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Chapter 1

Introduction

1.1 Financial Markets

A society improves its welfare through investment. The financial market provides a link
between saving and investment. Savers can earn high returns from their saving and bor-
rowers can execute their investment plans to earn future profits. In financial markets, assets
are traded in. There are many kinds of financial markets:

e stock markets,

bond markets,

e currency markets, foreign exchange markets,

commodity markets (oil, wheat, gold),

futures and options markets.

In futures or options, more complex contracts than simple buy/sell trades have been intro-
duced. These are called financial derivatives.

1.2 Financial Derivatives

1. Forwards contract: A forward contract is an agreement which allows the holder of
the contract to buy or sell a certain asset at or by a certain day at a certain price. Here,

e the certain day—maturity or expiration date,
e the certain price—delivery price,
e the person who write the contract (has the asset) is called in short position,

e the person who holds the contract is called in long position.
2. Futures (futures contracts): A future contract, like a forward contract, except,

e it is normally traded in an exchange;

1
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e it has standard features (including contract size, quality, delivery arrangement,
price quotes, daily price movement, position limit, etc.);

e it is a margin trading (certain minimal amount of money should be maintained
in a margin account);

e clearinghouse.
Options: There are two kinds of options — call options and put options. A call
(put) option is a contract between two parties, in which the holder has the right to
buy (sell) and the writer has the obligation to sell (buy) an asset at certain time in
the future at a certain price. The price is called the exercise price (or strike price).
The holder is called in long position, while the writer is called in short position.

The underlying assets of an option can be commodity, stocks, stock indices, foreign
currencies, or future contracts.

There are two kinds of exercise features:

e European options : Options can only be exercised at the maturity date.

e American options : Options can be exercised any time up to the maturity date.

Examples

Notation

1.

t current time

T maturity date

S current asset price

St asset price at time T

E strike price

¢ premium, the price of call option
r bank interest rate

An investor buys 100 European call options on IBM stock with strike price $140.
Suppose

E = 140,
Sy = 138,
T = 2 months,
¢ = b (the price of one call option).

If at time 7", S7 > FE, then he should exercise this option. The payoff is 100 x (S7 —
E) =100 x (146 — 140) = 600, The premium is 5 x 100 = 500. Hence, he earns
$100. If Sy < T, then he should not exercise his call contracts. The payoff is 0.
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The payoff function for a call option is A = max{Sr — FE,0}. One needs to pay
premium (c;) to buy the options. Thus the net profit from buying this call is

A— Ct €T(T7t) .

2. Suppose

todayist = 8/22/95,
expirationis 7' = 4/14/96 ,
the strike price £ = 250

for some stock. If S7 = 270 at expiration, which is smaller than the strike price, we
should exercise this call option, then buy the share for 250, and sell it in the market
immediately for 270. The payoff A = 270 — 250 = 20. If S = 230, we should
give up our option, and the payoff is 0. Suppose the share take 230 or 270 with equal
probability. Then the expected profit is

1 1
— — x 20 = 10.
2><O—i—2><0 0

Ignoring the interest of bank, then a reasonable price for this call option should be
10. If Sy = 270, then the net profit= 20 — 10 = 10. This means that the profits is
100% (He paid 10 for the option). If Sy = 230 the loss is 10 for the premium. The
loss is also 100%. On the other hand, if the investor had instead purchased the share
for 250 at ¢, then the corresponding profit or loss at 7" is +20. Which is only +8% of
the original investment. Thus, option is of high risk and with high return.

1.4 Payoff functions

At the expiration day, the payoff of a future or an option is the follows.

1. The payoff function of a future is

A=Sr—FE.

future (long) future (short)
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Payoff of a future, long position (left) and short position (right)

2. The payoftf function of a call option is

A = max{Sy — E,0}.

call option (Iong):max(STfK,O)

call option (shcrl):fmax{STfK,O):min(KfST,O)

Payoff of a call, long position (left) and short position (right)

3. The payoff function of a put option is

A = max{F — Sr,0}.

put option (long): max(KfST,O}

put option (shorl):fmax(K*ST‘O}:min(STfK,O)

Payoff of a put, long position (left) and short position (right)

4. Below is a portion of a call option copied from the Financial Times.

the current time ¢
the expiration T’
T—1

St

~
~

Feb 3

end of Feb,
10 days
2872
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E = 2650, 2700, 2750, 2800, 2850, 2900, 2950, 3000
c= 233, 183, 135, 89, 20, 24, 9, 3

250 T T T T T T T

200 N

150 - N

100 N

50 X i

X

K

50 I I I I I I
2600 2650 2700 2750 2800 2850 2900 2950 3000 3050

The FT-SE index call option values versus exercise price.

1.5 Other kinds of options

e Barrier option: The option only exists when the underlying asset price is in some
prescribed value before expiry.

e Asian option: It is a contract giving the holder the right to buy or sell an asset for its
average price over some prescribed period.

e Look-back option: The payoff depends not only on the asset price at expiry but
also its maximum or minimum over some period price to expiry. For example, A =
HlaX{J — SQ, 0}, J = maXo<r<T S(T)

1.6 Types of traders
1. Speculators (high risk, high rewards)
2. Hedgers (to make the outcomes more certain)

3. Arbitrageurs (Working on more than one markets, p12, p13, p14, Hull).
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1.7 Basic assumption

Arbitrage opportunities cannot last for long. Only small arbitrage opportunities are ob-
served in financial markets. Our arguments concerning future prices and option prices will
be based on the assumption that “there is no arbitrage opportunities”.



Chapter 2

Asset Price Model

2.1 Efficient market hypothesis
The asset prices move randomly because of the following efficient market hypothesis:

1. The past history is fully reflected in the present price, which does not hold any future
information. This means the future price of the asset only depends on its current
value and does not depends on its value one month ago, or one year ago. If this were
not true, technical analysis could make above-average return by interpreting chart of
the past history of the asset price. This contradicts to the hypothesis of no arbitrage
opportunities. In fact, there is very little evidence that they are able to do so.

2. Market reponds immediately to any new information about an asset.

2.2 The asset price model

We shall introduce a discrete model and a continuous model. We will show that the contin-
uous model is the continuous limit of the discrete model.

2.2.1 The discrete asset price model

The time is discrete in this model. The time sequence is nAt, n € N. Let us denote the
asset price at time step n by .S,,. We model the asset price by

Sl { u  with probability p 2.1)

S, d  with probability 1 — p.
Here, 0 < d < 1 < wu. The information we are looking for is the following transition
probability P(S,, = S|Sp), the probability that the asset price is S at time step n with
initial price Sy. We shall find this transition probability later.

7
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2.2.2 The continuous asset price model

Let us denote the asset price at time ¢ by S(¢). The meaningful quantity for the change of

an asset price is its relative change

s

S
which is called the return. The change % can be decomposed into two parts: one is
deterministic, the other is random.

e Deterministic part: This can be modeled by

s
— = pdt.
g H

Here, 1 is a measure of the growth rate of the asset. We may think p is a constant
during the life of an option.

e Random part: this part is a random change in response to external effects, such as
unexpected news. It is modeled by a Brownian motion

odz,

the o is the order of fluctuations or the variance of the return and is called the volatil-
ity. The quantity dz is sampled from a normal distribution which we shall discuss
below.

The overall asset price model is then given by

as
< = pdt + odz. 2.2)
We shall look for the transition probability density function P(S(t) = S|S(0) = Sp). Or

equivalently, the integral
b
| Pt = sis©) = siyds

is the probability that the asset price S(t) lies in (a, b) at time ¢ and is S initially.

2.3 Random walk

To study the discrete asset price model, we study a simple model—the random walk in one
dimension—first. Consider a particle moving randomly on a uniformly distributed grid
points on the real lines. Suppose the grid points are located at mAx, m € Z. In each time
step, the particle moves to its left adjacent grid point or right adjacent grid point with equal
probability. Suppose the particle is located at 0 initially. Let Z,, denote the location of this
particle at time step n. Let w(mAz, nAt) denotes for the probability that the particle is
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located at the mAx cell at the time nAt. Thatis, w(mAz, nAt) = P(Z,, = mAx|Zy = 0).
By our rule,
Ax with probability %

Zn+1 - Z’n = { —Axr with probablllty %

and
wmAz, (n+ A1) = u((m — DA, nA?) + %w((m FDARAY. (23

Suppose in n times, the particle moves p times toward right and n — p time toward left.

