I

then

— —~

Ul = GE)U(©)-
From the Parseval equality,
(ol I &

- / "GP 1T ) de

—T
K
< max|GOP [ TP dg
-7
= |Gl
Thus a sufficient condition for stability is
1Gloo < 1. (2.9)

Conversely, suppose \é(go)\ > 1, fromG being a smooth function in £, we can find € and § such
that R
|G(&)| > 1+ eforall [€ — &l <.

Let us choose an initial data Uy in #2 such that [75(5) =1 for [§ — &| < 4. Then
e TG el
> [ e
|€—Eol<o
> (14€)?"6 = coasn — oo

Thus, the scheme can not be stable. We conclude the above discussion by the following theorem.

Theorem 2.6. A finite difference scheme

m

n+1 __ n
U] = E akUj—i—k
k=—1

with constant coefficients is stable if and only if

G(¢) = Z ape” ke

k=—1

satisfies R
max |G(§)| < 1. (2.10)

—r<é<n
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Homeworks.

1. Compute the (A} for the schemes: Forward Euler, Backward Euler, RK2 and Crank-Nicolson.

2.3 Energy method
We write the finite difference scheme as
Ut = aUjy + BUJ + U}, (3.11)

where

a,f,y>0anda+ G+~ =1.

We multiply (3.11) by U}‘H on both sides, apply Cauchy-Schwarz inequality, we get

U2 = aUf U+ BURURH U7 U

B
2

SR+ U7 ) +

IN

(U + ) + 3 (UF) + (UF))

Here, we have used «, 3,7+ > 0. We multiply this inequality by /& and sum it over j € Z. Denote

1/2

U1z := | > 1U; R
J
We get

o
o™ < SAUTE -+ UT) + g(IIU”II2 U + %(HU"II2 U
1
= ST+ [P
Here, o + 8 4+ v = 1 is applied. Thus, we get the energy estimate

U2 < U™ (3.12)

Homeworks.

1. Can the RK-2 method possess an energy estimate?
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2.4 Stability Analysis for Montone Operators— Entropy Estimates

Stbility in the maximum norm

We notice that the action of G is a convex combinition of U;_1, U}, Uj41, provided

0< % < % 4.13)
Thus, we get
min {U}, UF, Up 1} < UPH < max (U, U, UPy b
This leads to
rninjU]T”rl > min;U}',
rnaij]TLJrl < maij]”
and

maxj|U;L+1| < max;|U}'|
Such an operator G is called a monotone operator.
Definition 4.9. An operator G : {° — [ satisfying U < V = GUgV is called a monotone
operator.
Entropy estimates

The property that U"*! is a convex combination (average) of U™ is very important. Given any
convex function 7(u), called entropy function, by Jenson’s inequality, we get

(U < an(Uiy) + Bn(U}) +yn(Ufyy) 4.14)

Summing over all j and using o + 5 + v = 1, we get
YUt <y aUp). (4.15)

J J

This means that the “entropy” decreases in time. In particular, we choose
e n(u) = |u|?, we recover the L? stability,

o n(u) = |uP, 1 < p < oo, we get
St < Y ope
i i

This leads to
1/p 1/p

Swrtten | < [ Sopen |

J J
the general LP stability. Taking p — oo, we recover L stability.
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e 7(u) = |u — ¢ for any constant ¢, we obtain
DG = <X lUf —d
J J
This is called Kruzkov’s entropy estimate. We will see this in hyperbolic quations again.

Homeworks.

1. Show that the solution of the difference equation derived from the RK2 satisfies the entropy
estimate. What is the condition required on h and k for such entropy estimate?

2.5 Entropy estimate for backward Euler method

In the backward Euler method, the amplification matrix is given by

G=(I-XA)"" (5.16)
where .
A= 72 A = diag(1,-2,1).
The matrix M := I — AA has the following property:
mg; >0, my; <0, Z Imj| < my; (5.17)
J#i

Such a matrix is called an M-matrix.

Theorem 5.7. The inverse of an M-matrix is a nonnegative matrix, i.e. all its entries are non-
negative.

I shall not prove this general theorem. Instead, I will find the inverse of M for the above specific
M-matrix. Let us express

142X\

M =1 — Xdiag(1,-2,1) = diag (—a,2, —a).
Here,
2 dO<a<lifh,k>0
a=-———, an a i .
142N\ ’

The general solution of the difference equation
—auj_1 + 2uj —aujy1 =0 (5.18)

has the form: _ _
uj = Cipj + Copy
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where p1, po are the characteristic roots, i.e. the roots of the polynomial equation
—ap?* +2p—a=0.

Thus,

1++v1—a?

—

From the assumption of the M-matrix, 0 < a < 1, we have p; < 1 and py > 1.
Now, we define a fundamental solution:

g = pjl: forj >0
I py  forj <0

pi =

We can check that g; — 0 as |j| — co. Moreover, g; satisfies the difference equation (5.18) for
|7] > 1. For j = 0, we have

—ag_1+2g0 —agi = —apy +2—apr =2 —alp1 +py ') =d
We reset g; <— g;j/d. Then we have

E Gi—j My ) = 0j k-
J

Thus, M~! = (g;_ ;) is a positive matrix (i.e. all its entries are positive). Further more,

Z gi—j = 1 for all 7.
J
Such a matrix appears commonly in probability theory. It is called transition matrix of a Markov
chain.
Let us go back to our backward Euler method for the heat equation. We get that

Uttt = (1 -24)" = Gun,

where
(GU); = ZQi—jUj-
J
From g;_; > O and ) j9i—5 = L. This is because that g; is the solution U]:-l of the finite difference
equation
+1 _ ; +1
U™ =Uj' + Adiag(1, -2, 1)U}
with initial data U]Q = ¢;. This finite difference equation is conservative, namely, j U;" is inde-
pendent. This can easily be checked. Thus, we get > ;9= > j 0; = 1. With this and the positivity
of gj, we can think U ;’H is a convex combination of U;" with weights g;. Thus, G is a monotone
operator. With this property, we can apply Jansen’s inequality to get the entropy estimates:

Theorem 5.8. Let 1)(u) be a convex function. Let U j" be a solution of the difference equation derived
from the backward Euler method for the heat equation. Then we have

Zn(U}‘) < Zn(Uf)- (5.19)
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Remark. It is important to note that there is no restriction on the mesh sizes h and k for stability
for the Backward Euler method.

Homeworks.

1. Can the Crank-Nicolson method for the heat equation satisfy the entropy estimate? What is
the condition on h and k?
2.6 Existence Theory

We can prove existence theorem of PDEs through finite difference approximation. In order to do
so, let us define continuous and discrete Sobolev spaces and make a connection between them.
The continuous Sobolev space

H™:={u:R - Rlu, v, ...,u™ e L*(R)}
The discrete Sobolev space for functions defined on grid G}, := {jh|j € Z}.
Hi* ={U:G, = R|U, D, U,....DJ" U € £*}.

Here, (D, +U)} == (U}, — UJ)/h
For any discrete function U; € H}" we can construct a function u in H™ defined by

u(x) = Ujpn(x — ;) (6.20)
J
where ¢y, (x) = sinc(z/h). We have
uh(:nj) = Uj
It can be shown that
1D un |l = 1D U (6.21)

Similarly, the space L3°(H;"*) can be embeded into L°°(H™) by defining

thf(x, t) = Z Z U;L¢k(t)¢h(x)

n>0 j

The discrete norm and the continuous norm are equivalent.

2.6.1 Ecxistence via forward Euler method

The forward Euler method for the heat equation u; = u,, reads

k
n+1 n n n n
Uit =Uj + 43 (Uf—1 = 2Uf + Ujla) -
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Here, We have seen that we can get the energy estimate:
o™ < 1v°).

We perform finite difference operation on the above equation, say the forward Euler equation, for
instan.ce, let V' = (Dy,+U)} = (Ujy — UJ')/h. Then V" satisfies the same finite difference
equation

n n k n n n
VIt =Vt o (Vit = 2V + Vi) -

Thus, it also possesses the same energy estimate. Similar estimate for D% 1 U. In general, we have
1D U™ < 1D U] (6.22)
If we assume the initial data f € H?, then we get U" € H ,2L for all n > 0.

Theorem 6.9. If the initial data ug € H™,m > 2 and k/h?® < 1/2, then the solution of forward
Euler equation has the estimate

ID7 U < (IDF UL | De e UM < 1D L U°) (6.23)

Further, the corresponding smoothing function uy, i, has the same estimate and has a subsequence
converges to a solution u(z,t) of the original equation.

Proof. The functions uy, ;, are unformly bounded in WLe°(H?). Hence they have a subsequence
converges to a function u € W1°(H?) weakly in W1>°(H?) and strongly in L>°(H'). The
functions uy, j satisfy

k
") = wp (2, t7) = 5 (unge (1, ") = 2un (2, ") + up (i1, t7)

up, (75, 72

Multiply a test smooth function ¢, sum over j and n, take summation by part, we can get the
subsubsequence converges to a solution of u; = u,, weakly. ]
2.6.2 A Sharper Energy Estimate for backward Euler method

In this subsection, we will get a sharper energy estimate for solutions obtained from the backward
Euler method. Recall the backward Euler method for solving the heat equation is

Urtt —up = UM 20t U (6.24)

where A = k/h?. An important technique is the summation by part:
DU = UiV == Uj(Vi1 = Vj) (6.25)
J J

There is no boundary term because we consider periodic condition in the present case.
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We multiply both sides by U]’-”l, then sum over j. We get

SO U = A U - U
J J
The term

Urttup <

< SO+ (U?)

DO =

by Cauchy-Schwartz. Hence, we get

33 (W= wp) < A g -
’ J

Or
1 n+1)2 h? k n+1 n+112
S Pe-IU"" < === 55 [1Da UM = = (|1 Do s U (6.26)
where,
V."'H _yn Un_:-ll _ Un—i—l
Dy VjHh = e, Dy U =

We sum in n from n = 1 to N, we get the following theorem.
Theorem 6.10. For the backward Euler method, we have the estimate
N
IUNIZ +C D I[De UM < U°|P (6.27)
n=1

This gives controls not only on ||[U™||? but also on || D, +U"||.

Homeworks.
1. Show that the Crank-Nicolson method also has similar energy estimate.

2. Can forward Euler method have similar energy estimate?

2.7 Relaxation of errors
In this section, we want to study the evolution of an error. We consider
Ut = Uy + f() (7.28)

with initial data ¢. The error €7 := u(z;,t") — U;' satisfies

et = el + Ay — 2¢} +€fyy) + k) (7.29)
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We want to know how error is relaxed to zero from an initial error €. We study the homogeneous
finite difference quation first. That is

e}”—l = e} + A(ef_y — 2] +ei ). (7.30)

or "t = G(u"). The matrix is a tridiagonal matrix. It can be diagonalized by Fourier method.
The eigenfunctions and eigenvalues are

Vg = 2™ IRIN =1 —2X + 2Xcos(2mk/N) = 1 — 4Asin(7k/N), k = 0,...,N — 1.

),

When A < 1/2, all eigenvalues are negative except py:

1=po>[p1| > |p2[ >--- .

The eigenfunction
vo = 1.

Hence, the projection of any discrete function U onto this eigenfunction is the average: > ; Uj.
Now, we decompose the error into

e = Z eV

Then

eptt = prel.
Thus,

er = prey-

We see that e}’ decays exponentially fast except eg, which is the average of €Y. Thus, the average of
initial error never decay unless we choose it zero. To guarantee the average of e” is zero, we may
choose U}' to be the cell average of u(z,t") in the jth cell:

1 [Ti+1/2
Ui = E/ u(z,t") dz.

J
i—1/2

instead of the grid data. This implies the initial error has zero local averages, and thus so does the
global average.
The contribution of the truncation to the true solution is:

et = prep + Aty

Its solution is
n—1

ef = prep + ALY pp
m=0
We see that the term ef does not tend to zero unless 73" = 0. This can be achieved if we choose U;
as well as f; to be the cell averages instead the grid data.
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Homeworks.

1. Define U; := 3 ff?'*ll//; u(z) dzx. Show that if u(z) is a smooth periodic function on [0, 1],
i
then

1
—Uj—1 —2U; + Ujy1) + 7

u”(:nj) =7

with 7 = O(h?).

2.8 Boundary Conditions

2.8.1 Dirichlet boundary condition

Dirichlet boundary condition is
u(0) = a, u(l) =b. (8.31)

The finite difference approximation of u,, at x; involves w at zyp = 0. We plug the boundary
contion:

Uy — 2U; + U- —2U; + U.
g (1) = = 4+ O(h?) = T———2 + O(I?)
Similarly,
Un_os —2Un_1+U Un_o —2Un_1+b
tpe(@N_1) = N—2 N-1*t N+O(h2): N-2 N-1+ +O(h2)

h? h?

The unknowns are U7, ..., Uy;_; with N —1 finite difference equations at x1, ..., x y_1. The discrete
Laplacian becomes

-2 1 0 0 0
1 -2 1 - 0 0

A= . . | (8.32)
0 0 0 -~ 1 —2

This discrete Laplacian is the same as a discrete Laplacian with zero Dirichlet boundary condition.
We can have energy estimates, entropy estimates as the case of periodic boundary condition.
Next, we exame how error is relaxed for the Euler method with zero Dirichlet boundary con-

dition. From Fourier method, we observe that the eigenfunctions and eigenvalues for the forward

Euler method are

vgj = sin(2mjk/N), pr = 1 — 2\ + 2\ cos(27k/N) = 1 — dAsin®(7k/N), k= 1,..., N — 1.
In the present case, all eigenvalues
pi<lyi=1,...,N—1.

provided the stability condition
A< 1/2.
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Thus, the errors e decays to zero exponentially for all ¢ = 1,..., /N — 1. The slowest mode is p;
which is

2
pr=1—4rsin?(n/N)~1-4 <%>

™\2\" 42t
P~ 1_4<N> ~e T

where we have used k/h? is fixed and nk = t.

and

2.8.2 Neumann boundary condition
The Neumann boundary condition is
u'(0) = 09, v'(1) = 0y. (8.33)
We may use the following disrete discretization methods:
e First order:

Ui - Uy

n = 00-

e Second order-I:

Ui — Uy

h h
h = uw($1/2) = u,(0) + 5”9090(330) =00+ §f($0)

e Second order-1II: we use extrapolation

3Uy — 2U71 + Uy
= 0y.
2h? 0
The knowns are U;* with j = 0,...,N. In the mean time, we add two more equations at the
boundaries.
Homeworks.

1. Find the eigenfunctions and eigenvalues for the discrete Laplacian with the Neumann bound-
ary condition (consider both first order and second order approximation at boundary). Notice
that there is a zero eigenvalue.

Hint: You may use Matlab to find the eigenvalues and eigenvectors.

Here, I will provide another method. Suppose A is the discrete Laplacian with Neumann boundary
condition. A is an (N + 1) x (N + 1) matrix. Suppose Av = Av. Thenforj =1,...N —1, v
satisfies

vj—1 —2v; +vj41 = My, =1,.., N — L.
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For vg, we have
—2vg + 2v1 = Avy.

For vy, we have
—2uN + 2un_1 = Aupn.

Then this matrix has the following eigenvectors:

vé—“ = cos(mjk/N),

with eigenvalue

k
A = —2 4+ 2cos(mk/N) = —4sin? [ - ] .
+ 2 cos(mk/N) sin <2N>

Homeworks.

1. Complete the calculation.

2. Consider
Ut = Ugy + f(l')

on [0, 1] with Neumann boundary condition u’(0) = «/(1) = 0. If [ f(z) dz # 0. What wil
happen to u as t — oo?