Then
1
m:p—(n—p):2p—n0rp:§(n+m).

Notice that m is even(odd), when n is even(odd). There is a one-to-one correspondence
between {p|0 < p < n}and {m| —n < m < n,m + niseven}. Notice also that the

number of choices in n steps that the particle moves p times toward right is (7) := (n_”—;)!p!.

When p = 1(n + m), we have

wided) = { e, i Lo

We may check that w(mAx, nAt) is a probability density function. Namely,
1. w(mAz,nAt) > 0.
2. 3, w(imAz, nAt) = 1.

Given any function f(m), we define its expectation value at nAt by
< f(m) >:= Zf(m)w(mAw,nAt).

The moments < m* >, k € N are particularly important. The first moment < m > is

called the mean, while the second moment of the variation from mean < (m— < m >)? >
is called the variance. They can be found by computing < p* >, which in turn can be
computed through the help of the following generating function:

w0 = 2 (5) )

()

cromaw-Ta(E) ()

From m = 2p — n, we have

Hence

<m>=2<p>-n=0.
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To compute the second moment < m? >, from m = 2p — n, we have
2 2 2
<m°>=4<p°>—-4dn<p>+n-.

With the help of the generating function,

' = So-0(") (3)

O2n the other hand, from G(u) = (1£*)", we obtain G”(1) = @. Hence, < p? >=
o+ 7% and
<m?>=4<p’>—4dn<p>+ni=n.

The mean of this random walk is < m >= 0, while its variance is < (m— < m >)? >=n.

Exercise
1. Find the transition probability, mean and variance for the case

Ax with probability p

Zny1 — Ly = { —Ax  with probability 1 — p

2. One can also find the transition probability w by solving the difference equation (2.3).

2.4 The solution of the discrete asset price model
Let us consider the case

Sn+1 { u  with probability %

S, | d with probability 3.

for simplicity. In n movements of the asset price, if the price goes up p times, then the price
at time step nAt is S,, = SouPd""P. Since there are (;) such choices, we then obtain the
transition probability of the asset:

n 11\n . o _
(p) (5) if S = SquPd"P,

2.4
0 otherwise. 24

P(S, = S|S,) = {

2.5 The Brownian motion

2.5.1 The definition of a Brownian motion

The definition of the (standard) Brownian motion z(t) is the following:
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1. Vt, z(t) is a random variable.

2. The increment z(t + s) — z(t), z(t) — z(t — u), u > 0, s > 0 are independent.

3. z(t) is continuous in t.

4. Vs > 0, 245 — 2 is normally distributed with mean zero and variance s, i.e., its

probability density is A/(0, s)(i.e., ﬁe%).

2.5.2 The Brownian motion as a limit of random walk

We may realize the Brownian motion as the limit of the random walk in the previous sec-
2

tion. Namely, Z,, — z(t) as n — oo with mAz — x, nAt — t and (AA“;) = ¢ fixed. This

can be proved by the Stirling formula:

1
n! &~ V2rn"tze ",

Recall that the probability

P(Z, = mAx|Zy = 0) = (g(mn+ n)) (%)"

Using the Stirling formula, we have for n, p,n —p >> 1,

n " 1., n!
<%<m+n>> (5) = S+ ) — )
N (1>n orn e "
27 \2r(L(n 4 m))ztmta \or(L(n — m))z(rmits
= ()b Dyrieemi g - Ty
()R- (i
= (o=@
2 1 m2
~ (%)QGXP(—%)

2 11 m?
1 1 _man? VAL
= ( )26 nAto2 -
2mnAt 2(Ax)
— ! 37%

V2mo?t

This means that Z,, — z(t).
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2.5.3 Properties of Brownian motion

By definition
P(x(t) = 2]2(0) = 0) = \/%e_ﬁ
We can check
. <z(t)>=0

2. <z(t)?>=t

3. Independence of disjoint increments

P(a(0) = al2(0) = 0) = [~ P(ale) = xl2(s) = ) PL(s) = yl2(0) = 0)

- 2.5)
In particular, let us define an infinitesimal increment
dz = z(t +dt) — 2(t)
We have
1. <dz>=0
2. < (dz)* >=dt
In fact we have more, we may think
dz = eVt (2.6)

where ¢ is a random variable with standard Gaussian distribution N (0, 1) (i.e. mean is 0
and variance is 1). And we have

(dz)* = dt with probability 1. 2.7)
Exercise

1. Check (2.5).

2.6 1to’s formula

In this section, we shall study differential equations which consist of deterministic part:
& = b(x), and stochastic part c2(t). Here, z(t) is the Brownian motion. We call such an
equation a stochastic differential equation and expressed as

dx(t) = b(x(t))dt + o(x(t))dz(t). (2.8)

An important lemma for finding their solution is the following It6’s lemma.
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Lemma 2.1 Suppose x(t) satisfies the stochastic differential equation (2.8), and f(x,t) is
a smooth function. Then f(x(t),t) satisfies the following stochastic differential equation:

Proof. This is not a proof, rather an intuition why (2.9) is true. According to the Taylor
expansion,

1 1
df = frdt + fpdx + §ftt (dt)? 4 for dx dt + Efm (dz)*+---.

Plug (2.8) into this equation. We recall that dz = ev/dt, where € is a random variable with
standard Gaussian distribution A/(0, 1). In the Taylor expansion of df (x(t),t), the terms
(dt)?, dt - dz are relative unimportant as comparing with the dt term and dz term. Using
(2.8) and noting (dz)? = dt with probability 1, we obtain (2.9). 1

A simple application of Itd’s lemma is to find the transition probability density function for
the s.d.e.
dr = adt + odz

where a and o are constants. By letting y = x — at, from It0’s lemma, y satisfies dy = odz.
Thus, the transition probability density function for ¥ is

1

Py(t) =yly(0) = yo) = e~ (W=v0)*/20°t
. 5(0) o) 2ot
Or equivalently, the transition probability density function for x is
— — 1 2 2
P(x(t) = z|lz(0) = z) = ——— ¢~ (@—at—z0)*/207t
) #(0) 0) 2wo?t

2.7 The solution of the continuous asset price model

In this section, we want to find the transition probability density function for the continuous
asset price model:
dS =pSdt+oSdz. (2.10)

with initial data S(0) = Sy. We apply It6’s lemma with z = f(.S) = log S. Then z satisfies

the s.d.e.
o2
dz = (M - 7) dt + o dz,
and z(0) = o := log Sy. From the discussion of the previous section, we obtain
P('r(t) = (L‘|x(0) =T ) = 1 6_($—J?0—(M_L22)t)2/20_t
VT Vamot -
From

P(z(t) = z|z(0) = xo)dz = P(x(t) = x|z(0) = x¢)dS/S
= P(S(t) = 5|5(0) = So)dS5,
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we obtain that the transition probability density function for S(t) is

P(S(t) = S|S(0) = SO) = ﬁ 6_(10g%—(ﬂ_%)t)2/2‘72t. (211)

This is called the lognormal distribution.

Exercise

1. Find the mean and variance of the lognormal distribution.

2.8 Continuous model as a limit of the discrete model

We want to show that the continuous model (2.10) is the limit of the discrete model (2.1).
The parameters in (2.10) are p and o. The parameters in (2.1) are u,d and p. We may
assume p = 1/2. First, we relate (x,0) and (u,d). Both models should have the same
mean and variance. For the continuous model, we compute its mean under the condition
S((n—1)At) = S,,—1. Then

E(S(nAt)|S,-1) = /SP(S, nAt|S((n — 1)At) = S,—1)dS

1 ~(log 55~ (u;a2)m)2/za2m) S

pr— S —
/ (\/ 22 AtS ‘
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A (p—1L52 2 /9,2
e (z—(u—50%)At)? /20 Atect: d.ilf,

1
S, / _
! V2mo2 At

_( T _V 202At)2
= V202 At 2 dx‘

1
S, etht / —¢
! V2mo2 At

= e“AtSn_l .