2.9 The discrete Laplacian and its inversion

We consider the elliptic equation

Ugy — ou = f(z), 2 € (0,1)

2.9.1 Dirichlet boundary condition

Dirichlet boundary condition is
u(0) =a, u(l) =b (9.34)

The finite difference approximation of u,, at x; involves w at zyp = 0. We plug the boundary
contion:

Uy — 2U7 + U- a —2U; + U:
(1) = g2+ O(W) = T2 £ O(1?)
Similarly,
Un_o—2Un_1+U Un_o—2UNn_1+Db
U (TN _1) = N—2 N—1T+ N+O<h2): N—2 N-1+ +O(h?)

h? h?
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The unknowns are U7, ..., Uy, with N —1 finite difference at 1, ..., z y—1. The discrete Laplacian
becomes

2 1 0 -~ 0 0
1 21 - 0 0

A= . . ] (9.35)
0 0 0 - 1 -2

This is the discrete Lalacian with Dirichlet boundary condition. In one dimension, we can solve
AL explicitly. Let us solve (A — 23)~! where 8 = ah?/2. The difference equation

Uj—1— (2+ Q,B)Uj +Uj11=0
has two independent solutions p; and po, where p; are roots of
PP —(2+28)p+1=0.

That is

p=1+p%(1+8) -1

When 3 = 0, the two solutions are U; = 1 and U; = j. This gives the fundamental solution

" (N=5)C; j=>i

From G, ;-1 —2G;;+Gi;+1 = land iC; = (N —i)C] we get C; = —(N —i)/N and C] = —i/N.
When 3 > 0, the two roots are p; < 1 and pg > 1.
Homeworks.
1. Use matlab or maple to find the fundamental solution G j := (A — 23)~! with 8 > 0.
2. Is it correct that v; ; has the following form?

oA Nosi
b TN 1< i<
1) J

Let us go back to the original equation:
Uy — o = f(x)

The above study of the Green’s function of the discrete Laplacian helps us to quantify the the error
produced from the source term. If Au = f and A~ = G, then an error in f, say 7, will produce an
error

e = GT.
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If the off-diagonal part of GG decays exponentially (i.e. 3 > 0), then the error is “localized,” oth-
erwise, it polutes everywhere. The error from the boundary also has the same behavior. Indeed, if
5 = 0, then The discrete solution is

u(x;) = aGo(j) + bG1(j) + > _ Gijf;
J

where G(j) = jh, G1(j) = 1—jhand G = A~!, the Green’s function with zero Dirichlet boundary
condition. Here, G solves the equation

Go(i — 1) = 2Go(i) + Go(i +1) =0,i =1,..,N — 1,

forj = 1,...,N — 1 with Gp(0) = 1 and Go(IN) = 0. And G solves the same equation with
G1(0) =0and G1(N) = 1.

If 5 > 0, we can see that both GGy and (z; are also localized.
Project 2. Solve the following equation

Uge — o+ f(x) =0, x € [0,1]
numerically with periodic, Dirichlet and Neumann boundary condition. The equilibrium
1. A layer structure
fla) = { 1_1 10/t;llefwgicse< i
2. An impluse

oy 1)2-d<ax<1/246
flz) = { 0 otherwise

3. Adipole
y 1/2—-d<x<1/2
fl@)=4¢ —y 1/2<2x<1/2+40
0 otherwise

You may choose o = 0.1, 1, 10, observe how solutions change as you vary a.
Project 3. Solve the following equation

—Ugy + f(u) = g(gj)’ UAS [07 1]
numerically with Neumann boundary condition. Here, f(u) = F’(u) and the potential is
F(u) = u* — yu?.

Study the solution as a function of «. Choose simple g, say piecewise constant, a delta function, or
a dipole.



Chapter 3

Finite Difference Methods for Linear
elliptic Equations

3.1 Discrete Laplacian in two dimensions

We will solve the Poisson equation

Au=f

in a domain 0 C R? with Dirichlet boundary condition
u = g on Of)

Such a problem is a core problem in many applications. We may assume g = 0 by substracting a
suitable function from w. Thus, we limit our discussion to the case of zero boundary condition. Let
h be the spatial mesh size. For simplicity, let us assume 2 = [0, 1] x [0, 1]. But many discussion
below can be extended to general smooth bounded domain.

3.1.1 Discretization methods

Centered finite difference The Laplacian is approximated by

1
A= ) (Uim1,j + Uig1,j + Uij—1 + Ui j1 — 4U4 5) -

For the square domain, the indeces run from 1 < 4,5 < N — 1 and

Uoj=Un;j=Uyo=Un=0

)

from the boundary condition.

41
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If we order the unknowns U by i + j * (N — 1) with j being outer loop index and ¢ the inner

loop index, then the matrix form of the discrete Laplacian is
T I
I 7T 1
I T I
I T
Thisis an (N —1) x (N — 1) block tridiagonal matrix. The block 7"is an (N — 1) x (N — 1) matrix

-4 1
1 -4 -1
1 -4 1
1 —4
Since this discrete Laplacian is derived by centered finite differencing over uniform grid, it is second
order accurate, the truncation error

1
Tij e (u(xio1,y;5) + u(zitr, y;) + w(@i, yj—1) + w(@s, yje1) — 4u(zs, y5))

= O(h?).
3.1.2 The 9-point discrete Laplacian

The Laplacian is approximated by

1

2
=— |4 —20 4
o one 1 401

One can show by Taylor expansion that
Viu = Vu + %h2V4u + O(hh).
If u is a solution of V2u = f, then
Viu=f+ 1—12h2v2f + O(hY).
Thus, we get a 4th order method:

h2
ViU = fij + Ev2fij
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3.2 Stability of the discrete Laplacian

We have seen that the true solution of Au = f with Dirichlet boundary condition satisfies
Au= f+T,

where A is the discrete Laplacian and 7 is the truncation error and satisfies 7 = O(h?) in maximum
norm. The numerical solution U satisfies AU = f. Thus, the true error satisfies

Ae =,

where e = u — U. Thus, e satisfies the same equation with right-hand side 7 and with the Dirichlet
boundary condition. To get the convergence result, we need an estimate of e in terms of 7. This is
the stability criterion of A. We say that A is stable if there exists some norm || - || and a constant C'
such that

lell < CAe]].

3.2.1 Fourier method

Since our domain 2 = [0, 1] x [0, 1] and the coefficients are constant, we can apply Fourier trans-
form. Let us see one dimensional case first. Consider the Laplacian d?/dx? on domain [0, 1] with
Dirichlet boundary condition. The discrete Laplacian is A = Elgdiag (1,-2,1), where h = 1/N.
From

Asin(irkh) — % (sin((i + 1)mhk) + sin((i — 1)7hk) — 2sin(irhk))
= % ((cos(mhk) — 1) sin(imhk)) .

The above is valid for i = 1,.... N — land k = 1,..., N — 1. We also see that sin(iwkh) sat-
isfies Dirichlet boundary condition at ¢ = 0 and # = N. we see that the eigenvectors of A are
(sin(imhk))N7! for k = 1,..., N — 1. The corresponding eigenvalues are %(COS(?Thk‘) —1).

For two dimensional case, the eigenfunctions of the discrete Laplacian are

(Uk’z)i,j = sin(iwkh) sin(jmlh).

The corresponding eigenvalues are

Ao = %(cos(k‘wh) + cos(¢mh) — 2)
- —%(sinz(k‘whﬂ) + sin2(6rh/2)

The smallest eigenvalue (in magnitude) is

8 .
A1 = ~72 sin?(h/2) ~ —27%
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To show the stability, we take Fourier transform of U and A. We then have

(40, 0)| = 272102

The left-hand side has R R
(A0, 0)| < 1400,

Hence, the L2 norm of A has the following estimate:
IAU|| > 27*|[U].
Thus, we get
R 1
Ul < —||AU].
101l < 51140

From Parseval equality, we have
1
Ul < —||AU
U1l < 5140

Applying this stability to the formula: Ae = 7, we get
<1 = O(h?
lell < 5 li7ll = O(2).

Homeworks.

1. Compute th eigenvalues and eigenfunctions of the 9-point discrete Laplacian on the domain
[0, 1] x [0, 1] with zero boundary condition.

3.2.2 Energy method

Below, we use energy method to prove the stability result for discrete Laplacian. We shall prive it
for rectangular domain. However, it can be extended to more general domain. To perform energy
estimate, we rewrite the discrete Laplacian as

1
— (Uic1,j + Uit1,; + Ui j—1 + Ui jy1 — 4U; j) = (Do Do— + Dy Dy )U);

AUi,j = h

where
Uit1,; = Ui

h

the forward differencing. We multiply the discrete Laplacian by U; ;, then sum over all ¢, j. By
applying the ummation by part, we get

(Dp1U)ij =

(AU, U) = ((Dac+Dm— + Dy—i—Dy—)Uv U)
—(D,_U,D,_U) — (D,_U,D,_U)
= —[IV:UIl3



3.2. STABILITY OF THE DISCRETE LAPLACIAN 45

Here, the discrete L2 norm is defined by
2 272
U1IE =D U1
i7j
The boundary term does not show up beause we consider the zero Dirichlet boundary problem.
Thus, the discrete Poisson equation has the estimate

IVLUIG = GO < I IRIU - 2.1)

Next, for the zero Dirichlet boundary condition, we have Poincare inequality. Before stating the
Poincare inequality, we need to clarify the meaning of zero boundary condition in the discrete
sense. We define the Sobolev space H ,1L o to be the completion of the restriction of all C’& functions

to the grid points under the discrete H! norm. Here, C¢ function is a C'* function that is zero on the
boundary; the discrete H! norm is

[Uln1 = [1U[n + VU |-

Lemma 2.2. Let Q) be a bounded domain in R?, then there exist a constant dg, which is the diameter
of the domain <), such that for any U € H ,1%0,

U < dal|VaUl|n (2.2)

Proof. Letus take 2 = [0, X]| x [0, Y] as an example for the proof. We assume X = Mh,Y = Nh.
From zero boundary condition, we have

UL = (3 Do-Uph)?
=1

< (Z 1%) - (Z(Dx_U,-/7j)2)h2 (Holder’s inequasity)
=1 i'=1
M
< i) (Dy-Uy j)*)h?
i'=1

multiply both sides by A2 then sum over all i, j, we get

2 _ 2 1.2
Uiz = > Uk
,J

M
< O 0D (De- Uy )’
i=1 i'j
M2 2 212
< —h Z(DI_UZ-,J) h
]
M2
= W D,-Ul3

2
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Similarly, we have

N2
U7 < 7h2||Dy—UH%

Thus,
U < 325 max{M?, N}V,
< 3 VaUll;-
O
With the Poincare inequality, we can obtain two estimates for U.

Proposition 1. Consider the discrete Laplacian with zero boundary condition. We have
U Nln < d&)l £]In, 2.3)
VAU < dall f[a- 2.4)

Proof. From
IVRUIR < 1flln - 10l
We apply the Poincare inequality to the left-hand side, we obtain

U7 < dalIVUIlR < dlIFIlnUn
This yields
1Ulln < 1 fn
If we apply the Poincare inequality to the right-hand side, we get

VLU < 1flle - Uk < 11 flln - delIVRU |1n

Thus, we obtain
VLU < dall f]ln

When we apply this result to Ae = 7, we get

le]
IVnell

dg|l = O(h?)

<
< do|7ll = O(r?).



Chapter 4

Finite Difference Theory For Linear
Hyperbolic Equations

4.1 A review of smooth theory of linear hyperbolic equations

Hyperbolic equations appear commonly in physical world. The propagation of acoustic wave,
electric-magnetic waves, etc. obey hyperbolic equations. Physical characterization of hyperbol-
icity is that the signal propagates at finite speed. Mathematically, it means that compact-supported
initial data yield compact-supported solutions at all time. This hyperbolicity property has been char-
acterized in terms of coefficients of the corresponding linear partial differential equations through
Fourier method.

They are two techaniques for hyperbolic equations, one is based on Fourier method (Garding et
al.), the other is energy method (Friedrichs’ symmetric hyperbolic equations). A good reference is F.
John’s book. For computational purpose, we shall only study one dimensional cases. For analysis,
the techniques include methods of characteristics, energy methods, Fourier methods.

4.1.1 Linear advection equation

We start from the Cauchy problem of the linear advection in one-space dimension

ur +au, = 0, (1.1)
u(z,0) = wup(z). (1.2)

Its solution is simply a translation of v, namely,
u(x,t) = uo(x — at).

More generally, we can solve the linear advection equation with variable coefficients by the method
of characteristics. Consider

up + a(x, t)ug, = 0.

47
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This equation merely says that the direction derivative of u is 0 in the direction (1,a) || (dt, dx). If
x(t, ) is the solution of the ODE

Z—f = a(x,t).
with initial data (0, ) = &, then
d dx
a |§’LL(33(75, 5)7 t) = O+ 8xua

= u+tau, =0

In other words, v is unchanged along the curve: dz/dt = a. Such a curve is called the characteristic
curve. Suppose from any point (x,t),t > 0, we can find the characteristic curve {(s, ¢, z) backward
in time and &(+, ¢, z) can be extended to s = 0. Namely, (-, ¢, z) solves the ODE: d{/ds = a(§, s)
with £(t,t,2) = x, and (-, ¢, x) exists on [0, ¢]. The solution to the Cauchy problem is then given
by u(z,t) = up(£(0, ¢, x)).

Note that the characteristics are the curves where signals propagate along.
Homeworks

1. Find the solution of
uy — tanh xu, = 0

with initial data ug. Also show that u(x,t) — 0 ast — oo, provided ug(z) — 0 as |z| — .
2. Show that the initial value problem for
w4+ (1 + w2)ux =0
is not well defined. (Show the characteristics issued from x-axis do not cover the entire
domain: x € R,t > 0.)
4.1.2 Linear systems of hyperbolic equations

Methods of characteristics Second-order hyperbolic equations can be expressed as hyperbolic
systems. For example, the wave equation

Uy — czum =0

(), (a ) (0) =0

In general, systems of hyperbolic equations have the following form

can be written as

u + Az, t)u, = B(z,t)u + f.

Here, u is an n-vector and A, B are n X n matrices. Such a system is called hyperbolic if A is
diagonalizable with real eigenvalues. That is, A has real eigenvalues
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with left/right eigenvectors [; /;, respectively. We normalize these eigenvectors so that [;r; = ¢; ;.
Let R= (r1, -+ ,rn)and L = (Iy,--- ,1,)". Then

A = RAL,
A = diag (A1, -, )
LR = 1

We can use L and R to diagonalize this system. First, we introduce v = Lu, then multiply the
equation by L from the left:
Luy + LAu, = LBu+ Lf.

This gives
v+ Avy = Cv+g,

where C = LBR+ LR+ AL,R and g = Lf. The i-th equation:

Vig + AiVia = D Ci V5 + g
J

is simply an ODE in the direction dz/dt = \;(z,t). As before, from a point (z,t) with ¢t > 0, we

draw characteristic curves &; (-, t,x),i=1,--+ ,n:
d§; .
d_SZ — Ai(&i)'s))ZZl)"'vn
&t,t,r) = =z

We integrate the ¢-th equation along the ¢-th characteristics to obtain
t
vi(x,t) = v0,(&(0,t,2)) + / (Z ¢ijv; + gi)(&i(s, t,x), s) ds.
0 -
J

An immediate conclusion we can draw here is that the domain of dependence of (z,t) is [£,(0, ¢, x), &1 (0,t, z)],
which, we denote by D(z,t), is finite. This means that if ug is zero on D(x,t), then u(z,t) = 0.
One can obtain local existence theorem from this integral equation provided vy and vy, are
bounded. Its proof is mimic to that of the local existence of ODE. We define a function space
Cy(R), the bounded continuous functions on R, using the sup norm: ||u||s := sup, |u(x)|. Define
a map

t
Ty = 2)071'(&(0, t, (ﬂ)) + /0 (Z Ci j V5 + gi)
J

Then T is a contraction in (Y if the time is short enough. The contraction map 7T yields a fixed
point. This is the solution.

The global existence follows from a priori estimates (for example, C'!-estimates) using the above
integral equations. A necessary condition for global existence is that all characteristics issued from
any point (z,t), z € R, t > 0 should be traced back to initial time. A sufficient condition is that
A(z,t) is bounded in the upper half plane in = — ¢ space.

A nice reference for the method of characteristics for systems of hyperbolic equations in one-
dimension is John’s book, P.D.E., Sec. 5, Chapter 2.
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Energy method for symmetric hyperbolic equations Many physical systems can be written in
the symmetric hyperbolic equations:

Aous + Az, t)uy = Bz, t)u + f,

where Ay, A are n X n symmetric matrices and A is positive definite. We take inner product of this
equation with u, later we integragte in x over the whole space. For simplicity, we assume Ag and A
are constant matrices temporarily. We get

01 01
9 Agu-ut L2 Au-u= Bu- .
57 3 dov u+ax2uu u-u+f-u

Here we have used the symmetric properties of Ag and A:

2Au-u:Aux-u—kAu'ugc:2Augc-u.
or

As we integrate in = over the whole space, we get

%%(Aou,u) = (Bu,u) + (f,u).

The positivity of Ay yields that (Agu, u) is equivalent to ||u||3, namely, there are two constants C;
and Cs such that for any v € L?(R),

C’1/|u|2 dx < (Agu,u) < 02/|u|2dl'.

If we use (Agu,u) as a new norm |||u|||?, then we get

a1

2 < 2 / .
7 5|7 =< Cllllll® + ] - [ 7]

Here, we have used the boundedness of B. Eliminating ||ul|, we get

d
2@l < Cllfulll + 1]

This yields (by Gronwell inequality)
¢
@)l < e““Illu(O)]l| +C'/0 eI f ()] ds

Thus, |||u(t)||| s bounded for any finite time if ||« (0)|| is bounded.

We can apply this method to the equations for derivatives of u by differentiating the equations.
This will give us the boundedness of all derivatives, from which we get compactness of approximate
solution and existence theorem. For general “smooth” theory for symmetric hyperbolic systems in
high-dimension we refer to Chapter 6 of John’s book.
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4.2 Finite difference methods for linear advection equation

4.2.1 Design techniques
We shall explain some design principles for the linear advection equation:
ur + aug, = 0.

We shall assume a > 0 a constant. Despite of its simplicity, the linear advection equation is a proto-
type equation to design numerical methods for nonlinear hyperbolic equations in multi-dimension.

First, we choose h = Ax and k = At to be the spatial and temporal mesh sizes, respectively.
We discretize the © — t space by the grid points (xj,t,), where x; = jAxz and t,, = nAt. We
shall use the data U}' to approximate u(x;,t,). To derive finite difference schemes, we use finite
differences to approximate derivatives. We demonstrate spatial discretization first, then the temporal
discretization.

1. Spatial discretization. There are two important design principles here, the interpolation and
upwinding.

1. Derivatives are replaced by finite differences. For instance, u; ; can be replaced by
Uj—Uisr U1 = Ui 38U —4Uj—1 + Uj—
h ’ 2h ’ 2h ’

The first one is first-order, one-side finite differencing, the second one is the central differenc-
ing which is second order, the third one is a one-side, second-order finite differencing. This
formulae can be obtained by make Taylor expansion of u; about x;.

2. Upwinding. We assume a > 0, this implies that the information comes from left. Therefore,
it is reasonable to approximate wu, by “left-side finite difference”:
Uj—Uj_l 3Uj—4Uj_1+Uj_2
or .
h 2h

2. Temporal discretization.

1. Forward Euler: We replace u; by (an+1 -Uu )/k. As conbining with the upwinding spatial
finite differencing, we obtain the above upwinding scheme.

2. backward Euler: We replace ut?H by (an+1 — U?)/k, but replace u, by Dx);-”rl, where D
is spatial finite difference above.

3. Leap frog: We replace u;}; by (U]’-1Jr1 — U;L_l)/Qk‘.

4. An important trick is to replace high-order temporal derivatives by high-order spatial deriva-
tives through the help of P.D.E.: for instance, in order to achieve high order approximation of

ug, we can expand
n+l _ n
u; uj

k
n n
k = Upj+ U+

2
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Here, u}, ui'; denotes w(xj,tn), ue(xj,ty,), respectively. We can replace u;; by

Ut = —QUgt

2
= a Ugyg,

then approximate u,, by central finite difference. Finally, a high order approximation of u;
is

urtt—pur
Ut%ij 2 ]_W( J+1 2U +Un )
We list some finite difference schemes below. Let o = ak/h.
; . +1 _
Upwind : UM =U} —o(U] = Uj,)
Ut ,+U"
Lax-Friedrichs Untt = % + %( T —UMy)

2
Lax-Wendroff U"Jrl Uj' — 2( = Uy) + %( M — 207 +UG)

2

Beam-Warming : U"Jrl Uj — (3U;‘ — AU + U y) + %(U —2U +U,)

. +1 _ +1 +1
Backward Euler : U™ —Uj' = E(an_ -ULT)
In general, an (explicit) finite difference scheme for the linear advection equation can be expressed
as

U]n—l—l = G(U]n—l’U]n—H-l’ ’ an-‘rm)

m
= akUj_l_k

k=—I
Remark.

1. From characteristics method, u(z;,t,+1) = u(xz; — ak,t,). We can approximate it by in-
terpolation at neighboring grid points. For instance, a linear interpolation at z;_1 and x;
gives
1 ak ak

U;H_ ~ h ;L 1+(1—7) g

The corresponding finite difference scheme is then defined by

g - S

n+l __
U . AR

This is the well-known upwind scheme. Where the spatial discretization is exactly the above
one-side, first-order finite differencing.
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2. The term (u?Jrl —ul) /k in a forward Euler method introduces an anti-diffusion term —a?u,.,

namely,
u k °k
JTJ = Ut + §Utt + O(kz'z) = us + %umm + O(k2)

Thus, a high-order upwind differencing §(3U ;AU + U;‘_2) for au, and first-order
difference in time will be unstable.

Homeworks.

1. Use the trick uy = a?ug, and central finite difference to derive Lax-Wendroff scheme by
yourself.

2. Derive a finite difference using method of characteristics and a quadratic interpolation at
xj_9,xj_1 and x;. Is this scheme identical to the Beam-Warming scheme?

3. Do the same thing with cubic interpolation at z; 2, ,xj1?

4. Write a computer program using the above listed schemes to the linear advection equation.
Use periodic boundary condition. The initial condition are
(a) square wave,
(b) hat function
(c) Gaussian

(d) e=*/D gin ma

Refine the mesh by a factor of 2 to check the convergence rates.

4.2.2 Courant-Friedrichs-Levy condition

For a finite difference scheme:

U]’?H =G(U" - Ul),
We can define numerical domain of dependence of (x;, t,,) (denoted by D,,(j,n)) tobe [xj_y¢, Tjtnm)-
For instance, the numerical domain of upwind method is [y, z;]. If U = 0 on D, (j,n), then
U}" = 0. In order to have our finite difference schemes physically meaningful, a natural condition
is

physical domain of dependence C numerical domain of dependence

This gives a constraint on the ratio of & and k. Such a condition is called the Courant-Friedrichs-
Levy condition. For the linear advection equation with a > 0, the condition is
ak

<-—<1
O_Eh_
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If this condition is violated, we can esaily construct an initial condition which is zero on numerical
domain of dependence of (x,t), yet u(x,t) # 0. The finite difference scheme will produce 0 at
(x,t). Thus, its limit is also 0.

Below, we shall fix the ratio h/k during the analysis and take h — 0 in the approximation
procedure.

4.2.3 Consistency and Truncation Errors

Let us express our difference scheme in the form:
Ut = gun

Given a smooth solution u(z, t) to the PDE. Let us denote u(jh, nk) by u. Plug u™ into this finite
difference equation, then make Taylor expansion about (jh,nk). For instance, we plug a smooth
function u into a upwinding scheme:

1

E(u;-”rl —uj) + —(uf —ui_y) = (ur + aug) + k(uy — ougy) + O(h* + k%)

J J
Thus, we may define the truncation error as

n

un-i—l — Gu™
T =

k

A finite difference scheme is called consistent if e — 0 as k& — 0. Naturally, this is a minimal
requirement of a finite difference scheme. If the scheme is expressed as

m
n+1 n
Uit =Y arlUfs,
k=—1

then a necessary and sufficient condition for consistency is

This is easy to see because the constant is a solution.
If e = O(k"), then the scheme is called of order r. We can easily check that e = O(k) for the
upwind method by Taylor expansion:

1 n n n n
e = - <uj+1 —uj +o(uj — uj_l))
1 1 ak 1
= E <utk + §uttk2 + 7(—'&93}1 + §uxxh2> + HOT

k h
= (ut + aux) + 5 (utt + %um> + HOT

2

—0(1 —0)uz, + HOT

= (u¢ +auy) — ok
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The term g—za(l — 0)ugy is O(h) if we keep o = ak/h fixed. Thus, the upwind scheme is first

order.
Homeworks.Find the truncation error of the schemes listed above.

4.2.4 Lax’s equivalence theorem

Suppose U" is generated from a finite difference scheme: U™+ = G(U™), we wish the solution
remain bounded under certain norm as we let the mesh size At — 0. This is equivalent to let the
time step number n — co. A scheme is called stable if ||U" || remains bounded under certain norm
|| - || for all n.

Let u be an exact solution of some linear hyperbolic PD.E. and U be the solution of a corre-
sponding finite difference equation, We want to estimate the true error €7 = uj — U}

First we estimate how much error accumulated in one time step.

entl = u"H Ut = ke + Gu — GU™ = ke + Ge".
If we can have an estimate (called stability condition) like

IGUI < [[U]] (2.3)

under certain norm || - ||, then we obtain

lu™ = U < u® = U + k(" o 7).
From the consistency, we obtain ||e™|| — 0 as & — 0. If the scheme is of order r, then we obtain
le” || < [lu® = U°l| + O(k").
We have the following theorems.

Theorem 2.11 (Lax equivalence theorem). Given a linear hyperbolic partial differential equation.
Then a consistent finite difference scheme is stable if and only if is is convergent.

We have proved stability = convergence. We shall prove the other part in the next section.
Theorem 2.12. For smooth solutions, the associated true error computed by a finite difference
scheme of order r is O(k").

4.2.5 Stability analysis

Since we only deal with smooth solutions in this section, the L?-norm or the Sobolev norm is a
proper norm to our stability analysis. For constant coefficient and scalar case, the von Neumann
analysis (via Fourier method) provides a necessary and sufficient condition for stability. For system
with constant coefficients, the von Neumann analysis gives a necessary condition for statbility. For
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systems with variable coefficients, the Kreiss’ matrix theorem provides characterizations of stability
condition. We describe the von Neumann analysis below.

Given {U; } ez, we define
1o =1,
J

and its Fourier transform 1
T(E) = — o 13E
U(€) = o > U
The advantages of Fourier method for analyzing finite difference scheme are

o the shift operator is transformed to a multiplier:
TU() = ¢“U(©),
where (TU); := Ujia;
o the Parseval equility

o> = 1oy

If a finite difference scheme is expressed as
Ut = (GU™); = Y ai(T'U™);,
then

From the Parseval equality,

—_—
o2 = U

/ "GP 1T ) de

s
< max|GEOP [ UMOPde
—T
= |GI%IU]?
Thus a necessary condition for stability is
1Gloo < 1. (2.4)

Conversely, Suppose |G (£0)| > 1, fromG being a smooth function in &, we can find € and & such

that R
|IG(&)| > 1+ eforall |€ —&| < 0.
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Let us choose an initial data Uy in £ such that 175(5) =1 for [§ — &| < d. Then
e TG ek

> / G2 (6) 002
[€—&0|<d

> (14€)?"6 = coasn — oo
Thus, the scheme can not be stable. We conclude the above discussion by the following theorem.

Theorem 2.13. A finite difference scheme

m
n+1l _ n
Uit =3 el
k=—1

with constant coefficients is stable if and only if

G(&) =Y are™™

k=—1

satisfies
max |G(¢)] < 1. (2.5)

—m<é<nm
As a simple example, we show that the scheme:

g
U = U} + 5 (U~ V)

is unstable. The operator G = 1 + §(T" — T—1). The corresponding G (&) = 1+ iosin&, which
cannot be bounded by 1 in magnitude. One the other hand, the Lax-Friedrichs scheme replaces U;"

in the above scheme by the average ( T+ UML) /2. The corresponding G (&) = cos& +iosiné,
which is bounded by 1 in magnitude provided |o| < 1. The above replacement is equivalent to add
aterm (U, —2U7 + U} ,) /2 to the right hand side of the above unstable finite difference. It then
stabilizes the scheme. This quantity is called a numerical viscosity. We see the discussion in the

next section.

Homeworks.

1. Compute the G for the schemes: Lax-Friedrichs, Lax-Wendroff, Leap-Frog, Beam-Warming,
and Backward Euler.
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4.2.6 Modified equation

We shall study the performance of a finite difference scheme to a linear hyperbolic equation. Con-
sider the upwind scheme for the linear advection equation. Let u(x, t) be a smooth function. Expand
u in Taylor series, we obtain

(Az)?
2At

u = G(u™); = (u + aug) At —

(0 — 0%)uge + O((AL)3).
The truncation error for the upwind method is O(At) if u satisfies the linear advection scheme.
However, if we fix Az and At, then the error is O(A#?) if u satisfies

Ut + AUy — Vg, = 0,

where
_ (Az )? 2
V= o (0 — o).

This equation is called modified equation. The solution of the finite difference equation is closer to
the solution of this modified equation than the original equation. The role of vu,., is a dissipation
term in the scheme. The constant v is called numerical viscosity. We observe that v > 0 if and only
if 0 < o < 1, which is exactly the (C-F-L as well as von Neumann) stability condition. This is
consistent to the well-postedness of diffusion equations (i.e. v > 0).

The effect of numerical viscosity is that it will make solution smoother, and will smear out
discontinuities. To see this, let us solve the Cauchy problem:
Ut + AUy = VlUgy

u(z,0) = H(a:)::{1 ifz 20

0 ifz<0

The function H is called the Heaviside function. The corresponding solution is given by

@) = —— [ a0
u(x, = e vt u(y,
drvt J_oo Y Y

1 /OO _(xfztt*yﬁd
= e v
Varvt Jo Y
= erf((z — at)/V4vt),
where

2 v 2
erf(z) := — e % dz.
VT /—oo

Let u.(z,t) be the exact solution of u; + au, = 0 with u(z,0) = H(z). Then

Jue(y + at,t) — u(y + at, t)] = erf(—|y|/V4vt).
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Hence,

0
lue(rt) —u( Dl = 2 / erf( ) dy

= OVt

Since v = O(At), we see that
lue — " = O(VAL).
On the other hand, if U is the solution of the finite difference equation, then we have | U" — u"|| =

O(At?). Hence
IU" =gl = O(VAL).

Thus, a first order scheme is only of half order for “linear discontinuities.”
One can also observe the smearing (averaging ) of discontinuities from the finite difference
directly. In upwind scheme, U}‘H may be viewed as weighted averages of U;" and U} ;:

UMt = (1 - o)UJ' + U} .

If Uy = 0and U} = 1, then U;LH is a value between 0 and 1. This is a smearing process
(averaging process). The smearing process will spread out. Its width is (/nAz) = O(\/E) from
the estimate of binomial distribution.

It should be noticed that the magnititute of the numerical viscosity of the upwind method is
smaller than that of the Lax-Friedrichs method. The upwind method uses the information of chara-
teristic speed whereas the Lax-Friedrichs does not use this information.

Homeworks.

1. Find the modified equations for the following schemes:

. Ax)?
Lax-Friedrichs : wu; + au, = Q—Az(l — 02)um
A 2
Lax-Wendroff : wu; + auy = Tx)a(a2 — Dugas
(Ax)?

Beam-Warming : wu; + au, = a(2 — 30 + Jz)uwm

2. Expand w up to Ugz.., find the modified equation with the term ;.. for the Lax-Wendroff
scheme and Beam-Warming. That is

U + AUy = PUpry + Klgggg-

Show that the coefficient x < 0 for both scheme if and only if the C-F-L stability condition.



60 CHAPTER 4. FINITE DIFFERENCE THEORY FOR LINEAR HYPERBOLIC EQUATIONS

3. Find the solution U J" of the upwind scheme with initial data U JQ = ;0. (Hint: a binomial
distribution.) Now, condider the Heaviside function as our initial data. Using the above solu-
tion formula, superposition principle and the Stirling formula, show that | j ]u? — U]’-“]Aw =

O(ynAz) = O(VAL).