Here, we have used the change-of-variable: z = log % For the second moment for the
continuous model, we have

E(S(AL2|S, 1) — / S2P(S, At|S, 1) dS

(2uto?)At @2
e Sh_q.

On the other hand, the mean and the second moment for the discrete model in one time step

At are . )
(5’& + §d) Sn,1
1 1

(511,2 + 5(12) 52_1.

In order to have the same means and variances in one time step in both models, we should
require

1 1
§U2+§d2 = uto?)ar
1 1

§u+§d = Mt

Or

= M1 4 yert A 1), (2.12)
A1 — e At 1), (2.13)

These relate (u,d) and (i, o).

Theorem 2.1 Let us fix (i1, o). Let us choose a At and a Ax with (Ax)?/ At = o2. Define
(u,d) by (2.12) and (2.13). Then

P(SquPd"?|Sy)/2Ax — P(S(t) = S|S(0) = Sp)
as nAt — t, n — oo and SguPd" P — S.
Proof. Let us define x = log S, xg = log Sy. Then
log SpuPd" ™ = xy + plogu + (n — p) logd.
Thus, what we want to show is equivalent to

P(x = xo+ plogu+ (n — p)|xg)/2Az — P(x(t) = z|z(0) = x0)
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where , 2
P(x(t) = z|x(0) = xp) = o~ (@—z0—(n—%)t)*/20%t
2wo?t

To show this, we define m = 2p — n. Then p = 3(n 4+ m), n — p = 3(n — m). Hence

1 1
plogu+ (n—p)logd = —(n+m)logu+ §(n—m) logd

2
1 1
= §nlog(ud) + §m10g(g).

From (2.12) and (2.13),

2 _ 2
w-d= eQ'U‘At(Q —e° At) ~ 62[LAt e 7 At

I

% =1+ 20VAL + 0?At ~ VAL
Hence
1 1 U 1,
inlog ud + §mlog(3) ~ n(p— 3¢ VAt +movV At
1
= n(p— 502)At + mAwx.

Define Az such that % = o2. Then
1
plogu+ (n —p)logd = nAt(u — 502) + mAwx.
Recall that the probability that the price moves up p times is (;) (%)” Then the density is

(”) (1) Jo0z & (e By Lo (u= 502 20
p

2.9 Simulation of asset price model

Typically, © = 0.16, o is 0.20 ~ 0.40 for a stock. To simulate the model
s

g = pdt + odz
S(0) = S,
We perform N sample paths wy, - - -, wx. In each path, we choose time step At = 0.01, for

instance. We obtain Sy from Sy by discretizing the s.d.e. and sample a number £ from
the normalized Gaussian distribution A/(0, 1):
Sk+1 — Sk

= puAt+ oélVAL
Sk

= 0.16 x 0.014+0.2 x0.5x0.1



2.9. SIMULATION OF ASSET PRICE MODEL

Here, ¢ = 0.5 is the sampled number. Then the transition probability density function

/bP(S(t) = 5]5(0) = Sp) dS = #{w|a < S,(w) < b}/N

17
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Chapter 3

Black-Scholes Analysis

3.1 The hypothesis of no-arbitrage-opportunities

The option pricing theory was introduced by Black and Scholes. The fundamental hypoth-
esis of their analysis is that ’there is no arbitrage opportunities in financial markets”.

For simplicity, we shall also assume

1. There exists a risk-free investment that gives a guaranteed return with interest rate 7.
(‘e.g. government bond, bank.)

2. Borrowing or lending at such riskless interest rate is always possible.
3. There is no transaction costs.
4. All trading profits are subject to the same tax rate.

We will use the following notations:

current asset price

exercise price

expiry time

current time

growth rate of an asset
volatility of an asset

asset price at T’

risk-free interest rate

value of European call option
value of American call option
value of European put option
value of American put option
the payoff function

=0T QS T RAE T Nm®
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3.2 Basic properties of option prices

3.2.1 The relation between payoff and options
1. Recall that

A(t) =max(S; — £,0) for call option
A(t) =max(E — S;,0) for put option

2. ¢(Sp, T) = ANT).

Otherwise, there is a chance of arbitrage. For instance, if ¢(S7,T") < A, then we can
buy a call on price ¢, exercise it immediately. If S > E,then A = Sy — E > 0
and ¢ < A by our assumption. Hence we have an immediate net profit S — F — c.
This contradicts to our hypothesis. If ¢(Sr,T) > A, we can short a call and earn c.
If the person who buy the call does not claim, then we have net profit c. If he does
exercise his call, then we can buy an asset from the market on price St and sell to
that person with price E. The cost to us is S — E. By doing so, the net profit we get
is ¢ — (Sp — E) > 0. Again, this is a contradiction.

3. Similarly, we have

p(St.T) = A)
O(Sit) = A(t
P(S,,t) = At

3.2.2 European options

Lemma 3.2 We have the following for European options

max{S — Ee_’"(T_t),O} < <S8 3.1
max{Fe "7 — 50} < p< Ee T (3.2)

and the put-call parity
p+S=c+ Ee Y (3.3)

To show these, we need the following definition and lemmae.
Definition 2.1 A portfolio is a collection of investments.

For instance, a portfolio I = ¢ — AS means that we long a call and short A amount of an
asset S.

Lemma 3.3 Suppose I(t) and J(t) are two portfolios containing no American options
such that I(T) < J(T'). Then under the hypothesis of no-arbitrage-opportunities, we can
conclude that 1(t) < J(t), Vt <T.
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Proof. Suppose the conclusion is false, i.e., there exists a time ¢ < 7" such that I(t) > J(t).
An arbitrageur can buy (long) J(¢) and short /(¢) and immediately gain a profit I(¢) — J(t).
Since I and J containing no American options, nothing can be exercised before 7'. At time
T, since I(T) < J(T'), he can use J(7") (what he has) to cover I(7") (what he shorts) and
gains a profit J(7') — I(T'). This contradicts to the hypothesis of no-arbitrage-opportunities.
1

As a corollary, we have
Corollary 2.1 If I(T) = J(T), then I1(t) = J(t), ¥Vt < T.

Now, we can prove the basic properties of European options 1-5.

Proof of Lemma 3.2.

1. Let ] =cand J = S. AtT, we have
I(T) = ¢ = max{Sr — E,0} <max{Sr,0} = Sr = J(T).

Hence, I(t) < J(t) holds forall ¢t < T.
Remark. The equality holds when E = 0. In this case c = S

2. Consider I = ¢+ Fe ™Y and J = S. At time T,
I(T) = max{Sy — F,0} + E' = max{Sr, E} > Sr = J(T).

This implies I(t) > J(t).

3. Let] =pand J = Ee "7~ Attime T,
I(T) = max{F — S7,0} < E = J(T).

Hence, I(t) < J(t).

4. Consider I =p+ Sand J = Ee 7T~ Attime T,
I(T) = max{Sy,E} > E = J(T)

. Hence, I(t) > J(t). 1

5. Consider I = c+ Ee """V and J =p+ S. Attime T,

I(T) = ¢+ FE=max{Sy — F,0} + F = max{Sr, E'},
J(T) = p+S=max{E — Sr,0} + Sr = max{FE, St}

Hence, I(t) = J(t). 1
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3.2.3 Basic properties of American options

Lemma 3.4 For American options, we have
(i) The optimal exercise time for American call option is T and we have C = c.

(ii) The optimal exercise time for American put option is as earlier as possible, i.e. 1,
and we have P > p.

(iii) The put-call parity for American option:
S—-E<C-P<S—Ee"" (3.4)

As a consequence, P < E.

To prove these properties, we need the following lemma.

Lemma 3.5 Let I or J be two portfolios that contain American options. Suppose (1) <
J(7) at some T < T. Then I(t) < J(t), forallt <.

Proof. Suppose I(t) > J(t) at some ¢ < 7. An arbitrageur can long J(¢) and short /() at
time ¢ to make profit /(¢) — J(¢) immediately. At later time 7, he can use J(7) to cover (1)
with additional profit J(7) — I(7), in case the person who owns [ exercises his American
option. 1

Remark. The equality also holds if I(7) = J(7).

Proof of Lemma 3.4.