Next, we study second-order scheme for discontinuities. We use Fourier method to study the
solution of the modified equation:
Ut + Uy = PUgzy-

By taking Fourier transform, we find
Uy = (—iag — ip€’)a = —iw(§)a

Hence

u(x,t) = / @O (£, 0) de.

The initial data we consider here is the Heaviside function H(x). However, in the discrete domain,
its Fourier expansion is truncated. The corresponding inversion has oscillation on both side of the
discontinuity, called Gibb’s phenomena. The width is O(Ax), the height is O(1). We propagate
such an initial data by the equation u; + au; = pug.,. The superposition of waves in different
wave number £ cause interference of waves. Eventually, it forms a wave package: a high frequency
wave modulated by a low frequency wave. By the method of stationary phase, we see that the major
contribution of the integral is on the set when

d
g (& w9 =0

The correspond wave ¢*(Z=«'(€)?) s the modulated wave. Its speed w’ (&) is called the group velocity.
For the Lax-Wendroff scheme, we see that the group speed is

vp =a-+ 3ug?.

For the Beam-Warming, v, = a + 31§ 2, Since p < 0 for the Lax-Wendroff, while z1 > 0 for the
Beam-Warming, we observe that the wave package leaves behind (ahead) the discontinuity in the
Lax-Wendroff (Beam-Warming).

One can also observe this oscillation phenomena directly from the scheme. In Beam-Warming,
we know that U;‘H is a quadratic interpolation of U ;‘_2, U]"_l and U j" IfU ;‘_2 = 0, and U]"_l =
U;" = 1, then the quadratic interpolation gives an overshoot at U. ;’H (that is, U}‘H > 1). Similarly,
in the Lax-Wendroff scheme, U ;LH is a quadratic interpolation of U;" |, U and U} ;. f U, =
Ui =0,and U, | =1, then U;LH < 0 (an undershoot).

Homeworks.

1. Measure the width of the oscillation as a function of number of time steps 7.
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4.3 Finite difference schemes for linear hyperbolic system with con-
stant coefficients
4.3.1 Some design techniques

We consider the system
w + Augy =0

with A being a constant n x n matrix. The first designing principle is to diagonal the system. Using
the left/right eigenvectors, we decompose

A = RAL
= R(AT-A")L
= AT - A~
Here, A = diag(\1,--- , \,) and AT are the positive/negative parts of A.

With this decomposition, we can define the upwind scheme:

n n At n n — n
Uttt =Uj AxA*(Uj_l—U-)—EA(]H Up).

The Lax-Friedrichs is still

n
Uﬂ-l—l — Jj—1 +1+ A(Unl— }11)

At Un ., —oum 4+ U,
_ ny =y n J J J+
U 2A$ (U j-‘rl) + 9

We see the last term is a dissipation term. In general, we can design modified L-F scheme as

n n At n n n_l
Ut = Uj mA(Uj_l— )+ D

— U+ U,
2

where D is a positive constant. D is chosen so that the scheme is stable by the von-Neumann
analysis.
The Lax-Wendroff scheme is given by

Uttt = u; EA(Uj_l_ i)+

(At)?

2 n n
IO S AU, - 2UT - UP).

The C-F-L condition for upwind, L-F, L-W are

At
] x
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Homeworks.
1. Find the modified equation for the above schemes.
2. What is the stability condition on D for the modified L-F scheme.
3. Write a compute program to compute the solution of the wave equation:
Uy = Uy
v = ug
using upwind, modified L-F, L-W schemes. The initial data is chosen as those for the linear
advection equation. Use the periodic boundary condition.
4.3.2 Stability analysis

The definition of L2-stability is that the L2-norm of the solution of finite difference scheme
S lopPAs
J

is uniformly bounded.

This L?-theory for smooth solutions was well developed in the 60s. First, Lax’s equivalence
theorem was originally proved for well-posed linear systems even in multi-dimension. Thus, the
essential issue for finite difference scheme is still the stability problem.

Let us suppose the system is expressed as

m :ZAiuwi +Bu+ f
i

Here, A;, B are constant matrices. We assume that the system is hyperbolic. This means that
>, EA; is diagonal with real eigenvalues. Suppose the corresponding finite difference scheme is
expressed as

Ul =GU™ =) anT°U™.
Here, « = (a1, - -+ , o, ) is multi-index, a,, are matrices. Consider the Fourier transform of G:

é(k) == Z aael Zm a’!nk’!nAx'rn
«

If we take Az, as a function of At, then G is a function of (k, At). Using G, we have
i = G

From the Parseval equality: |U|> = [ |U|2, we obtain that the stability of a scheme U1 = GU™
is equivalent to ||G™|| is uniformly bounded. Von Neumann gave a necessary condition for stability
for system case.
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Theorem 3.14. A necessary condition for stability is that all eigenvalues of G (k, At) satisfies
IAi(k, A)| <14+ O(At),Vk, VAL < 1.

Proof. The spectral radius of CA}'(k‘, At) is the maximum value of the absolute values of the its
eigenvalues. That is, R
p(G) = max|Ail

, we have that
|Gl
ul

Since there is an eigenvector v such that |Gv| = p|v

p < || = max
u

Also, the eigenvalues of G™ are A'. Hence we have
p(G") = p(G)".
Combine the above two, we obtain R R
p(G)" < [IG".
Now, if Hé” || is uniformly bounded, say by a constant C' depends on ¢ := nAt, then

< 1+ O0(AY).

O

For single equation, we have seen that von Neumann condition is also a sufficient condition for
stability.
In general, Kreiss provided characterization of matrices which are stable.

Definition 3.10. A family of matrices {A} is stable if there exists a constant C' such that for all
A € {A} and all positive integer n,
A" < C.

Theorem 3.15 (Kreiss matrix theorem). The stability of { A} is equivalent to each of the following
statements:

(i) There exists a constant C such that for all A € {A} and z € C,|z| > 1, (A — 2I)~" exists
and satisfies

C

A—zD7Y < )
(A — 2I) ||_|Z|_1

(ii) There exist constants C and Co such that for all A € { A}, there exists nonsingular matrix S
such that (1) ||S||, ||S™Y|| < C1, and (2) B = SAS™L is upper triangular and its off-diagonal
elements satisfy

[Bij| < Comin{l — |r, 1 — |r;[}

where k; are the diagonal elements of B.
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(iii) There exists a constant C > 0 such that for all A € { A}, there exists a positive definite matrix
H such that

ClI<H<CI

A*HA<H

Remarks.
1. In the first statement, the spectral radius of A is bounded by 1.
2. In the second statement, it is necessary that all |x;| < 1.

3. The meaning of the last statement means that we should use the norm > [U;|? = > ;(HU;, Uj)
instead of the Euclidean norm. Then A" is nonincreasing under this norm.

4.4 Finite difference methods for linear systems with variable coeffi-
cients

Again, the essential issue is stability because Lax’s equivalence theorem.

Kreiss showed by an example that the local stability (i.e. the stability for the frozen coefficients)
is neither necessary nor sufficient for overall stability of linear variable systems. However, if the
system u; = Auwu with A being first order, Strang showed that the overall stability does imply
the local stability. So, for linear first-order systems with variable coefficients, the von Neumann
condition is also a necessary condition for the overall stability.

For sufficient condition, we need some numerical dissipation to damp the high frequency com-
ponent from spatial inhomogeneity. To illustrate this, let us consider the following scalar equation:

ur + a(x)ug = 0,
and a finite difference scheme
U (z) = A(z)U"(z — Az) + B(x)U"(z) + C(z)U™(z + Az).
For consistency, we need to require

A(z)+ B(z)+C(z) = 1
Afr) = C(z) = a(z)

Now, we impose another condition for local stability:

0 < A(z),B(x),C(x) < 1.
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We show stability result. Multiply the difference equation by U™*!(z), use Cauchy-Schwartz in-
equality, we obtain

(U z))? = A(x)U"(z — Az)U" M (2) + B(2)U™(2)U" (z) + C(2)U"(x + Az)U" T (2)

< A0 an)? + 0 @) + 2 (@ @)+ 0 @)
+ €9 (Wi + Ay + U @)
= A e anp + PO w2 + SO e+ + Loy
This implies
E™H@)? < AT @ - Aw) + B@) (U7 @) + C@)(U" (o + Ax))?

= Az — Az)(U™(x — Az))? + B(z)(U™(2))* + C(x + Az) (U™ (x + Ax))?
+(A(x) — Az — Ax))(U™(x — Az))? + (C(z) — C(z + Ax))(U™(z + Ax))?

Now, we sum over x = x; for j € Z. This yields
[ < JU)? + o(an o)
Hence,
IU"* < (1+ O(AR) [U°)* < X4 U°|2.

The above analysis show that monotone schemes are stable in L2. Indeed, the scheme has some
dissipation to damp the errors from the variation of coefficient (i.e. the term like (A(z) — A(z —
Ax))).

For higher order scheme, we need to estimate higher order finite difference AU, this will in-
volves |Aal||AU]||, or their higher order finite differences. We need some dissipation to damp the
growth of this high frequency modes. That is, the eigenvalues of the amplification matrix should
satisfies

A\l <1—0kAz|*", when |kAz| <7

for some § > 0.
To be more precisely, we consider first-order hyperbolic system in high-space dimension:

d
up + Z a;(x)ug, =0,
i=1

where u € RN, a;,7=1,...,d, are N x N matrices. Consider a finite difference approximation:

Ut (x ZA 2)TU" (x)

Here oo = (g, - -+ , ayg) is a multi-index.
Let G(z, At, &) = Y, Ane™* be the Fourier transform of the frozen finite difference operator.
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Definition 4.11. A finite difference scheme with amplification matrix G (x, ét, €) is called dissipa-
tive of order 2r if there exists a constant § > 0 such that all eigenvalues of G satisfy

i, At )] < 1 - dl¢[*
for all max; |§;| < 7, all x, and all At < T for some constant T.
An important theorem due to Kreiss is the following stability theorem.

Theorem 4.16. Suppose the system is symmetric hyperbolic, i.e. the matrices a; are symmetric.
Suppose the coefficient matrices A, are also symmetric. Assume all coefficients are uniformly
bounded. If the scheme is of order 2r — 1 and is dissipative of order r, then the scheme is stable.



Chapter 5

Scalar Conservation Laws

5.1 Physical models

Many partial differential equations are derived from physical conservation laws such as conservation
of mass, momentum, energy, charges, etc. This class of PDEs is called conservation laws. The scalar
conservation law is a single conservation law.

5.1.1 Traffic flow model

An interesting model is the following traffic flow model on a high way. We use macroscopic model,
which means that Ax =~ 100m. Let p be the car density, u be the average car velocity. The car
flux at a point x is the number of car passing through z per unit time. In a time period At, the car
which can pass = must be in the region u(x,t)At. Thus, the flux at = is (p(x, t)u(z, t)At)/(At) =
p(x,t)u(z,t). Now, consider an arbitrary region (a, b), we have

the change of number of cars in (a,b) = the car flux at a— the car flux at b.

In mathematical formula:

plx, t)de = p(a,t)ula,t) — p(b,t)u(b,t)

= - /ab(pu):v dx

This holds for any (a, b). Hence, we have

dt J,

pt + (pu)z = 0. (1.1)

This equation is usually called the continuity equation in continuum mechanics. It is not closed
because it involves two knowns p and u. Empirically, u can be teated as a function of p which
satisfies u — 0 as p — pmax. For instance,
£)

9

pmax

u(p) = umax(l -

67
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if there is a upper velocity limit, or

u(p) = alog(pmax/p)
if there is no restriction of velocity. We can model u to depend on p,. also. For instance,
Pa
y_
P
which means that if the car number becomes denser (rarefied) , then the speed is reduced (increased).

Here, v is the diffusion coefficient (viscosity) which is a positive number. Thus, the final equation
is

u=u(p) -

pe+ F(p)a =0, (1.2)

or

Pt + f(p)x = VPzx, (1-3)
where f(p) = pu(p).
5.1.2 Burgers’ equation
The Burgers equation is

1
Ut + 5(“2)90 = €Ugy- (L.4)

When e = 0, this equation is called inviscid Burgers equation. This equation is a prototype equation
to study conservation laws.

Homeworks.
1. The Burgers equation can be linearized by the following nonlinear transform: let

v =e 2 ulendE

show that v satisfies the heat equation:

Vt = €EVgy

2. Show that the Cauchy problem of the Burgers equation with initial data uy has an explicit

solution:
€ Vg
t) = —==
ua,t) = —52
= / < ; >pe(w,t7y)dy,
—0Q
where
( ) e~ 51(zty)
Pe(z,t,y) = —= )
[ e s 1(@ty) gy

x—y)? Y
[(Z’,t,y) = %"’_/0 U()(g)df
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5.1.3 Two phase flow

The Buckley-Leverett equation models how oil and water move in a reservoir. The unknown w is
the saturation of water, 0 < u < 1. The equation is

where
2

) +a(l —u2)?’

Unlike previous examples, the flux f here is a non-convex function.

f(u)

5.2 Basic theory
Let consider scalar conservation law
ug + f(u)y = 0. (2.5)

The equation can be viewed as a directional derivative 9, + f’(u)d,, of u is zero. That implies u is
constant along the characteristic curve

dx ,
i (u(z,t)).

This yields that the characteristic curve is indeed a straight line. Using this we can solve the Cauchy
problem of (2.5) with initial data ug implicitly:

u = ug(x — ut).
For instance, for inviscid Burgers’ equation with ug(z) = z, the solution w is given by u = = — ut,
oru=ux/(1+1).
Homeworks.

1. If f is convex and uy is increasing, then the Cauchy problem for equation (2.5) has global
solution.

2. If f is convex and u(, < 0 at some point, then u, — —oo at finite time.

The solution may blow up (i.e. |u,| — o) in finite time due to the intersection of characteristic
curves. A shock wave (discontinuity) is formed. We have to extend our solution class to to include
these discontinuous solutions. We can view (2.5) in “weak sense.” That is, for every smooth test
function ¢ with compact support in R x [0, 00),

/ooo /Z Slug + f(u)] dzdi =0
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Integrate by part, we obtain

/OO /OO [pru + ¢y f (u)] da dt + /OO d(z,0)u(z,0)dr =0, (2.6)
0 —00

—00
In this formulation, it allows u to be discontinuous.

Definition 2.12. A function u is called a weak solution of (2.5) if it satisfies (2.6) for all smooth test
function ¢ with compact support in R x [0, 00).

Lemma 5.1. Suppose u is a weak solution with discontinuity across a curve z(t). Suppose u is
smooth on the two sides of x(t). Then u satisfies the following jump condition across x(t):

dx
% ) = [/ )] @

where [u] := u(z(t)+,t) — u(x(t)—,1).
Homeworks.Work out this by yourself.

5.2.1 Riemann problem

The Riemann problem is a Cauchy problem of (2.5) with the following initial data

_J up forx <O
u(z,0) = { u, forz >0 (2:8)

The reasons why Riemann problem is important are:
(i) Discontinuities are generic, therefore Riemann problem is generic locally.

(i) In physical problems, the far field states are usually two constant states. Because of the
hyperbolicity, at large time, we expect the solution is a perturbation of solution to the Riemann
problem. Therefore, Riemann problem is also generic globally.

(iii) Both the equation (2.5) and the Riemann data (2.8) are invariant under the Galilean transform:
x — Ax,t — At for all A > 0. If the uniqueness is true, the solution to the Riemann problem
is self-similar. That is, u = u(x/t). The PDE problem is then reduced to an ODE problem.

When f” # 0, say, f” > 0, here are two important solutions.

1. shock wave: uy > u,

_Joup forx <ot
(e, t) = { u, forx > ot 29)

where o = (£(u,) — f(ue))/ (ur — ug).
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2. rarefaction wave: uy < u,

up forax < At
u(z,t) = ¢ u  for Ay < Mu) =7 <A\, (2.10)
u, forax > A\t

where A(u) = f/(u) is an increasing function.

These two solution are of fundamental importance. We shall denote them by (ug, u,).

The weak solution is not unique. For instance, in the case of u;, < w,., both (2.10) and (2.9)
are weak solutions. Indeed, there are infinite many weak solutions to such a Riemann problem.
Therefore, additional condition is needed to guarantee uniqueness. Such a condition is called an
entropy condition.