1. Firstly, we show C' > c. If not, then ¢(7) > C(7) for some time 7 < 7T, we can buy
C' and sell ¢ at time 7 to make a profit ¢(7) — C'(7). The right of C'is even more than
that of c. This is an arbitrage opportunity which is a contradiction.

Secondly, we show ¢ > C'. Consider two portfolios [ = C' + Ee "™ and J = S.
Suppose we exercise C' at some time 7 < 7T, then I(7) = max{S, — FE,0} +
Ee~"T=7) and J(7) = S,. This implies I(7) < J(7). By our lemma, I(¢) < J(¢)
forall ¢ < 7. Since 7 < T arbitrary, we conclude I (t) < J(t) forall ¢t < T. Combine
this inequality with the inequality of 2) of section 3.2, we conclude ¢ = C'. Further,
early exercise results C(7) + Ee """ < S(r). Hence, the optimal exercise time
for American option is 7.

2. Example. Suppose S = 50, £ = 40. If C is exercised before expiration, then the
investor needs to pay 40 to buy the share. However, he can instead invest $40 into
the bank to earn interest and there is a chance that the stock price may go up.

3. Suppose p(t) > P(t). Then we can make an immediate profit by selling p and buying
P. We earn p — P and gain more right. This is a contradiction.
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Next, we show that if we have a P, we should exercise it immediately. We consider
two portfolios I = P + S and J = Fe "T=Y_ If we exercise P at some time T,
t <71 <T7T,then

I(7) =max{E — S;,0} + S; = max{F, S, } = E.

Putting this money into bank we will receive Ee”"~7) at time 7. On the other hand,
J(t) = E7""=7), Hence, I(7) > J(7). Therefore, I(t) > J(t). Further, we see
that if we exercise P at ¢, then I(T) = Ee""~" is the maximum. Hence we should
exercise P as early as possible.

4. The second inequality follows from the put-call parity (3.3) and the facts that c = C'
and P > p. To show the first inequality, we consider two portfolios: [ = C' + E and
J = P+ S. Suppose P is exercised at some time 7, ¢ < 7 < T". Then we must have
E > S, (otherwise, we should not exercise our put option). Therefore,

J(r) = max{E—S,,0}+S, =F
I(t) = C(7)+ Ee'™™Y
= max{S, — E,0} + Ee’
— Eer(Tft).

From lemma, we have /(t) > J(t). Hence C + E > P + S.
1

Examples.

1. Suppose S(t) = 31, E = 30,r = 10%, T'—t = 0.25 year, ¢ = 3, p = 2.25. Consider
two portfolios:

I = ¢+ Eem T8 =34 30 x ¢ 01X025 = 3296,
J = p+S=225+31=33.25.

We find J(t) > I(t).

Strategy : long the security in portfolio I and short the security in portfolio J. This
results a cashflow: —3 4 2.25 4 31 = 30.25. Put this cash into a bank. We will get
30.25 x %1%0-25 = 31,02 at time T". Suppose at time 7', S > F, we can exercise
¢, also we should buy a share for £ to close our short position of the stock. Suppose
St < FE, the put option will be exercised. This means that we need to buy the share
for £ to close our short position. In both cases, we need to buy a share for £ to close
the short position. Thus, the net profit is

31.02 — 30 = 1.02.

2. Consider the same situation but ¢ = 3 and p = 1. In this case

I = c+ Ee"TY = 3225
J = p+S=1+31=32
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and we see that .J is cheaper.

Strategy: We long J and short /. To long J, we need an initial investment 31 + 1,
to short ¢, we gain 3. Thus, the net investment is 31 + 1 — 3 = 29 initially. We can
finance it from the bank, and we need to pay 29 x €%1*0-% = 29.73 to the bank at
time 7. Now, at 7', we must have that either ¢ or p will be exercised. If S > F,
then c is exercised. We need to sell the share for £' to close our short position for c.
If St < E, we exercise p. That is, we sell the share for E. In both cases, we sell the
share for E. Thus, the net profit is 30 — 29.73 = 0.27.

Remark. P — p is called the time value of a put. The maximal time value is £ — Fe "7,

3.2.4 Dividend Case

Many stocks pay out dividends. These are payments to shareholders out of the profits made
by the company. Since the company’s wealth does not change after paying the dividends,
the stock price, the strike prices fall as the dividends being paid. If a company declared
a cash dividend, the strike price for options was reduced on the ex-dividend day by the
amount of the dividend.

Lemma 3.6 Suppose a dividend D will be paid during the life of an option. Then we have
for European option

S—D—-Fe TV <e<S (3.5)
—S4+D+Ee T < p < Bem(TY, (3.6)

and the put-call parity:
c+Ee T =p4+ §—D. (3.7)

For the American options, we have (i)
S—-D-E<C-P<8—Ee" T (3.8)
provided the dividend is paid before exercising the put option, or (ii)
S—-E<C—-P<8—FEe"T™ (3.9)
if the put is exercised before the dividend being paid.
Proof. We consider two portfolios:

I = ¢+ D+ Ee T,
J = 8.

Then at time 7,

I(T) = max{Sr— E,0} + D+ E =max{Sr,E} + D
J(T) = Sr+D.



3.2. BASIC PROPERTIES OF OPTION PRICES 25

Hence I(T") > J(T'). This yields I(t) > J(t) for all ¢ < T'. This proves
c>8—D— FEe T,

In other word, c is reduced by an amount D). Similarly, we have
p>D+Ee T D _g

That is, p increases by an amount D.
For the put-call parity, we consider

I = ¢+ D+ Ee T
J = S+np.

At time T,
I = J =max{Sr, E} + D.

This yields the put-call parity for all time.
When there is no dividend, we have shown that

C—P<S—EemTb,
When there is dividend payment, we know that
CD < C, Pp>P

Hence,
Cph—Pp<C—P<8—Ee T,

For the American call option, we should not exercise it early, because the dividend will
cause the stock price to jump down, making the option less attractive. We should exercise
it immediately prior to an ex-dividend date.

For the American put option, we consider

I=C+D+E, J=P+5.
If we exercise P at 7 < T, then S, < E and

I(t) = D+ EeY,
J(r) = E+D.

We have J(7) < I(7). Hence J(t) < I(t) forall t < 7.
If the put option is exercised before the dividend being paid, then we should consider
I=C+FandJ =P+ 5. AtT,

I(r) = B,
J(r) = E.

Again, we have J(7) < I(7). Hence J(t) < I(t) forallt < 7. 1
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3.3 The Black-Scholes Equation

3.3.1 Black-Scholes Equation

The fundamental hypothesis of the Black-Scholes analysis is that there is no arbitrage
opportunities. Besides, we make the following additional assumptions:

(1) The asset price follows the log-normal distribution.
(2) There exists a risk-free interest rate 7.

(3) No transaction costs.

(4) No dividend paid.

(5) Shorting selling is permitted.

Our purpose is to value the price of an option (call or put). Let V (S, ¢) denotes for the
price of an option. The randomness of V' (S(t),t) would be fully correlated to that S(t).
Thus, we consider a portfolio which contains only .S and V/, but in opposite position in
order to cancel out the randomness. Then this portfolio becomes deterministic. To be more
precise, let the portfolio be

M=V —-AS.

In one time step, the change of the portfolio is
dll = dV — AdS.

Here A is held fixed during the time step. From Itds lemma

dll = O’S(a—V—A)dZ

oS
oV oV 1, 0V

Now, we can eliminate the randomness by choosing

oV
A=25

at the starting time of each time step. The resulting portfolio

OV 1, 0%V

is wholly deterministic. From the hypothesis of no arbitrage opportunities, the return, dﬁn,

should be the same as II being invested in a riskless bank with interest rate r, i.e.

dll
i = rdt.
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Otherwise, there would be either a net loss or an arbitrage opportunity. Hence we must
have

ov c‘)V 1 0?V
Idt = — — 262
rIldt (Sas HAS + — + 50"S as2>dt
_ (V1 ,u0Y
B (8t S 052 )dt
. 6V 1 0?V ov
2 2 _
o T30 5 = (v S_as) (3.11)

This is the Black-Scholes partial d1fferent1a1 equation (P.D.E.) for option pricing. Its left-
hand side is the return from the hedged portfolio, while its right-hand side is the return
from bank deposit. Note that the equation is independent of .