5.2.2 Entropy conditions

To find a suitable entropy condition for general hyperbolic conservation laws, let us go back to
study the gas dynamic problems. The hyperbolic conservation laws are simplified equations. The
original physical equations usually contain a viscous term vu,,, as that in the Navier-Stokes equa-
tion. We assume the viscous equation has uniqueness property. Therefore let us make the following
definition.

Definition 2.13. A weak solution is called admissible if it is the limit of
ug + f(u), = euS,, (2.11)
as € — 0+.

We shall label this condition by (A). In gas dynamics, the viscosity causes the physical entropy
increases as gas particles passing through a shock front. One can show that such a condition is
equivalent to the admissibility condition. Notice that this entropy increasing condition does not
involve viscosity explicitly. Rather, it is a limiting condition as e — 0+-. This kind of conditions is
what we are looking for. For general hyperbolic conservation laws, there are many of them. We list
some of them below.

(L) Lax’s entropy condition: across a shock (uy, u,) with speed o, the Lax’s entropy condition is
e >0 > N\, (2.12)

where Ay (\,) is the left (right) characteristic speed of the shock.

The meaning of this condition is that the information can only enter into a shock, then disap-
pear. It is not allowed to have information coming out of a shock. Thus, if we draw character-
istic curve from any point (z,t) backward in time, we can always meet the initial axis. It can
not stop at a shock in the middle of time because it would violate the entropy condition. In
other words, all information can be traced back to initial time. This is a causality property. It
is also time irreversible, which is consistent to the second law of thermodynamics. However,
Lax’s entropy is only suitable for flux f with f” # 0.
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(OL) Oleinik-Liu’s entropy condition: Let
f(u) — f(v)

o(u,v) = P

The Oleinik-Liu’s entropy condition is that, across a shock
o(ug,v) > o(ug,uy) (2.13)
for all v between uy and u,. This condition is applicable to nonconvex fluxes.

(GL) The above two conditions are conditions across a shock. Lax proposed another global entropy
condition. First, he define entropy-entropy flux: a pair of function (n(u), g(u)) is called an
entropy-entropy flux for equation (2.5) A weak solution u(x,t) is said to satisfy entropy
condition if for any entropy-entropy flux pair (7, q), u(x, t) satisfies

n(u(z, b)) + q(u(z,t)), <0 (2.14)
in weak sense.

(K) Another global entropy proposed by Kruzkov is for any constant c,

/Ooo /_00 [[u — €|y + sign(u — ¢)(f(u) — f(c))¢p] dz >0 (2.15)

for all positive smooth ¢ with compact support in R x (0, c0). (GL) = (K):

For any ¢, we choose n(u) = |u — ¢|, which is a convex function. One can check the cor-
responding g(u) = sign(u — ¢)(f(u) — f(c)). Thus, (K) is a special case of (GL). We may
remark here that we can choose even simplier entropy-entropy flux:

n(u) =uVe, qu) = fluve),
where u V ¢ := max{u, c}.

When the flux is convex, each of the above conditions is equivalent to the admissibility condi-
tion. When f is not convex, each but the Lax’s entropy condition is equivalent to the admissibility
condition.

We shall not provide general proof here. Rather, we study special case: the weak solution is
only a single shock (ug, u,) with speed o.

Theorem 5.1. Consider the scalar conservation law (2.5) with convex flux f. Let (ug,u,) be its
shock with speed o. Then the above entropy conditions are all equivalent.

Proof. (L) & (OL);
We need to assume f to be convex. This part is easy. It follows from the convexity of f. We leave
the proof to the reader.
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(A) < (OL):
We also need to assume f to be convex. Suppose (uyg, u,) is a shock. Its speed
. fur) = f(ug)
 up
We shall find a solution of (2.11) such that its zero viscosity limit is (ug, u,.). Consider a solution
haing the form ¢((x — ot)/e). In order to have ¢ — (uy, u,.), we need to require far field condition:

5 - {

Plug ¢((xz — ot)/e) into (2.11), integrate in £ once, we obtain

¢ = F(9). 2.17)
where F(u) = f(u) — f(ug) — o(u — ug). We find F'(us) = F(u,) = 0. This equation with
far-field condition (2.16) if and only if, for all u between wu, and u,, (i) F'(u) > 0 when uy < u,.,
or (ii) F'(u) < 0 when uy > wu,.. One can check that (i) or (ii) is equivalent to (OL).

Next, we study global entropy conditions.
(A) = (GL)
If w is an admissible solution. This means that it is the limit of «® which satisfy the viscous con-
servation law (2.11). Let (7, ¢) be a pair of entropy-entropy flux. Multiply (2.11) by 7’(u¢), we
obtain

up £ — —0o0

o £ oo (2.16)

€

n(u) +q(u)s = ey (u)ug,
= ( m_enﬂ(u;)2
(

We multiply this equation by any positive smooth test function ¢ with compact support in R X
(0, 00), then integrate by part, and take ¢ — 0, we obtain

/ooo /_0;[77(”)@ + q(u) ¢y dxdt > 0

This means that (u); + g(u), < 0 in weak sense.

(K) = (OL) for single shock:

Suppose (ug, u,) is a shock. Suppose it satisfies (K). We want to show it satisfies (OL). The condi-
tion (GL), as applied to a single shock (ug, u,), is read as

—an] + g <0.
Here, we choose 17 = |u — ¢|. The condition becomes
—0(|ur — | = ug = cf) + sign(u, — ¢)(f(ur) — f(c)) — sign(ug — ¢)(f(ue) — f(¢)) <0
Or

en(u)
< en(uf)

rx

—o(ug, ur)(Jur — | = ug — cf) + [uy — clo(ur, ) — [ug — clo(ug, ) <0 (2.18)
We claim that this condition is equivalent to (OL). First, if c lies outside of u, and w,, then the

left-hand side of (2.18) is zero. So (2.18) is always true in this case. Next, if c¢ lies betrween u, and
u,, one can easily check it is equivalent to (OL). O
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5.2.3 Rieman problem for nonconvex fluxes

The Oleinik-Liu’s entropy condition can be interpreted as the follows graphically. Suppose (ug, u,)
is a shock, then the condition (OL) is equivalent to one of the follows. Either u; > w, and the graph
of f between wuy, u, lies below the secant (u,, f(u,)), (ug, f(ug)). Or uy < w, and the graph of
f between uy, u, lies above the secant ((ug, f(u)), (ur, f(u,-))). With this, we can construct the
solution to the Riemann problem for nonconvex flux as the follows.

If ug > wu,, then we connect (ug, f(uy)) and (u,, f(u,)) by a convex envelope of f (i.e. the
largest convex function below f). The straight line of this envelope corresponds to an entropy shock.
In curved part, f’(u) increases, and this portion corresponds to a centered rarefaction wave. Thus,
the solution is a composition of rarefaction waves and shocks. It is called a copmposite wave.

If up < u,, we simply replace convex envelope by concave envelope.

Example. Consider the cubic flux: f(u) = %ug. If uy < 0, up > 0 From uy, we can draw a line
tangent to the graph of f at uj = —uy/2. If u, > uj, then the wave structure is a shock (ug, u})
follows by a rarefaction wave (u;,u,). If u, < uj, then the wave is a single shock. Notice that in
a composite wave, the shock may contact to a rarefaction wave. Such a shock is called a contact
shock.

Homeworks.

1. For the flux f(u) = u®/3, construct the general solution to the Riemann problem for general
left/right states u, andu,..

5.3 Uniqueness and Existence

Theorem 5.2 (Kruzkov). Assume f is Lipschitz continuous and the initial data ug is in L' N BV.
Then there exists a global entropy solution (satisfying condition (K)) to the Cauchy problem for
(2.5). Furthermore, the solution operator is contractive in LY, that is, if u, v are two entropy
solutions, then

[u(t) = v()llLr < [[u(0) = v(0)[ (3.19)

As a consequence, we have uniqueness theorem and the total variation diminishing property:
T.Vau(-,t) <T.V.u(-0) (3.20)

Proof. The part of total variation diminishing is easy. We prove it here. The total variation of u is
defined by

TVl t) = Suph>o/ u(z + b, t})l —uet)

We notice that if u(x, t) is an entropy solution, so is u(x + h,t). Apply the contraction estimate for
u(-,t) and v = u(- + h,t). We obtain the total variation diminishing property.
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To prove the L'-contraction property, we claim that the constant ¢ in the Kruzhkov entropy
condition (K) can be replaced by any other entropy solution v(¢, z). That is

/ / lu(t, ) — vt )| + sign(ult, ) — v(t, 2)(Fult,2)) — Folt,2)))bs] dodt > 0

for all positive smooth 1) with compact support in R x [0, 00). To see this, we choose a test function
¢(s,x,t,y), the entropy conditions for u and v are

/ / [u(s,2) — Kla(s, ., ) + sign(u(s, ) — K)(f (u(s,2)) — F(8))ba(s, 2.1, )] dads > 0

/ / [0(t,y) — K'|é0(s 2. t.) + sign(v(t, 1) — K)(F(0(t, ) — F(K )y (5,2, t,9)] dw ds > 0

Set k = v(t,y) in the first equation and k¥’ = wu(s,x) in the second equation. Integrate the rest
varibles and add them together. We get

/ / / / {Ju(s, 2) — v(t, )| (s + 6) + sign(u(s, 2) — v(t,9)) - [ (w(5,2)) — F(0(t,9))] - ($o + by)} dzdsdydt > 0.

Now we choose ¢(s,x,t,y) such that it concentrates at the diagonal s = t and z = y. To do
s0, let pp(z) = h~!p(x/h) be an approximation of the Dirac mass measure. Let ¢)(T, X) be a
non-negative test function on (0, c0) x R. Choosing

qb(s,x,t,y) :¢ <S—2i_t7x;_y> Ph <S;t> Ph <w;y>7

[ (555) o (552) {utsvn) = ottt (5. 55Y)

s+t x4y
2 72

we get

Fsign(u(s, ) — v(t,)) - [f(u(s,2)) — Flu(o(t,y)] - vx ( )} di dy ds dt > 0.

Now taking limit h — 0, we can get the desired inequality.
Next, we choose

O(t,x) = [an(t) — an(t = 7)] - [1 — an(lz] = R+ L(T = 1)),
where ap,(2) = [ pi(s) ds. We can get the desired L' contraction estimate. O

The existence theorem mainly based on the same proof of the uniqueness theorem. Suppose the
initial data is in L' N L>° N BV, we can construct a sequence of approximate solutions which satisfy
entropy conditions. They can be construncted by finite difference methods (see the next section), or
by viscosity methods, or by wave tracking methods (by approximate the flux function by piecewise
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linear functions). Let us suppose the approximate solutions are constructed via viscosity method,
namely, u° are solutions of
up + f(u)e = eug,.

Following the same proof for (GL) = (K), we can get that the total variation norms of the ap-
proximate solutions ¢ are bounded by 7'.V.ug. This gives the compactness in L' and a convergent
subsequence leads to an entropy solution.

Remark. The general existence theorem can allow only initial data ug € L' N L. Even the initial
data is not in BV, the solution immediately has finite total variation at any ¢ > 0.



Chapter 6

Finite Difference Schemes For Scalar
Conservation Laws

6.1 Major problems

First of all, we should keep in mind that local stability is necessary in designing finite difference
schemes for hyperbolic conservation laws. Namely, the scheme has to be stable for hyperbolic
conservation laws with frozen coefficients, see Chapter 1. In addition, there are new things that
we should be careful for nonlinear equations. The main issue is how to compute discontinuities
correctly. We list common problems on this issue.

e Spurious oscillation appears around discontinuities in every high order schemes. The reason
is that the solution of finite difference scheme is closer to a PDE with higher order derivatives.
The corresponding dispersion formula demonstrates that oscillation should occur. Also, one
may view that it is incorrect to approximate weak derivative at discontinuity by higher order
finite differences. The detail spurious structure can be analyzed by the study of the discrete
traveling wave corresponding to a finite difference scheme.

To cure this problem, we have to lower down the order of approximation near discontinuities
to avoid oscillation. We shall denote to this issue later.

e The approximate solution may converge to a function which is not a weak solution. For in-
stance, let us apply the Courant-Isaacson-Rees (C-I-R) method to compute a single shock for
the inviscid Burgers equation. The C-I-R method is based on characteristic method. Suppose
we want to update the state U;‘H. We draw a characteristic curve back to time ¢,,. However,
the slope of the characteristic curve is not known yet. So, let us approximate it by U}". Then
we apply upwind method:

At

Ujtt = U = URUGL = UF) U7 >0
n+1 n At nirrn n : n
Ujt = U = LUP(UF = Ufhy) iU <0

77
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Now, we take the following initial data:

Uo —

{1 forj <0
j

0 fory>0

It is easy to see that U}' = U]Q. This is a wrong solution. The reason is that we use wrong
characteristic speed U;" when there is a discontinuity passing x; from ¢y, to t,1.

To resolve this problem, it is advised that one should use a conservative scheme. We shall

discuss this issue in the next section.

e Even the approximate solutions converge to a weak solution, it may not be an entropy solution.
For instance, consider the invisid Burgers equation u; + uu, = 0 with the initial data:

o —1 forj<O0
J 1 forj >0
We define the scheme by
gt — ey 2oy - per, o)
J J Az J—b Y] Jjo Y+l
where

[ FU) U4V >0
F(U’V)_{f(V) UV <0

We find that F'(U}', U ;) = F(Uj,,Ul"). Thus, the solution is Ul = U]Q. This is a
nonentropy solution.

6.2 Conservative schemes

A finite difference scheme is called conservative if it can be written as

At
Ut = U+ (s = Fi ) 2.1)

where F" /2 is a function of U™ and possibly U™+, The advantage of this formulation is that the

j+1/2
Sy - Yo 22)
J

total mass is conservative:

J

There is a nice interpretation of F' if we view U}" as an approximation of the cell-average of the
solution u over the cell (z;_1/2,7;41/2) at time step n. Let us integrate the conservation law
uy + f(u)z = 0 over the box: (x;_1/2,Zj11/2) X (tn,tns1). Using divergence theorem, we obtain

At
ntl _ -n m+1/2 412
uj+ uj + —Agc(fj—lﬁ o fj+1/2) (2.3)
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where

n 1 /x1+1/2 ( )d
U; = —— u(x,t T
J Az Jo "

n1/2 L [t
Bk = x| St

Thus, in a conservative scheme (2.1), we may view U as an approximation of the cell average

u} and F :1 /2 as an approximation of the flux average f. :11/22 This formulation is closer to the
orlglnal 1ntegral formulation of a conservation, and it does not involve derivatives of the unknown
quantity u.

A conservative scheme is consistent if F; 1 /5(U,U) = f(u), where U is a vector with U; = w.
For explicit scheme, F}/; is a function of U™ only and it only depends on U PIRTRE U]”er
That is

Fiji0=FU} 41, Ujp)-
We usually assume that the function is a Lipschitz function.

The most important advantage of conservative schemes is the following Lax-Wendroff theorem.

Which says that its approximate solutions, if converge, must to a weak solution.

Theorem 6.3 (Lax-Wendroff). Suppose {U]”} be the solution of a conservative scheme (2.1). The
Define upny = UJ for [x;_1/9,%j11/2) X [tn,tnt1). Suppose upy is uniformly bounded and
converges to u almost everywhere. Then u is a weak solution of (2.5).

Proof. Let ¢ be a smooth test function with compact support on R x [0, 00). We multiply (2.1) by
¢ and sum over j and n to obtain

o> et —up) = Z Z B} Fj—1/2(U™) = Fiy12(U™)]

n=0j=—o0 n=0j=—o0

Using summation by part, we obtain

o0

S S S G- S S G 607 0

j=—o00 n=1j=—o0 n=0j=—o0

Since ¢ is of compact support and ua,, hence F'(U"), are uniformly bounded, we obtain the conver-
gence in the above equation is uniformly in j and n. If (x;,t,) — (z,t), then from the consistency
condition, Fjq/o(U") — f(u(x,t)). We obtain that u is a weak solution. O

1/2
Below, we show that many scheme can be written in conservation form. We may view Y

J+1/2
as a numerical flux at Tji1/2 between ¢, and £,,4 1.
1. Lax-Friedrichs:
FrY2 — B(U3, Upa) = S(FUjs0) + FU) + e (U~ Upa). @)

The second term is a numerical dissipation.
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2. Two-step Lax-Wendroff:

2 f(Un+1/2)

j+1/2 J+1/2
Ur+ U At
Uit = > taag IO 1T

Homeworks.Construct an example to show that the Lax-Wendroff scheme may produce nonen-
tropy solution.

6.3 Entropy and Monotone schemes

Definition 3.14. A scheme expressed as

UM = G(US -y, -+ Ul ) 3.5)
is called a monotone scheme if
oG
>0,k=—4,---,m (3.6)
OUj 1k

In the case of linear equation, the monotone scheme is

m
n+1 _ n
Uit =" aUfyy,
k=—¢

with a; > 0. The consistency condition gives ), a; = 1. Thus, a monotone scheme in linear
cases means that U]’“l is an average of U;‘_ ¢ Uy - Inthe nonlinear case, this is more or less
“true.” For instance, the sup norm is nonincreasing, the solution operator is £'-contraction, and the
total variation is dimishing. To be precise, let us define the norms for U = {U;}:

Uls = sup|Uj
J

> lUilAx

1U1
J

TV.U) = > |Upn —Uj|
i

We have the following theorem.
Theorem 6.4. For a monotone scheme (3.5), we have

(i) £°°- bound:
U™ oo < U oo
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(ii) ( -contraction: if U, V are two solutions of (2.1), then

HUn—i—l _ Vn-i-l”l < HUn _ VnHl (37)

(iii) total variation diminishing:

T.V. (U™ < TV, (U") (3.8)

(iv) boundedness of total variation: there exists a constant C' such that

T.V,:(U)<C (3.9)

Proof. 1.

U;H_l = G(U]n—b e 7U]n+m)
< G(maxU",--- ,maxU")

= maxU"
Hence, we have max U"T! < max U". Similarly, we also have min U ntl > min U™,

2. Let us denote the vector (U7') by U™, the scheme (3.5) by an operator untt = GU™).
U <V means that U; <V} for each j. Denote by U V V for the vector (max{U;, V;}). The
monotonicity reads

GU)<GV)itU < V.
We have G(U vV V') > G(V). Hence,

(GU)=GV)T<(GUVV)=GV)"=GUVV)-G(V).

We take summation in j, and use conservative proper of G, namely, > .(G(U)); = >_; Uj,
we obtain

Y GU) =GV <D (U VV)=V); =) (U-V)F.
J J J

Similarly, we have

>_(GV) = GU)T <3V -U).

J
Adding these two, we obtain the /!-contraction:

Z G(U); —G(V),] < _ U; = Vjl.
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3. Suppose U J" is a solution of (3.5). We take V" to be U Jnp Then V” also satisfies (3.5). From
the ¢'-contraction property, we have

DU - Ut < Z Ui —
J
This shows the total variation dimishing property of (3.5).

4. The total variation of U in z, ¢ with 0 < ¢ < T is defined by

TV, (U) = Z Z JH Upl 0 U
" n=0j=—o0 At
N
= Y [TVLUAt+ U™ = U1 ]
n=0

N
= TV,U'T+ > _|[U U
n=0
Here NAt = T. We claim that [|[U"*! — U"||;1 < O(At). If so, then we obtain the result
with C < T + NO(At) < T + KT for some constant K. Now, we prove this claim:
urtt = Uy = |GU} - Uﬁm)—G(U”,--- U
< LUp, - UP| + g

< L+ m)*T.V.,(U").

‘ j+m

Here, we have used that G is Lipschitz continuous. Hence, we conclude
1
> Ut — UR|Az < O(At).
J
O

The boundedness of total variation of U in (z,t) implies that we can substract a subsequence
ua, which converges in L'. Below, we show that its limit indeed satisfies entropy condition.

Theorem 6.5. The limiting function of the approximate solutions constructed from a monotone
scheme satisfies Kruzkov’s entropy condition.

Proof. We choose 1 = (u—¢)™ = uV ¢ — c. The corresponding entropy fluxis g(u) = f(uVe)—

f(c). Itis natural to choose the numerical entropy flux to be Q(Uj—¢41, -+ ,Ujtm) = F(Uj—g41V
¢, UpymVe)—F(c,---,c). We have
U"tve) = GUR U]"+m) VG(e---se)
< G(an—Z Ve, - an—i-m )
At
= UfVe+ Az [F(UF yVe,- Ul Vo) = FUP Ve, UM, V)

n At n n n n
= Uj Ve+ E [Q( j—b """ 7Uj+m—l) - Q(Uj—f—l—h o Uj—‘,-m)]
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Multiply this inequality by ¢”, sum over j and n, and apply “summation-by-part”, then take limit
At, Ax — 0. We obtain that u is an entropy solution. U

Theorem 6.6 (Harten-Hyman-Lax). A monotone scheme (3.5) is at most first order.

Proof. We claim that the modified equation corresponding to a monotone scheme has the following
form

ur + f(u)y = At[B(u, Nugx (3.10)
where A = At/Ax,

1 & 1,
B = Wk;gkz(;k(u, ceeyu) = §f (u)® @G.1D)

and 8 > 0 except for some exceptional cases. Since for smooth solution, the solution of finite
difference equation is closer to the modified equation, we see that the scheme is at most first order.
To show (3.10), we take Taylor expansion of G about (ug, - - , ug):

G(U_g,"' 7um) = G(’LL(],"' 7u0)

+ 3 Grlug, — up)
k=—¢
1 m
32 kz ZGka(w — up) (uy, — ug) + O(Az)?
=

m 1 m
= g+ Azu, ;;z kG + i(Ax)qux k;z Gy

1
+> §(Ax)2u§ > jkGjk + O(Az)?
j?k ]7k

= o+ Ay Y kG + %(Am)z <Z k2Gkux>

k=—¢ k=—¢
1 )
+ 5 (Axul Y (k= k)Gjx + O(Ax)?
gk Jk
On the other hand,
G(U_g, T ,’LLm) = up + )‘(F(ﬂ) - F(Tﬂ))
where @ = (u—g, -, Um—1), T4 = (u—gy1,- - ,um). We differentiate this equation to obtain
Gk = ok + AlFy(a) — Fy—1(Tu)]
Gik = AlFjr(u) — Fj_1p-1(T0)]

We differentiate the consistency condition F'(ug,--- ,up) = f(up) to obtain

m—1

> Filug, -+ ,uo) = f'(ug).

-/
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Therefore,

zm:Gk:1

=t
> kGL = A (Fp — Fe1)k = =Af (uo)
=t

Y G —kPGik = A (= kPG —Gia =0

gk

Using this and the symmetry G , = G| j, we obtain

. 1 .
> Giklik =K = =5 Gixli — k)’ = 0.

gk
Hence we obtain

Gu_g, s Um) = ug — Az f' (u)uy + (%Aw)zum Z k2Gy + O(Ax)?
k

Now, from the Taylor expansion:
1 1 2 3
UO = Uup + AtUt + i(At) Ut + O(At)
_ — A lA 27 ¢/ 2 A 3
= g — Atf(u)s + (GA)7[f(w) us]e + O(AL)
Combine these two, we obtain that smooth solution of the finite difference equation satisfy the

modified equation up to a truncation error (At)?.
To show 3 > 0, from the monotonicity GG > 0. Hence

A2f(w)? = (Zka> :(Zk\/G_k\/G_k)2
< ) KGL- Y Gr=)> kG

The equality holds only when G (u, - - - ,u) = 0 for all k except 1. This means that G(ug, - -+ , uy,) =
up. This is a trivial case.
U



Chapter 7

Finite Difference Methods for
Hyperbolic Conservation Laws

Roughly speaking, modern schemes for hyperbolic conservation laws can be classified into the
following two categories.

1) flux-splitting methods
2) high-order Godunov methods

1) is more algebraic construction while 2) is more geometrical construction.
Among 1), there are

e artificial viscosity methods,

o flux correction transport (FCT),

e total variation diminishing (TVD),
e total variation bounded (TVB),

e central scheme,

e relaxation schemes,

relaxed scheme.

Among 2), there are

High order Godunov methods,

MUSCL,

e piecewise parabolic method (PPM),

essential nonoscillatory. (ENO)

In 1) we describe total variation diminishing method while in 2) we show the high order Godunov
methods.

85
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7.1 Flux splitting methods

The basic thinking for these methods is to add a switch such that the scheme becomes first order
near discontinuity and remains high order in the smooth region.
Suppose we are given
FT alower order numerical flux

FHa higher order numerical flux

Define
_ L
Fiep = +1 t 41 L (F i+ Fj+%)
_ pH L H
= P +a- ¢j+%)(Fj+§ — B

Here, ¢ i+l is a switch or a limiter. We require
¢]+1 ~ 0, i.e. F +1 F l,nearadlscontlnulty,
¢j+% ~1,1e. Fj+% ~ Fj+%, in smooth region.

In FCT, ¢ is chosen so that max U]’-1Jr1 < max(Uj;, U}, U} ;) and min U]’-1Jr1 > min(Uj,, U UL ).

Design Criterion for ¢, 1

7.1.1 Total Variation Diminishing (TVD)

Consider the linear advection equation
us +auy, =0, a>0.

We show the ideas by choosing

Fﬁrl = aU; be upwind’s flux, and
2
A s
Fﬁr% = aU; + %a(l — 238 (U;11 — Uj) be Lax-Wendroff’s flux.
Then the numerical flux is
1 alt

Here
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Theorem 7.7. 1. If ¢ is bounded, then the scheme is consistent with the partial differential equa-
tion.

2. If (1) = 1, and ¢ is Lipschitz continuous( or C') at 0 = 1, then the scheme is second order
in smooth monoton region.(i.e., u is smooth and u, # 0)

3. If0 < @ < 2and0 < ¢(0) < 2, then the scheme is TVD.
Proof. 1. FH%(u,u) = f(u) = au.

2. Hint: Apply truncation error analysis.

3. From (1.1), the next time step U;LH is

Un—l—l Un n (an _ ]n_l),

(G J O, o

U, = Az~
is the average of U J" and U ]”_1 with weights (1 — C?—1) and C;'L—1

where ¢_; = v + 3 vl —v

In other words, U ;’H

U = U = (U — U — U) = (U] = &y (U] = UJy)
= (1= U = U}) + (U] = Ujy)

Suppose 1 > ¢ > 0 Vj,n

U = U < (1= Uy = U + ¢ [Uf = Ufy|

Z|U;L-:_ll U;L+1| < Z( U — U|+ZC_] U = Ujy|

J J

= Z( U —Uj |+ch| j+1 — Uf'l
= Z‘ J+1 T

then the computed solution is total variation diminishing.
Next, we need to find ¢ such that 0 < c? <1, V¥j,n. Consider

$j1Ujr1 =Up) = ¢, 1(U; = Uj1)  ¢(8;41)
Uj —Uj_1 - 9 4 _¢(6j—%)7
0., 1
:>C l_V+;V(1—V)(¢(9j+2)—¢(0j_%)) OSV<1
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A sufficient condition for 0 < c;?_l <1Vjis

P(0;,1)
=20 (0, _1)| < 2. (12)
041 :
If6j+% <0, ¢(6j+%) =0.
110 < 29 < 2,0 < ¢(6) < 2, then (1.2) is valid.
m

¢(0)

Figure 7.1: The region in which ¢(#) should lie so that the scheme will be TVD.

7.1.2  Other Examples for ¢(¢)
1. ¢(0) = 1. This is the Lax-Wendroff scheme.

2. ¢(6) = 0. This is Beam-Warming.
3. Any ¢ between ¢p_p and ¢y with 0 < ¢ < 2,0 < @ < 2 is second order.

4. Van Leer’s minmod

It is a smooth limiter with ¢(1) = 1.

5. Roe’s superbee
#(6) = max(0, min(1,26), min(6,2))
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¢(0) ¢(0)

) )
2 Beam-Warming

1t-- 1
0 1 2 0 0 1 2 0
o(0) o(0)
Roe’s superbee
2 R ST T 2 P -
] / van Leer’s minmod
0 1 2 0 0 1 2 0

Figure 7.2: Several limiters

7.1.3 Extensions
There are two kinds of extensions. One is the a < 0 case, and the other is the linear system case.
For a < 0, we let
I 1 1
Fiip = 5alUj+Uj) = 5lal(Uj1 = Uj)

_ aUj; ifa>0
N aUjy1 ifa<0

1 1 alAt
F]Ii% = §a(Uj + Uj+1) — il/a(Uj_H — Uj) V= A—:L'
Then
_ L H L
Fir = Fj-i—% + ¢J+§(Fj+% B Fj+%)

Where ¢, 1 = ¢(9j+%)’ 0541 = Uiji:U;/,andj’ =j—sign(v)=j+1

In the linear system case, our equation is

up + Aug = 0. (1.3)
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We can decompose A so that A = RAR™! with A = diag()\,---,)\,) constituting by A’s
eigenvalues and R = [rq,--- ,r,] being right eigenvectors.That is, Ar; = \;r;. We know that

n
Uj+1 — Uj = Z Q5 kTks let
k=1

At
e = My
Qg1 . . .
i = 28§ =] —sign(w).
Ak
Therefore,
. 1 1
F* = §A(Uj +Ujs1) — §|A|(Uj+1 - Uj)
1 1 At
P = 5 AU; +Uj1) = §MA2(UJ+1 - Uj)

where |A| = R|A|R™!. The numerical flux is

L
Fj+%_Fj+

N

1 .
+ 5 Zk: ¢(0j7k)(51gn(1/k) — Uk) AL kT

7.2 High Order Godunov Methods

Algorithm

1. Reconstruction: start from cell averages {U]”} we reconstruct a piecewise polynomial func-
tion u(x,t,).

2. “Exact” solver for u(x,t), t, <t < t,41. Itis a Riemann problem with initial data @(z, t,,).

3. Define ) -
j+d

U;H_l = E . 2 U(Z’,tn+1) dx.

j7

If 2. is an exact solver, using
tnt1 T, 1
/ / e ut + f(u)y dedt =0
tn "Ej,%_

we have At
n+l _ rm s r
U™ =0+ o (fim1 = 1),

where fﬁ% = fti”“ f(ﬂ(:anr% ,t)) dt is the average flux. Thus 2. and 3. can be replaced by

2’. an ‘Exact solver” for w at = il t, <t < tn41 to compute averaged flux fj +1-
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- fj.i_%)

1. Reconstruction: We want to construct a polynomial in each cell. The main criterions are

) +1 _ At (F
3. U = U+ RE(F
(1) high order in regions where u is smooth and u, # 0

(2) total variation no increasing.

In other words, suppose we are given a function u(z), let

1 Tivd
U; = N /z u(x) dx
i

(S

From {U,}, we can use some reconstruct algorithm to construct a function @(z). We want the
reconstruction algorithm to satisfy

(1) |a(xz) — u(z)] = O(Ax)", where v is smooth in I; = (azj_%,astr%) and u, # 0 near I;.
2) T.Va(x) <T.Vau(z)(l+ O(Ax))
7.2.1 Piecewise-constant reconstruction
Our equation is
up + f(u)z =0 2.4

Following the algorithm, we have

(1) approximate u(t, z) by piecewise constant function, i.e., {U ]"} represents the cell average of
u(x, t,) over (azj_%,asﬂ%).