Remark. Notice that the Black-Scholes equation is invariant under the change of variable
S — AS.

3.3.2 Boundary and Final condition for European options

e Final condition:
c(S,T) = max{S— FE,0}
p(S,T) = max{E — S,0}.
In general, the final condition is
V(S,T) = A(9),
where A is the payoff function.
e Boundary conditions:
(i) On S = 0:
c(0,7)=0,Vt<7<T.
This means that you wouldn’t want to buy a right whose underlying asset costs
nothing.
(i) On S = 0:
p(0,7) = Ee "7,
This follows from the put-call parity and ¢(0,¢) = 0.
(iii) For call option, at S = oo:
c(S,t) ~ S — Ee " T as § — oo,
Since S — o0, the call option must be exercised, and the price of the option
must be closed to S — Ee™" (7=,
(iv) For put option, at S = oo:
p(S,t) — 0, as S — oo

As S — oo, the payoff function A = max{E — S,0} is zero. Thus, the put
option is unlikely to be exercised. Hence p(S,7T) — 0 as .S — oc.
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3.4 Exact solution for the B-S equation for European op-
tions

3.4.1 Reduction to parabolic equation with constant coefficients

Let us recall the Black-Scholes equation

ov. 1, ,0°V ov

— 4+ =0°S*—— +rS—— —rV =0. 3.12

M TR T G-12)
This P.D.E. is a parabolic equation with variable coefficients. Notice that this equation is
invariant under S — AS. That is, it is homogeneous in S with degree 0. We therefore make
the following change-of-variable:

as
de = —
T=—,
or equivalently,
= log =
x = log i

The fraction S/ E makes = dimensionless. The domain S € (0, c0) becomes x € (—00, 00)
and

v _ asov _ v
Ox Ox 0S 05’
D)
0x? ox 0S
— 8_58_‘/ + 58_582_‘/
ox 0S ox 052
oV o*V

— _ 2_
= 955 T 9%

ov 0*V
—+ 58—
o T a5
Next, let us reverse the time by letting

T=T—1.

Then the Black-Scholes equation becomes

a_v—1282_v+ L, oV
87'_2J 0x? ’

We can also make V' dimensionless by setting v = V/E. Then v satisfies

ov 1 ,0% 1, v
E‘§U?+(r__")__m G19
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The initial and boundary conditions for v become

c(z,0) max{e” — 1,0}
p(z,0) = max{l —e", 0}
c(—oo0,7) = 0,
p(=o0,7) = €,
clr,7) — e —eTasx —
p(z,7) — 0Oasx — oo.

Our goal is to solve v for 0 < 7 < T

3.4.2 Further reduction

In investigating the equation (5.3), it is of the following form:
Uy + QUy + bV = Uy (3.14)

The part, v; + av, is call the advection part of (3.14). The term bv is called the source
term, and the tern v, is called the diffusion term. Here , we have absorbed the diffusion
coefficient 502 in to time by setting ¢t = 7/(50?). (We somewhat abuse the notation here.
The new ¢ here is different from the ¢ we used before.)
The advection part:
vy + av, = (0 + ady) v

is a direction derivative along the curve (called characteristic curve)

dx
= qa.

pri
This suggests the following change-of-variable:

y = x—at
s = 1t

Then the direction derivative become

0s = O+ ad,
0y = 0y
Hence the equation is reduced to
Vs + bv = vy,.

Next, the equation v, + bv suggests that v behaves like e along the characteristic curves.
Thus, it is natural to make the following change-of-variable

v = ePu.
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Then the equation is reduced to
Us = Uyy.

This is the standard heat equation. Its solution can be expressed as

_(y=2)?

u(y,s):/\/i%e = f(2)dz

where f is the initial data. A simple derivation of this solution is given in the Appendix of
this chapter.

3.4.3 Black-Scholes formula

Lert us return to the Black-Scholes equation (5.3). Let us denote the rescaled payoff func-
tion by A(x). That is, )
A(z) = A(Ee”)/E.

The change-of-variables above gives

1

5 = T/(iaz)
Yy = I —as

= 1 (1 2
a = 1—r/ 50)
b= 1/(50)

= r 20
u = ev

Then

_(@=z(r=40H)7)?

202 A(z)dz (3.15)

—rT 1
vz, T)=e ——e¢
(z,7) / VomolT

In terms of the original variables, we have the following Black-Scholes formula:

1 _ (og(§)—(r=o?)(T-1))?
Vs = [ U COLCCAD
yyea —

We may express it as

V(S,t) = e "T0 / P(S",T,S,t)A(S") dS’ (3.17)
Here,
1 (log(£)—(r=F0?)(T—1))?

P(S',T,S,t) := e 20%(T 1) . (3.18)

2no2(T —t)S'

This is the transition probability density of an asset price model with growth rate r and
volatility o. In other words, V' is the present value of the expectation of the payoff under
an asset price model whose volatility is ¢ and whose growth rate is . We shall come back
to this point later.
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3.4.4 Special cases
1. European call option. The rescaled payoff function for a European call option is
A(2) = max{e* — 1,0}.
Then

U(Z’,T) _ —(x—z—(%a2—r)7)2/(2027—) (€Z . 1) dz.

—rT > 1
e ——e
/o V2mo?T

This can be integrated. Finally, we get the exact solution for the European call option

c(S,t) = SN(dy)— Ee " T IN(dy), (3.19)
1 v e
_log(R) + (r+50)(T —t)
dy = A 7 (3.21)
 log(F) + (r = 30)(T - 1)
dy = i . (3.22)

Exercise. Prove the formula (3.19).
2. European put option. Recall the put-call parity
c+ FEe T —p4 S
We can obtain the price for p from c:

p(S,t) = Be "IN (—dy) — SN (—d,). (3.23)

Exercise. Show that N'(d;) — 1 = N (—d;). Use this to prove (3.23).

3. Forward contract Recall that a forward contract is an agreement between two par-
ties to buy or sell an asset at certain time in the future for certain price. The payoff
function for such a forward contract is

AS)=S—-FE.
The value V' for this contract also satisfies the B-S equation. Thus, its solution is
given by

V =Fe "u,
where
(2,7) 1 /°° _ymamtr—go?m? (1) d
u x77— — —_— (& 20T e’ — z
V2102t J oo

— eerrT _ 1 )
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Hence,
V(S,t) =8 — Ee"TY), (3.24)

This means that the current value of a forward contract is nothing but the difference
of S and the discounted E. Notice that this value is independent of the volatility o of
the underlying asset.

Exercise. Show that the payoff function of a portfolio ¢ — p is S — E. From this and
the Black-Scholes formula (3.16), show the formula of the put-call parity.

. Cash-or-nothing. A contact with cash-or-nothing is just like a bet. If S > FE, then

the reward is B. Otherwise, you get nothing. The payoff function is

B itS>F
A(S) = { 0 otherwise.

Using the Black-Scholes formula (3.16), we obtain the value of a cash-or-nothing
contract to be
V(S,t) = Be " TTON (dy). (3.25)

. Supershare. Supershare is a binary option whose payoff function is defined to be

A(S)—{B ity < S < B,

0 otherwise.
One can show that the value for this binary option is
V(S,t) = Be "0 (N (de(Er)) — N (da(En)))

where d2(F) is given by (3.22).

. Deterministic case (o = 0). In this case, the Black-Scholes equation is reduced to

Vi+rSVy—rV =0.

Orin 7, z and u variables:
Ur — TUy, = 0

with initial data
u(z,0) = A(Ee®),

Thus,
u(x, ) = A(Se™ ).

Or
V(S,t) = e TTIA(Ser ™),

This means that when the process is deterministic, the value of the option is the

payoff function evaluated at the future price of S at 7" (that is Se’("="), and then

discounted by the factor e~"(71),
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3.5 Risk Neutrality

Notice that the growth rate ;. does not appear in the Black-Scholes equation. The option
may be valued as if all random walks involved are risk neutral. This means that the drift
term (growth rate) p in the asset pricing model can be replaced by r. The option is then
valued by calculating the present value of its expected return at expiry. Recall the lognormal
probability density function with growth rate r, volatility o is

1  (og(§)—(r=o?)(1-1))?
P(S".T,S,t) := e 20%(T~1) : (3.26)
2n0?(T —t)S'

This is the transition probability density of an asset price model in a risk-neutral world:

% =rdt + odz. (3.27)

The expected return at time 7" in this risk-neutral world is
/P(S’, T, s, t)A(S")dS'.