<
|
wl=
8

its

(2) solve Riemann problem
(uj,uj11) on the edge Tig1, its solution ﬂ(ijr;,t),tn < t < ty41 can be found, which is a
2 2
constant.
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(3) integrate the equation (2.4) over (a:j_% ) a:H%) X (tn, tnt1)

1 xT., 1
= — [ (x,tpt) do

n+1
Uj Az z;

A tn+1

- U aear [ ()~ fiay.n)
A

= u?—i_A_atj[f(a(‘Tj—%’tn-i-%))_f(a(xj—i-%’tn—i-%))]

Example 1 f(u) =au a >0
uj if:n—a:j+% <at,t, <t <tpq1

Riemann problem gives u(x,t) = .
p & (z.1) {ujH 1fa:—xj+%>at,tn<t<tn+1

u;:%% =zt 1) = u
Fii = aU"El = aUj;
UMttt = Up+ ﬁ—i(an_l —aU}")
This is precisely the upwind scheme.
Example 2 Linear system
up + Augy =0

Let R"'AR = A = diag(\1, -+, \). We need to solve Riemann problem with initial data
(Uj,Uj41). Let L = (41, ,£,) = R7Y 4;A = Nil;,i = 1,...,n be the left eigenvectors.
Project initial data onto r1,...,7,

U; T<Ti1

u(x,t,) = 2
( ’n) Uj+1 :E>33]+1
2

by Eirj = 5@', Z(&u(l’, tn))ri = U(JE, tn).

= Qi + )\,-a,-x =0

= qi(z,t) = ai(z— N(t—1t),tn)
= EZ’LL(JJ — /\Z(t — tn), tn)

ey a,t) = D (Gtie = Xt —ta),ta))ri + Y (Gi(e = Nilt — tn), ta))ri
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Uj+l = E Einri—l— E fin+1’r’i
2 ia>0 iA\i<0
F.o. — AU
ity T T

1
2
= )\ieinTi + E )\igin-i-lTi
1,2, >0 1,0 <0

solve @ (z,t) for § = A

(z,t) = Z NiliUjri + Z AiliUjyari
A=A A <A

consider the following cases

DH A< M< - <\,
zl(a:,t) = Z &Ujm = Uj
Ai>\

Q) M <A< A< o< Ay

ﬂ(x, t) = Z einTi + glUj-i-lTl
=2
= Zfinri + €1Uj+1r1 — /\1€1Ujr1
=1
= Uj + f1(Uj+1 - Uj)T‘l

There is a jump £1(Uj41 — Uj)r1
B) M< A< A< A3 << Ay

a(x,t) = Uj + (Ujp1 — Uj)r1 + Lo(Ujr1 — Uj)re

Therefore the structure of the solution of Riemann problem is composed of n waves ¢ (Uj41—
Ujri, -+ Un(Ujy1 — Uj)ry, with left state U; and right state U; ;. Each wave propagate at

speed \; respectively.
Ad2 A A An

Uj Z‘j+% Uj+1
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7.2.2 piecewise-linear reconstruction

(1) Reconstruction
Given cell average {U; }, we want to reconstruct a polynimial @(z, t,,) in each cell (z

-1 %+1)
under following criterions

a) high order approximation in smooth regions.

b) TVD or TVB or ENO

(2) Riemann solver
solve equation “exactly” for (¢, t;41)-

Once we have these two, define U"Jrl Uy —|— Ll ft:“ f(a 1) — f(ﬂ(achr%,t)) dt. For
second order temporal dlscretlzatlon

tn+1
- / Fli(ay, 1)) dt = fla(e;,0.t,,0),

A
Ut = U U1 t0)) = Sy 2t )]

For Scalar Case

(1) Reconstruction
Suppose @(z, t,) = a + b(x — x;) + c¢(z — ;)% want to find a, b, ¢ such that the average of
i =Uj.

— w(z,t,) dr = Uj

J
1 . 1
—/J YUz, ty) dr = Uj_

1 Tiv3
L[ty de = Uy
Az J,

j+1

Ujt1 —Uj1

:>a:Uj,b: OAZ

,c=0

Lemma 7.2. Given a smooth function u(z), let U; = A fx”Q () dx, and let u(zx) =

Uj+0U; 5" 0U; = (Uj1 = Uj—1) /2, then |u(z) —u()| = ( ) forx € (v;_ 1,25 1)

When u has discontinuities or u, changes sign, we need to put a “limiter” to avoid oscillation
of .

Example of limiters
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(a)
5Uj = minmod(Uj+1 — Uj, Uj — Uj_l)
sign(Ujy1 — Up) min{[Uj 1 — Uj, |Uj = Uja|} if Uja —Uj and
_ Uj — U;j_1 have
the same sign
0 otherwise
(b) 5Uj = minmod(%, Q(Uj - Uj_l), 2(Uj+1 - Uj))
(2) Exact solver for small time step
Consider the linear advection equation
us + au, = 0.
with precise linear data
Ao, t) Uj + 0U; 55" Ty
W) = Uj+1+5Uj+1x_§i,+l x>xj+%
Then
_n+i -
u:Jr% = u(a:j+% —a(t—ty),ty) (a>0)
= Uj+0Uj(z;01 —alt, g1 —tn) —2j)/Ax
1 aAt alAt
— . 5 (- let _
Uit U](2 2Ax) AL
S | 1 v
Fipp = anJr%z = a(U; + 5Uj(§ - 5))
To compare with the TVD scheme, let 6U; = minmod(Uj41 — U;,U; — Uj—1)
1 v
Fipp = aUj+ (5= 5)aUjn —Uj) - ¢,1
s _ minmod(Uj41 — U;,U; — Uj_1)
it Uj+1 — Uj
0 6<0
60 =4 0 0<o<1 g Yi=Uix
1 6>1 Uj+1 = Uj
Its graph is shown in Fig.(7.3).
If a < 0, then
A U7 VAR
Ui = UntdUmg—5) Iggls?
1 v
Fiono = alUjn + 5Uj+1(—§ - 5))
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¢(0)
1
o 1 2 0

Figure 7.3: The limiter of second order Godunov method

For System Case
us + Auy =0 (2.5)

(1) Reconstruction
Construct @(z, t,,) to be a piecewise linear function.

x—wj

Ax)

() = UL + 68U

The slope is found by 6U ;= minmod(U; —U;_1,Uj41 —Uj). We can write it characteristic-
wisely: let

afy = G(U; = Ujoy),
affy = (U —Uj),

o . L R
ajp = mlnmod(am,aj,k).
Then 0U; = ) o 7.

(2) Exactly solver
We trace back along the characteristic curve to get v in half time step.

1

n+3 ~
uj+%2 = zk:ﬁku(l’]_i_% _/\k(tn.;.% —tn), tn)Tk
1 Vg 1 Vg
= > WU+ U;(5 = 5 D + > GU + Uj1(=5 = 5
A>0 A<0

= initial state of Riemann data (U;, Uj4+1) +
Vg

1 vy 1
> (el = )0+ D7 (te(=5) = 5)r)oUj.
>0 Ar<0
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u(x,t re(r,_1,7;
In another viewpoint, let u 12 be the solution of (2.5) with initial data = (@ tn) ( J -3 +%) .
itgL 0 otherwise
At
ntl Tl — MG @
Wit = it Y U (e )
Ae>0
_ nz _ Yk
= uj+ Z £ 0U7( 5 )Tk
Ae>0
where (y, r, are left / right eigenvector, Ay is eigenvalue and v, = ’\Zﬁt.
Similarly,
n+1 ﬁﬂ_Ak2_$ﬁ1
uj+§,R = = > GoU( s )Tk
A <0
- -3 pour 2’“)@
AL<0
+2 n+3 . . n+3
Then we solve (2.5) with(u U ) as the Riemann data. This gives u_ . Therefore
+ L +2,R J+§
n—l—% o >\k
Wi o= LY kU, v 2 )y
>0
= LD U (=
>0
nty
ot = = > U s (=
<0
n+2 an+2 + Un+2 Vg
_ ta it
or uj+%2 = — —Zs1gn (v EkéUjJr%?rk
Lyt gt
WhereéUJr%—Uﬁ_%’R j+iL
1 1
G Ut =Ur + RL(F(U72) = (U] 7))
2 2

7.3 Multidimension

There are two kinds of methods.
1. Splitting method.
2. Unsplitting method.

We consider two-dimensional case.

97
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7.3.1 Splitting Method

We start from
uy + Aug + Buy = 0. (3.6)

This equation can be viewed as
u = (—A0y, — BOy)u.

Then the solution operator is:
o —HAD:+BD,)
Y

which can be approximate by e t4% ¢~tB% for small t. Let A = —A9,,B = —B 0y, we have

u = el AB)
Consider e!(A1B)
t2
eAE) = 14 t(A+B) + §(A2+BQ+AB+BA)+~-
Bt = (1+t6+ﬁ62+--~)(1+tA+ﬁA2+---)
B 2 2

2
= 1+t(A+B)+%(A2+B2)+t28A+---

'-.et(A—i-B) - etB . et.A — t2(@) + (’)(t?’).
Now we can design splitting method as:

Given {Ufj},
1. For each j, solve uy + Au, = 0 with data {U}'} for At step. This gives Uirfj‘
- n At n n norm
Uiy = Ul + 1 F UL, Uly) = F(UF;, Uk 5))

where F'(U, V') is the numerical flux for u; + Au, = 0.
2. For each 1, solve u; + Bu, = 0 for At step with data {UZ”]} This gives UZ.’?FI.
At - - N

n+1l _ rrn n n n n
U =U;+ A—y(G(Um—p U) — GWU, UYi))

The error is first order in time n(At)? = O(At).
To reach higher order time splitting, we may approximate ¢**t5) by polynomials P(et““7 e!B)
or rationals R(e*4, ¢tB). For example, the Trotter product (or strang splitting) is given by
cHA+B) _ e%tAetBe%tA + O(t?’).
For t = nAt,
et(A+B)uO _ (G%AtAeAtBeéAtA) . (e%AtAeAtBe%AtA)(e%AtAeAtBe%AtA)uo

1 1
B DIAAB ALANIB LA ALA B GALA,

Trotter product is second order.
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7.3.2 Unsplitting Methods

The PDE is
ug + f(u)z +g(u)y =0 (3.7

Integrate this equation over (z;_1,z,, 1) X (yj_l , yj+1) X (tn,tne1). We have
2 2 2 2

At 1 At 1
n+l _ 711 = T3 . —”H‘z n+2 . _n+3
Ui7j N UZ’] + AZL' (fl_%h] f74+27.7) + Ay( 7.7__ gZJ“F%)

where

41 1 tnt1
f-n12. = _/t f(u(xi_;_%’ijt)) dt

Z+§7.] At
tn+1
_n-‘,—% . 1 + )
gi,j-i-% BN /tn g(u($zayj+%’t)) dt.

n n n TL+2
Looking for numerical approximations F(U”Jrk, Ui+17j+k), G(UHM’ Ui+é,j+1) forf+ ]+k,gl+m+2.

We consider Godunov type method.

1. Reconstruction

- T — Ty Y—Yj\ .

w(w,y,t,) = qu + 5mUi,j(A—x) +5in,j(A—y) inl = (332‘_%’332‘4.%) X (yj_%ay]q.%)
For example, 6,U; ; = minmod(U; j — Uiy1,5, Uiy1,; — Ui j).

2. We need to solve

w; + Aug + Buy, = 0 with data{ w(z,y,tn) for (z,y) € I

0 otherwise
At
~ At 7,+1_CLT_:BZ y_w_y]
ey ) = Ui+ D iy (—E ) o, Uy (M)
a>0
= Ui+ 20U (5= )+ G,UL)(-3)
2 7 2
a>0
where v, = “AA; Uy = bAt . For system case, A\, A} are eigenvalues of A and B.
1
U, = U+ Z S =By 8,U) rk—l—z )€ - 6,Us )
: x>0
similarly,
n+z
U, = Ul + S (5 — BV 0,Ui ) +Z V(Y - 6, Usyr )1

AL<0
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n+%
Finally, solve Riemann problem wu; + Au, = 0 with data ZréiL’j
LZ+%?RJ
TR Ut N 48U
i+, i+3,L,j (AR

AZ>0



Chapter 8

Systems of Hyperbolic Conservation
Laws

8.1 General Theory

‘We consider

up+ f(u)y =0, u= f :R™ — R"the flux (1.1)

Un

The system (1.1) is called hyperbolic if Yu, the n x n matrix f’(u) is diagonalizable with real
eigenvalues A\ (u) < Ag(u) < --- < A\, (u). Let us denote its left/right eigenvectors by ¢;(u)/r;(u),
respectively.
It is important to notice that the system is Galilean invariant, that is , the equation is unchanged
under the transform:

t— A, z— Az, VA>0.

This suggests we can look for special solution of the form ().

We plug (%) into (1.1) to yield

W () ) % ~0

= fl(u) = %u/

This implies that there exists ¢ such that «/ = r;(u) and £ = A;(u(%)). To find such a solution, we
first construct the integral curve of 7;(u): u' = r;(u). Let R;(uo, s) be the integral curve of r;(u)
passing through wu, and parameterized by its arclength. Along R;, the speed \; has the variation:

d

£>\i(3i(u078)) =V R, =V\ ;.

101
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We have the following definition.
Definition 1.15. The i-th characteristic field is called

1. genuinely nonlinear if V\;(u) - ri(u) # 0Vu.

2. linearly degenerate if V\;(u) - ri(u) =0

3. nongenuinely nonlinear if VA;(u) - r;(u) = 0 on isolated hypersurface in R™.

For scalar equation, the genuine nonlinearity is equivalent to the convexity( or concavity) of the
flux f, linear degeneracy is f(u) = au, while nongenuine nonlinearity is nonconvexity of f.
8.1.1 Rarefaction Waves
When the i-th field is genuiely nonlinear, we define

R (uo) = {u € Ri(uo)|Ni(u) > Ni(uo)}-

Now suppose u; € R;”(uo), we construct the centered rarefaction wave, denoted by (uq, u1):

. ug if £ < Ai(ug)
(u07u1)(?) =q wp if § > A(ur)

u if )\Z(UO) < % < /\i(ul)and)\i(u) = %

It is easy to check this is a solution. We call (ug, u1) an i-rarefaction wave.

N(u) =2 N\ (uy)

Ug Uy

Figure 8.1: The integral curve of v/ = 7;(u) and the rarefaction wave.

8.1.2 Shock Waves
The shock wave is expressed by:

x ug for ¥ <o
up for§ >0

Then (ug, u1, o) need to satisfy the jump condition:

flur) = f(uo) = o(u1 — uo). (1.2)
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Lemma 8.3. (Local structure of shock waves)

1. The solution of (1.2) for (u,o) consists of n algebraic curves passing through ug locally,
named them by S;(ug),i =1,--- ,n.

2. Si(up) is tangent to R;(ug) up to second order. i.e., Si(k) (ug) = ng) (ug), k = 0,1,2, here
the derivatives are arclength derivatives.

3. oi(ug,u) — Ai(up) as w — uo, and ol(ug, up) = %/\g(uo)
Proof. 1. Let S(ug) = {u|f(u)— f(ug) = o(u—1ugp) for some o € R}. We claim that S(ug) =
n
J Si(ug), where S;(ug) is a smooth curve passing through ug with tangent 7;(ug) at wy.
i=1

When u is on S(ug), rewrite the jump condition as

1
)~ fluo) = | /0 (o + (u — ) ) (1 — o)

= A(uo, u)(u — uo)

= o(u—up)

u € S(ug) <= (u — ug) is an eigenvector of A(ug,u).

Assume A(u) = f'(u) has real and distinct eigenvalues \j(u) < --- A, (u), A(ug,u) also

has real and distinct eigenvalues A1 (ug,u) < --- < Ap(uo,u), with left/right eigenvectors
li(ug,u) and 7;(up, u), respectively, and they converge to Xi(ug), 4i(up), ri(ug) as u — wg
respectively. Normalize the eigenvectors: ||7;|| = 1,¢;7; = 0;;. The vector which is parallel

to r; can be determined by

Ue(uo,u)(u —up) =0fork #i,k=1,--- ,n.
Now we define
SZ(UO) = {u\gk(uo,u)(u — UO) = 07k 7& ij — 17. .. 7n}

We claim this is a smooth curve passing through 1. Choose coordinate system 1 (ug), - - - , 7n(uo).
Differential this equation 5 (ug, u)(u — up) = 0 in r;j(ug).

a - ~
s (L1 (uo, u)(u — ug)) = Lr(uo, uo) - 7j(uo) = dji,
75—

which is a full rank matrix. By implicit function theorem, there exists unique free parameter
n

smooth curve S;(ug) passing through ug. Therefore S(ug) = |J Si(uo).
i=1

1=



104 CHAPTER 8. SYSTEMS OF HYPERBOLIC CONSERVATION LAWS

2,3. Ri(up) = up = S;(uo)
f(u) = fuo) = oi(uo, u)(u — ug) Vu € Si(uo)
Take arclength derivative along S;(uo)
f (' = ol(u —ug) + ou’ and v’ = 5.