At time t, this value should be discounted by e="("~7)

V(S,t) = e T / P(S',T,S,t)A(S")dS".

We may reinvestigate the function A and the parameters d; in the Black-Scholes formula.
After some calculation, we find

N(dy) = / P(S.T, S, 1)dS. (3.28)
E
This is the probability of the event {3 > FE'}, where S obeys the risk-neutral pricing model:

= rdt + odz.

CD‘| %z

Similarly, one can show that

“P(S',T,S, t)S'dS’
N(dy) = Je P Se’"(Tt)) . (3.29)

is the expectation of S at T when S = 1 at ¢ and under the condition that S > F at T

3.6 The delta hedging

Hedging is the reduction of sensitivity of a portfolio to the movement of the underlying
of asset by taking opposite position in different financial instruments. The Black-Scholes
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analysis is a dynamical strategy. The delta hedge is instantaneously risk free. It requires
a continuous rebalancing of the portfolio and the ratio of the holdings in the asset and the
derivative product. The delta for a whole portfolio is A = g—g. This is the sensitivity of 11
against the change of S. By taking dII — A - dS, the sensitivity of the portfolio to the asset
price change is instantaneously zero.

Besides the delta helge, there are more sophisticated trading strategies such as:

Gamma: [' = %,
o1l
Theta: 0 = o
Vega: = g—l;[,
oIl
rho: p = o

Hedging against any of these dependencies requires the use of another option as well as the
asset itself. With a suitable balance of the underlying asset and other derivatives, hedgers
can eliminate the short-term dependence of the portfolio on the movement in ¢, S, o, r.

For the Delta-hedge for the European call and put options, we have the following propo-
sitions.

Proposition 1 For European call options, its A hedge is given by

Proof. By definition,
0
E; = N(dy) + S - N'(dy) - dys — Be ™ TN (dy) dys.
Since ,
g loe(B) + (r+ )T 1)
! oVl —t 7
we have
p B 1
18 SO’ /—(T— )7
1
dos = ——,
T Se (T —1)
1 2
N’ d;)) = —d; .
(d:) o
Hence,
g—g = N(d) + (SN'(d1) — Ee " T"IN"(dy)) /(SoVT — 1)

N(dy) +I/(SovT —1).



3.6. THE DELTA HEDGING 35

We claim that Z = 0. Or equivalently,

SN'(dy)
EN'(dy)

—rT

This follows from the computation below.

SN'(dv)
EN'(dy)

T, ef(dffd%)/z.

From (3.21)(3.22),

1 o o
2 2 2 2
= oir ((x " 27-) (@+rr 2T> )

= 2(x+r7)

Hence,

S N'(dy)
EN'(dy)

— 6$ . €—$—7‘T — G_TT.

Proposition 2 For European put options, its /A hedge is given by

Proof. From the put-call parity,

_Op _0c 1 A
— S% = ce 1= N(d) — 1= —N(=dy),

3.6.1 Time-Dependent r, o,

Suppose r, o, p are functions of r, but also deterministic. The Black-Scholes remains the
same. We use the change-of-variables:

S=Fke, V=Fv, 7=T-—t.

The Black-Scholes equation is converted to

Yu, — r(T)v (3.30)

Uy = —— U + (1(7) —

We look for a new time variable 7 such that

d# = o*(7)dr
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For instance, we can choose

Then the equation becomes
Vs = —VUge + a(T)v, — b(7)v. (3.31)

To eliminate a(7), we consider the characteristic equation:

dx R
7= )

This can be integrated and yields

:E:—/ a(thdr' + v,
0

Or equivalently,
y==x +/ a(t)dr' = x + A(7).
0

Now, we consider the change-of-variable:

Then,
o w00
or'" oz oy Oy’
and
0 or 0 Oz 0 0 L0
— —=——a(7)=—.

5= 5707 T 9700~ o7

The equation (3.31)is transformed to

Let B(7,) = foﬁ b(r')dr', and u = eP™y, then uz, = Lu,,. And we can solve this heat
equation explicitly.

3.7 Trading strategy involving options
The options whose payoff are max{Sr — F,0} or max{E — Sr,0} are called vanilla

option. In this section, we shall discuss more general payoff functions. The goal is to
design a portfolio involving vanilla option with a designed payoff function.
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3.7.1 Strategies involving a single option and stock
There are four cases:

a. I1 = S — ¢ (writing a covered call option). In this strategy, we short a call, long a
share to cover c¢. The payoff of Il is A = S — max(S — E,0) = min{S, £'}. In this
case, we anticipate the stock price will increase.

b. II = ¢ — S (reverse of a covered call). In this strategy, we anticipate the stock price
will decrease. And A = —min{S, F'}.

c. II = p+ S (protective put). In this portfolio, we long a p and buy a share to cover p.
We anticipate the stock price will increase. The payoffis A = S+ max{E — 5,0} =
max{S, E'}.

d. Il = —p — S (reverse of a protective put). We do not anticipate the stock price will
increase. The payoff is — max{S, E'}.

Below are the payoff functions for the above four cases.

(a) (b)
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(©) (d)

3.7.2 Bull spreads

In this strategy, an investor anticipates the stock price will increase. However, he would
like to give up some of his right if the price goes beyond certain price, say F,. Indeed, he
does not anticipate the stock price will increase beyond E5. Hence he does want to own a
right beyond FEj5. Such a portfolio can be designed as

H:OEl _CEza El <E27

where (', is a European call option with exercise price E; and C,, C'g, have the same
expiry. The payoff

A = max{Sr — E;,0} — max{Sy — E»,0}
0 if Sp < F
= ST—El ifE1<ST<E2
FEy, — E; if ST > Py

Since Fy < Es, we have C'y, > Cg,. A bull spread, when created from Cp, — Cg,,
requires an initial investment. We can describe the strategy by saying that the investor has a
call option with a strike price ££; and has chosen to give up some upside potential by selling
a call option with strike price F; > FEj. In return, the investor gets £y — F if the price
goes up beyond Fjs.

Example: Cp, = 3, Cg, = 1 and E; = 30, E, = 35. The cost of the strategy is 2. The

payoff
0 it Sp <30
Sr—30 if30 <Sp <35
5 if Sp > 35

The bull spread can also be created by using put options

H:PEl_PEga By < Es.
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3.7.3 Bear spreads

An investor entering into a bull spread is hoping that the stock price will increase. By
contrast, an investor entering into a bear spread is expecting the stock price will go down.
The bear spread is

H:CEQ_CElj E; < Es.
There is cash flow entered (Cg, — Cg,). The payoff is

3.7.4 Butterfly spread

If an investor anticipate the stock price will stay in certain region, say, £y < St < Fj, he
or she can have a butterfly spread such that the payoff function is positive in that region and
he or she gives up the return outside that region.

1. Butterfly spread using calls: Define the portfolio:
II = CE‘l — 2CE2 + CEg, with B < Fy < Eg.
where E5 = Ey + (Es — Ej). Its payoff function is a piecewise linear function and

is determined by A(F,) = A(E5) = 0, A(Es) = E; — E. Below is the graph of its
payoff function.

Example: Suppose a certain stock is currently worth 61. A investor who feels that it
is unlikely that there will be significant price move in the next 6 month. Suppose the
market of 6 month calls are

E C
55 10
60 7
65 5

The investor creates a butterfly spread by

Il = Cp, — 2Ck, + Cl,.
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The costis 10 +5 — 2 x 7 = 1. The payoff is

55 60 65 S

2. Butterfly spread using puts.

E E
Py, + Py, —2Pp,, Ey < E;, E,= %
linear
0 ifS<FEy,—AFE, orS > FEy; — AFE

Remark 1. Suppose European options were available for every possible strike price F,
then any payoff function could be created theoretically:

A

where F; = 1AFE, A; is constant. Then A(FE;) = A; and A is linear on every interval
(E;, Fiy1) and A is continuous. As AF — 0, we can approximate any payoff function by
using butterfly spreads.

Remark 2. One can also use cash-or-nothing to create any payoff function:

A

where
W(S):=H(S)— H(S — AFE).

The value for such a portfolio is

Vo= T / P(S',T, S, t)A(S")dS',
= €7T(T7t)2AiP(Ei S S S Ei+1).



Chapter 4

Variations on Black-Scholes models

4.1 Options on dividend-paying assets

Dividends are payments to the shareholders out of the profits made by the company. We
will consider two “deterministic” models for dividend. One has constant dividend yield.
The other has discrete dividend payments.

4.1.1 Constant dividend yield

Suppose that in a short time dt, the underlying asset pays out a dividend D Sdt, where Dy
is a constant, called the dividend yield. This continuous dividend structure is a good model
for index options and for short-dated currency options. In the latter case, Dy = 1y, the
foreign interest rate.

As the dividend is paid, the return % must fall by the amount of the dividend payment
Dydt. 1t follows the s.d.e. for the asset price is

d
?S = (u — Dy)dt + odz.

For a portfolio : I =V — AS, we choose A = g—g in order to eliminate the randomness of
dIl. In one time step, the change of portfolio is

dll = dV — AdS — ADySdt,
the last term —ADySdt is the dividend our assets received. Thus

dll = dV — A(dS + DySdt)

oV
O'S (% — A) dz

ov 1 0*V
+ <(u — DO)S% + 50252W + Vi — (b= Do)AS — ADOS> dt
B oV 1, 0%V
= (‘/;5 —D()S% + 50’ S w) dt,

41
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Here, we have chosen A = g—‘g to eliminate the random term. From the absence of arbitrage
opportunities, we must have

dIl = rlldt.
Thus,
oV 1 0’V oV
DyS— 0252 = - S—.
Vi — OS@S 5852 T(V S@S)
i.e.,
1 o’V oV
Vi + 032832+( DO)S%—H/—O

This is the Black-Scholes equation when there is a continuous dividend payment.
The boundary conditions are:

The latter is the asset price S discounted by e~?°("=% from the payment of the dividend.
The payoff function ¢(S,T") = A(S) = max{S — E, 0}.
To find the solution, let us consider

(S t) = e DT (S ).

Then c; satisfies the original Black-Scholes equation with r replaced by » — Dy and the
same final condition. The boundary conditions for c; are

Hence,
CI(S, t) = SN(CZL()) - E€_(T_DO)(T_t)N(d2,0>
or
c(S,t) = SemPT=ON(d, o) — Be " TN (dap)
where

P In2 + (r — Do+ 0%)(T — t)
e VT —1 ’
dg’o = dl’(] — oV T—t

Remark. ¢ N\, as Dy .
Exercise. Derive the put-call parity for the European options on dividend-paying assets.
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4.1.2 Discrete dividend payments

Suppose our asset pays just one dividend during the life time of the option, say at time .
The dividend yield is a constant. At ¢;+, the asset holder receiver a payment d,S(t,—).
Hence,

S(tat) = S(ta=) — dyS(ta—) = (1 — dy)S(ta—).

We claim that across the jumps, V' should be continuous, i.e.,
V(S(td—), td—) = V(S(td+), td—f-).

Reason : Otherwise, there is a net loss or gain from buying V' before ¢, then sell it right
after 4. To find V/(.S, ), here is a procedure.

1. Solve the Black-Scholes from 7" to T+ to obtain V' (.S, t4+) (using the payoff func-
tion A)

2. Adjusting V' by
V(S ta—) =V ((1 —d,)S, ta+)

3. Solve Black-Scholes equation from ¢4 to ¢ with the final condition V' ((1—d,)S, t4+).

Let ¢, be the European option for this dividend-paying asset. Then
Cd(S, t) = C(S,t, E) for tg+ <t < T

Cd(S, td—) = Cd(S(l — dy),td+> = C(S(l — dy),t, E)
Note that

co(S(1—d,),T,E) =max{S(1 —d,) — E,0} = (1 — d,) max{S — (1 —d,) ' E, 0}
and the linearity of the Black-Scholes equation, we obtain

(S(1—d,),t, B) = (1 —d,)e(S,t, (1 — d,) " E).

4.2 Warrants

An European warrant is a right to purchase an underlying stock at price X at expiry. We
want to determine the price of a warrant. Suppose a company has /V outstanding shares and
M outstanding European warrants. Suppose each warrant entitles the holder to purchase
~ share from the company at time 7" at price X per share. Let Vi be the value of the
company’s equity at 7'. If the warrant holders exercise, then the company received a cash
inflow M~X and the company’s equity increases to V7 + M~.X. This value is distributed
to N + M~ shares. Hence the share price becomes

VT—FM’}/X
N+~yM
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The payoff to the warrant holder is

Lm0 - RN )
max{v{ N 5 X},O} N M’ymaX{N X,O}

This is exactly the payoff function for a European call. Thus, The value of the warrant at
time ¢ should be

w

N~y V
= ——c(—,t, X

v X
where V' is the value of the company’s equity at time ¢, ¢(.S, ¢, X) is the value of a European
call with strike price X. Since V = NS + Mw, i.e., % =S+ %w. We obtain a nonlinear
algebraic equation for w:

N~y
N + M~y
N~

- Yor ((5 + %ww(dl) — Xe "IN (d2>)

M
c(S+Ww,t,X)

where

log((S + NMw)/X) + (r + 303)(T —t)
oVl —1t
dy = dy—ovT —1t.

This algebraic equation can be solved numerically.

d =

4.3 Futures and futures options

4.3.1 Forward contracts

Recall that a forward contract is an agreement between two parties to buy or sell an under-
lying asset on a certain price [ at a certain future time 7. Here, E is called the delivery
price. The payoff function for this forward contract is A = Sy — E. Based on the no
arbitrage opportunity, the price for this forward contract is

f=8—Ee T,

Definition 3.2 The forward price F' for a forward contract is defined to be the delivery
price which would make that contract have zero value, i.e.,

Ft = St er(Tit) .

One can take another point of view. Consider a party who is short the contract. He can
borrow an amount of money S; at time ¢ to buy an asset and use it to close his short
position at 7. The money he received at expiry, F', is used to pay the loan. If no arbitrage
opportunities, then

F = G’
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4.3.2 Futures

Futures are very similar to the forward contracts, except they are traded in an exchange,
thus, they are required to be standardized. This includes size, quality, price, expiry,. . . etc.
Let us explain the characters of a future by the following example.

1. Trading future contracts
e Suppose you call your broker to buy one July corn futures contract (5,000
bushels) on the Chicago Board of Trade (CBOT) at current market price.

e The broker send this signal to traders on the floor of the exchange.

e The trader signal this to ask other traders to sell, if no one want to sell, the trader
who represents you will raise the price and eventually find someone to sell

e Confirmation: Price obtained are sent back to you.
2. Specification of the futures: In the above example, the specification of this future is

e Asset : quality
Contract size: 5,000 bushel

Delivery arrangement: delivery month is on December
e price quotes
e Daily price movement limits: these are specified by the exchange.

e Position limits: the maximum number of contracts that a speculator may hold.
3. Operation of margins

e Marking to market: Suppose an investor who contacts his or her broker on June
1, 1992, to buy two December 1992 gold futures contracts on New York Com-
modity Exchange. We suppose that the current future price is $400 per ounce.
The contract size is $100 ounces, the investor want to buy $200 ounces at this
price. The broker will require the investor to deposit funds in a “margin ac-
count”. The initial margin, say is $2,000 per contract. As the futures prices
move everyday, the amount of money in the margin account also changes. Sup-
pose, for example, by the end of June 1, the futures price has dropped from
$400 to $397. The investor has a loss of $200x3=600. This balance in the mar-
gin account would therefore be reduced by $600. Maintaining margin needs to
deposit. Certain account of money to keep that futures contract.

e Maintenance margin: To insure the balance in the margin account never be-
comes negative, a maintenance margin, which is usually lower than the initial
margin, is set.