When uv — ug
f'(u0)Si(uo) = oi(uo, uo)S;i(uo)

= Si(ug) = 7;(ug) and o (ug, ug) = i (ug).
Consider the second derivative.
(f" (), u') + f(uw)u” = o (u — ug) + 20, - u' + o
Atu = ug, u' = Si(ug) = Ri(up) = 1i(up) and v’ = S (uy),
= (f"ri,ri) + f'S] = 20ir; + 0:S)

n the other hand, we take derivative of f'(u)r;(u) = Ai(u)r;(u) along R;(uo), then evaluate
at u = uop.
(f'riyri) + f1(Vri-ri) = Niri + XNiVri -y,

where Vr; -1, = RY.

= (f= )] = RY) = (20] — X)ri
= 200 =\,

Let S} — R} = > agri(uo) = airi
k

Zk?éi()\k - )\,-)akrk =0
= ap =0k #1 and X, = 20} at ug

(R, R)=1 (S,8)=1
and (R/,R))=0 (S/,5)=0
(R} = S)Lr;

042'20

Hence R = S/ at uy.
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Let S; (ug) = {u € Si(ug)|hi(u) <

If u; € S —; (up), define

ug for ¥ < oi(ug, u1)
uy  for ¥ > oi(ug, u1)

(uo,u1) = {

(up,uq) is a weak solution.
We propose the following entropy condition: (Lax entropy condition)

)\Z(UO) > O'Z‘(UQ,ul) > )\Z(ul) (1.3)

If the i-th characteristic field is genuinely nonlinear, then for u; € S; (ug), and u; ~ g, (1.3) is
always valid. This follows easily from \; = 207 and o;(ug, ug) = Ai(ug). For ui € S; (ug), we
call the solution (ug, u1) i-shock or Lax-shock.

8.1.3 Contact Discontinuity (Linear Wave)

If VAi(u) - ri(u) = 0, we call the i-th characteristic field linearly degenerate (¢. dg.). In the case of
scalar equation, this correspond f” = 0. We claim

RZ(UO) = SZ(UO) and O'i(’LL(],’LL) = )\Z(UO) foru € SZ(UO) or RZ(’LLO)

Indeed, along R;(ug), we have

and \;(u) is a constant \;(ug) from the linear degeneracy. We integrate the above equation from
to u along R;(ugp), we get

f(u) = f(uo) = Ai(uo)(u — o).

This gives the shock condition. Thus, S;(ug) = R;(ug) and o (u, ug) = \;(ug).

Homeworks.

uo % < O'Z‘(UQ,ul)
Up, U =
(v, 1) { uyr  § > o(ug, ur)

Let T;(up) = R;F (ug) U S; (uo) be called the i-th wave curve. For uy € Tj(uy), (uo, u1) is either a
rarefaction wave, a shock, or a contact discontinuity.

Theorem 8.8. (Lax) For strictly hyperbolic system (1.1), if each field is either genuinely nonlin-
ear or linear degenerate, then for uy ~ up, the Riemann problem with two end states (u;, uR)
has unique self-similar solution which consists of n elementary waves. Namely, there exist ug =
up, -+, Uy = up such that (u;—1,u;) is an i-wave.
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Proof. Given (aq,--- ,a,) € R, define w; inductively u; € T;(u;—1), and the arclength of
(ui_l,ui) on TZ’ = ;.
TQ(Ul)
«
T
ui:f(u()aala"')ai) (6% Uy !
We want to find aq, - - - , o, such that Ug
UR = f(u[nah e 7an)'
Firstuy, = f(ur,0,---,0),as ug = ur, (a1, ,a,) = (0,---,0) is a solution. When ug ~ ur,
and {r;(up)} are independent,
0

f(ur,0,---,0) = ri(up)andf € C?

E?ai a=0

By Inverse function theorem, for ur ~ wur, there exists unique « such that ur = f(ur, «). Unique-
ness leaves as an exercise. U

8.2 Physical Examples

8.2.1 Gas dynamics

The equations of gas dynamics are derived based on conservation of mass, momentum and energy.
Before we derive these equations, let us review some thermodynamics. First, the basic thermo
variables are pressure (p), specific volume (7), called state variables. The internal energy (e) is a
function of p and 7. Such a relation is called a constitutive equation. The basic assumption are

Oe Oe

—| >0, —| >0
Op T or

p

T

Sometimes, it is convinient to express p as a function of (7, e).

2-wave
n-wave

1-wave

U2

Uy Up—1

Up = UR
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In an adiabetic process (no heat enters or losses), the first law of thermodynamics (conservation
of energy) reads
de + pdr = 0. 2.4)

This is called a Pfaffian equation mathematically. A function o (e, 7) is called an integral of (2.4) if
there exists a function u(e, 7) such that

do = - (de + pdr).

Thus, o = constant represents a specific adiabetic process. For Pfaffian equation with only two
independent variables, one can always find its integral. First, one can derive equation for y: from

oe =pand o = up
and using 0., = 0, We obtain the equation for :

pr = (Kp)e-

This is a linear first-order equation for p. It can be solved by the method of characteristics in
the region 7 > 0 and e > 0. The solutions of p and o are not unique. If o is a solution, so
does & with do = v(o)do for any function (o). We can choose p such that if two systems are
in thermo-equilibrium, then they have the same value p. In other words, p is only a function of
emperical temperature. We shall denote it by 1/7". Such T is called the absolute temperature. The
corresponding o is called the physical entropy S. The relation do = p(de + pdr) is re-expressed as

de =TdS — pdr. (2.5)
For ideal gas, which satisfies the laws of Boyle and Gay-Lussac:
pr = RT, (2.6)

where R is the universal gas constant. From this and (2.5), treating S and 7 as independent variables,
one obtains
Res(S,7) 4+ Te-(S,7) = 0.

We can solve this linear first-order equation by the method of characteristics. We rewrite this equa-
tion as a directional differentiation:
0 0
(R— +7—]e=0.

08 or
This means that e is constant along the characteristic curves

dr
Rﬁ—T.

These characteristics can be integrated as

re R = ¢,
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Here ¢ is a positive constant. The energy e(7, S) is constant when Te~5/R is a constant. That is,

e = h(¢) for some function h. We notice that ' < 0 because p = —(%)5 = —e S/Bp/(tH) > 0.
From T = (g—g)T = —%h’(qﬁ) - ¢, we see that T is a function of ¢. In most cases, 7" is a decreasing
function of ¢. We shall make this as an assumption. With this, we can invert the relation between
T and ¢ and treat ¢ as a decreasing function of 7". Thus, we can also view e as a function of 7', say
e(T), and e(T") is now an increasing function. Now, we have five thermo variables p, 7, e, S, T, and
three relations:

pr = RT

e(T)
de = TdS — pdr

e

Hence, we can choose two of as independent thermo variables and treat the rest three as dependent
variables.

For instance, e is a linear function of 7', i.e. e = ¢, T, where c, is a constant called specfic heat
at constant volume. Such a gas is called polytropic gas. We can obtain

pT
v—1

pr = RITand e = ¢, T = 2.7

or in terms of entropy,

p = AT

A
T = —EQS)T_'YH
. CU/;(S)T_,YH

where

A(S) = (v—1exp((S—So)/cv)
v = 14+ R/c,

If we define d() = T'dS, it is easy to see that ¢, and c,, are the specific heat at constant volume and
constant pressure, respectively.

B oQ\ [ Oe
o = (1) (&),

o = (52) = (Goo i

= (or), o)
or), P\or ),
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In general, ¢, > ¢,. Because ¢, is the amount of heat added to a system per unit mass at constant
pressure. In order to maintain constant pressure, the volume has to expand (otherwise, pressure will
increase), the extra amount of work due to expansion is supplied by the extra amount of heat ¢, —c,.

Next, we derive the equation of gas dynamics. Let us consider an arbitrary domain Q C R3.
The mass flux from outside to inside per unit time per unit area dS is —pv-, where n is the outer
normal of ). Thus, the conservation of mass can be read as

4 pdx = /[—pv-n]dS
[2}9]

dt o,
= —/div (pv)dx
Q

This holds for arbitrary €2, hence we have
pt + div(pv) = 0. (2.8)

This is called the continuity equation.

Now, we derive momentum equation. Let us suppose the only surface force is from pressure
(no viscous force). Then the momentum change in 2 is due to (i) the momentum carried in through
boundary, (ii) the pressure force exerted on the surface, (iii) the body force. The first term is —pvv-n,
the second term is —pn. Thus, we have

d

— [ pvdz = / —[pvv-n—i—pn]dS—i—/Fdw
dt Jo 09

= / div[—pv ® v — pI| + F dx
Q
This yields
(pv)s + div(pv®@v) + Vp=F (2.9

Here, the notation V - pv ® v stands for a vector whoes ith component is | j 0;( pv'v?). The energy

per unit volume is £ = % pv? + pe. The energy change in € per unit time is due to (i) the energy
carried in through boundary (ii) the work done by the pressure from boundary, and (iii) the work
done by the body force. The first term is —Fv - n. The second term is —pv - n. The third term is
F' - v. The conservation of energy can be read as

i/Eda::/ [—Ev-n—pv-n]dS+/F-vda:
dt Jo o0 Q

By applying divergence theorem, we obtain the energy equation:
E; + div[(E + p)v] = pF - v. (2.10)
In one dimension, the equations are (without body force)

Pt + (pu):c
(pu)e + (pu® + p)a

1 1
(5/7”2 +e) + [(5/7”2 +e+pul. = 0.
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Here, the unknowns are two thermo variable p and e, and one kinetic variable u. Other thermo
variable p is given by the constitutive equation p(p, e).

8.2.2 Riemann Problem of Gas Dynamics

We use (p, u, S) as our variables.

p v p 0 p

c P, _
U aal u =0
S/, 0 0 wu S/,

Where p(p, S) = A(S)p”,v > 1 and ¢ = 9P . The eigenvalues and corresponding eigenvectors

dp
are
AM=u-—c Ay = u A3=u-+c
p —Ps p
rn=| —c ro = 0 rs=1\ ¢
0 c? 0
el - (C7 —p, %) 62 = (0707 1) 63 = (C7p7 %)
Note that

V)\l ‘ry = %(%pPpp + 62) >0
Vg -r3 = %(%pPpp + 02) >0
V)\g 9 = U.

~—

Ry is the integral curve of (dp, du,dS) || r1 and (dp, du,dS) L ¢ and 3. Therefore on R,

(dp, du, dS) - (0,0,1) = 0
{ (dp,du,dS) - (c, p, P—CS) =0.
dS = 0 along Ry
{ cdp + pdu + %dSzO
{ cdp + pdu =0
c2dp+ PsdS + pdu=0 = dP+ pdu=0
On RQ, (dp, du, dS) 1 51, 63

c2dp + cpdu + PsdS =0
cdp — cpdu + PsdS =0

. dP + cpdu =0
dP — cpdu =0
dP =0

— {du:O P70

On R3, (dp, d’LL, dS) 1 fl, €2

dS =0
cdp — pdu =0
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Let £ = [ <29 g5 From ¢ = \/P, = /A(S)yp? 1, U(P, s) = /7A(S) =2~ 15 . Then on R},
=) dp VP YA(S) 21

U — Uug
L
Pp™7

Pe
?/ —dp=F(l —l)
P

0

2 _ 2 vP
A(S Tl = T [
YAWS) —7r 1\,

A(S) = A(So) = Popy ™.

Express p interms of P, Py, pg, then plug it into /,

{— Y4y

Figure 8.2: The integral curve of the first and the third field on the (u, P) phase plane.

On R», which is a contact discontinuity, du = 0, dP = 0. Therefore u = ug, P = P.

For 51, 53

$(P)

R1 u:u0—¢0(P)

Uu

pr+ (pu)z =0
(pu) + (pu? + P)y =0
(300 + pe)i + ((3pu* + pe + P)u)y =0

Suppose the shock is along x — ot. Let v = u — o (standing shock)
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Let
m = povy = pv

which is from the first jump condition. The second jump condition says that

povg+ Py = pv*+ P
muyy+FP = mv+ P
P—-P
m = -
vV — 1
P—P
= ——— 0 wherer = 2 is the specific volume.
mT — mTy p
2 _ P—P,
mt o= =
v—vy = —%
(u—up)* = (v—wp)* = —(P—R)(T—1)
The third one is
L5 Loy
(§POU0+P(J€0+P0)U0 = (501) + pe + P)v
1 1
== §U(2]+€0+P0T0 = §U2+€+PT
By v3 = m?72,v2 = m272,m? = —I;:foo,
P+ P
= H(P,7)=e—eg+ —;0(7—7'0):0
Recalle:%.From H(P,T)=0,
Pr Py P+ P
— — =0.

Solve fot 7 in terms of P, Py, 19, then plug into

(u—u)* = —(P — Ry) (T — 79)

Si: u = ug— ¢go(P)
S3:  u = wug+ Po(P)
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Therefore,

T(Z) w ug — ¢0(P) P < P(]
L | wo—¢o(P) P>P
7® _ ug +vo(P) P> Py
3 up + ¢o(P) P < Py
0., — Juw—t(P) P>FR
! up — ¢o(P) P < Py
o0, — [ uwtde(P) P<R
3 ug + ¢o(P) P> F
P P

Figure 8.3: The rarefaction waves ans shocks of 1,3 field on (u, P) phase plane at left/right state.

Now we are ready to solve Riemann Problem with initial states (pr,, Pr,,ur) and (pgr, Pr,uR).
Recall that in the second field, [P] = [u] = 0.

i
pr, Pryur pr, Prr,urr

ur = ujyr = Uk

pr, Pr,ur, PR, Pr,ur
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U pr, Pr,ur PR, Pr,ug
The vaccum state
T Solution must satisfy P > 0. If uy + £,
/4 is less than wu,. — £,., there is no solution.

For numerical, Godunov gives a procedure, "Godunove iteration”. The algorithm to find P:

— fi(P) = wur=ui =u, + fr(P)
. ¢0(P) P < PO
folP) = { bo(P) P> Py
We can solve this equation.
Godunov iteration is
ZR(U*_UR) = « — Pr
—Zp(uy —ur) = P.—Pp
Where
Pr P*
Zr = —P(—
R TR PR
/PL P*
Z; = <I> —
L PL
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and
sy | VT ws
w) = — _
Ll 1 }/1]71 wgl
T —w ™

This can be solved by Newton’s method.
Approximate Riemann Solver Our equation is u;+ f (u), = 0 with Riemann data (ur,,ug).
We look for middle state. Suppose uy, ~ ug, the original equation can be replaced by

u + fl(w)u, =
up+ Aw)u, = 0

Choose u = w, solve u; + A(@)u, = 0 with Riemann data u(x,0) = ug, @ <0 Let
2 ur x>0
i, £i, i be eigenvalues and eigenvectors of A. Then
T
u(?) =ur + Z (4; - (ug —ur)) - 7y

>\i<%

One severe error in this approximate Riemann solver is that rarefaction waves are approximated
by discontinuities. This will produce nonentropy shocks. To cure this problem, we expand such a
linear discontinuity by a linear fan. Precisely, suppose A;(u;—1) < 0, A;(u;) > 0, this suggests that
there exists rarefaction fan crossing ¥ = 0. We then expand this discontinuity by a linear fan. At
x/t = 0, we thus choose

U = (1 —a@)ui—1 + au;,
—Ai(ui-1)
Xi(wi) — Ni(uiz1)
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Chapter 9

Kinetic Theory and Kinetic Schemes

9.1 Kinetic Theory of Gases

9.2 Kinetic scheme

Assume the equilibrium distribution is go(&). It should satisfy (i) momentum conditions, (ii) equa-
tion of states (or flux condition), (iii) positivity. That is, the moment condition:

/ gotba(€) dE = U,

and flux condition:

/ G0Etba(€) dE = Fa(U).

For non-convex case f,

117