Theorem 4.2 Forward price and futures price are equal when the interest rates are con-
stant.
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Proof. Suppose a futures contract lasts for n days. Let the future prices are
F07 T Fn

at the end of each business day. Let 0 be the risk-free interest rate per day. Consider the
following two strategies:

1. Invest G in a risk-free bond and take a long position of amount ™ forward contract.
At day n, Gpe™ is used to buy the underlying asset at price Spe".

2. e Invest Fj amount of money in a risk-free bond.

6

e Take a long position of future e° amount of at the end of day 0.

)

e Take a long position of future ¢ amount of at the end of day 1.

Day 0 1 2 eeoon—1 n
futures price Fy F Fy e By F,
position ed 20 39 end 0

gain/loss 0 e (Fy — Fy) e (Fy — Fy) - oo e (F, — Fp_y)
compound € (F — Fp)e®=1D8  ¢20(Fy — Fy)er—2)0 - e

The total gain/loss from the long position of the futures is

(E - E—l)eié . e(nfi)(;

M-

= (F,— FRp)e™
(ST — Fo)e”‘s.

If we invest Fj initially, at 7', we received Fye™, N, investment is required for all
the long future positions. The payoff of strategy 2 is

}71067“S + (ST — Fg>€n6 = STe”‘;.

Since both strategies have the same payoff, we conclude their initial investments must be
the same, i.e., Fy = Gy = Sre” @1, 1

4.3.3 Futures options

Options on futures are traded in many different exchanges. They require the delivery of an
underlying futures contract when exercised. When a call futures option is exercised, the
holder acquires a long position in the underlying futures contract plus a cash amount equal
to the current futures price minus the exercise price.

Example. An investor who has a September futures call option on 25,000 pounds of cop-
per with exercise price &/ = 70 cents/pound. Suppose the current future price of copper
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for delivery in September is 80 cents/pound. If the option is exercised, the investor re-
ceived 10 cents x25, 000+long position in futures contract to buy 25,000 pound of copper
in September at price 80 cents/pound.

The maturity date of futures option is generally on, or a few days before, the earlist
delivery date of the underlying futures contract.

Futures options are more attractive to investors than options on the underlying assets
when it is cheaper or more convenient to deliver futures contracts rather than the asset itself.
Futures options are usually more liquid and involved lower transaction costs.

4.3.4 Black-Scholes analysis on futures options

As we have seen that the futures price is identical to the forward price when the interest
rate is a constant, i.e., F' = Se” """, From Itds lemma, we obtain a pricing model for F:
dF = (F,+ = F550252)dt + FsdS
as
(—re"TD8)dt 4 Ser =0 =
= (—=rF)dt + F(pdt + odz)
(g —r)F)dt + Fodz.

Hence,

dFF = (u—r)dt + odz. 4.1)

This means that the futures price is the same as a stock paying a dividend yield at rate r.
Next, we study the value V' of a futures option. It is a function of F, t. Consider a
portfolio
M=V - AF

We choose A = g—g to eliminate randomness of dII. Then

dll = dV — AdF

ov v 10%V ov

v
= (gpurF + - 4 57550 F?)dt + =0 Fdz — — (upFdt + o Fdz)
) (gi; 1 a1t at2F2)2£F OF OF

T ot 20F?

Since it costs nothing to enter into a future contract, the cost of setting up the above portfolio
is just V. Thus based on the no arbitrage opportunity,

dll = rVdt,
Thus, we obtain
Vi + ! 22— rv =7rV
O' =
D) OF?

The payoff function for a call option is A = max{F — F,0}. This is because at time 7,
St = Fr.
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To solve this equation, we recall the option price equation for stock paying dividend is

PV OV

122
Vit 59° g +

In our case, Dy = r, so the futures call option
c(F,t) = e " T D¢ (F 1)
where ¢, satisfies Black-Scholes equation with 7 replaced by » — r = 0. This gives

Cl(F,t) = FN(dl)—EN(dQ),

i, — InL — 10T —1t)
oVl —t ’
di = do+oVT —t

Notice that this V/ is the same as V (S(F,t),t), where V is the solution of the option corre-
sponding to the underlying asset S. That is

V(S t) = N(dy) — Ee " TN (dy)
. In2 + (r—10%)(T —1t)
S oI —t ’
d1 = dQ—I—O'\/T—t

We can write this V' in terms of F by S = Fe (%) Plug this into the above equation to
obtain

d2 — E 2
o1 —t
B Inf — 13T 1)
B oI —t ’

V(S(F,t),t) = SN(dy)— Ee " T"IN(dy)
Fe " TN (dy) — Ee "IN (dy)
= V(F,1)

Conclusion:
1. Futures price F' = S,e"(T—4),
2. Futures price is the same as a stock paying dividend at yield rate r.

3. The price for future options is the same as the price for options on the underlying
assets.

Finally, let us find the put-call parity for futures options.
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Proposition 3
c—+ Eefr(Tft) =p+ Fefr(Tft)

Proof. Consider two portfolios:

A = c+ Ee"T)
B = p+ Fe "% 4 afutures contract

At time 7,

Ay = max{Fr— E,0} + F = max{Fr, E},
AB = maX{E - FT; 0} + F + (FT - F) = maX{E’, FT}

Hence we obtain A = B. 1

49
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Chapter 5

Numerical Methods

5.1 Monte Carlo method

We recall that the value of a European option is given by
V(S,t) = e "T0 / P(S,T, S, t)A(S)dS

where A is the payoff function, P is the transition probability density function of S which
satisfies

ds .

— =rdt + odz, (initial state S(t) = ) (5.1)
1.e., it is the asset price model in the risk-neutral world. The Monte Carlo simulation is a
numerical procedure to estimate V' based on this formula.

To find V', we sample, say, 10,000 paths from (5.1). We obtain S;(7), i =1,...,10000.

We then approximate V' by

Ner(Tt) ZA

To sample a path from (5.1), we divide the interval [t,T] into M subinterval with equal
length At = % We sample M random numbers €, £ = 1,..., M with distribution
N(0, 1)(i.e., the normal distribution with mean 0, variance 1). We then define S;(t + kAt)
by
S(t+ kAt) — S(t+ (k —1)At)
=rAt VA
S(t+ (k—1)At) S et o

Remark. The error of a Monte-Carlo method is O (ﬁ) If there is only one underlying

asset, the Monte Carlo does not have any advantage. However, if there are many under-
lying assets, say more than three, the corresponding Black Scholes equation is a diffusion
equation in high dimensions. In this case, finite difference method is very difficult and the
Monte Carlo method wins.

51
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5.2 Binomial Methods

In binomial method, we first simulate a risk-neutral asset price model forward in time by
a binomial model, then we determine the option price from the expectation of the payoff
function according to the price distribution of the asset in the risk-neutral world.

5.2.1 Binomial method for asset price model
We consider the underlying asset is risk-neutral, i,e.,

ﬁ =rdt + odz 5.2)
S
We shall approximate this continuous model by the following discrete model.
First, we assume our discrete asset prices only take discrete values S; = Sye/2%, where
So is the asset price at current time ¢, and Ax is a parameter to be determined later. We
want to find the probability distribution of the asset price in a risk-neutral world at time 7'
whose current price is Sy.
Next, we discrete the continuous model in time, namely, we partition [¢, 7] into N
subintervals with equal length At = (T — t)/N. The discrete asset price model is:

if the asset price is at S; at time step n, then the asset price will move up to S;;; =
Sju with probability p and move down to S;_; = S;d with probability 1 — p. Here,
u=eand d = e 27,

Let us denote the probability that the price is at .S; at time step n by ;. Then P =1and
P is exactly the binomial distribution:

o[ O A=p nrj=
J 0 otherwise.

This discrete model depends on two parameters: « and p. ( The down ratio d = 1/u.) They
are determined by the conditions so that the discrete model and the continuous model have
the same mean and variance in one time step At¢. We recall that these conditions are
put (1 —p)d = e
pu2 + (1 _ p)d2 _ €(2r+02)At

Thus, p and u can be expressed in terms of 7, o and At. A simple calculation gives

u = 1+0VAt+O(At)
p = %+O(\/A_t)

We should require At is chosen so that 0 < p < 1.

Remark. If we denote log S/E by z, then the movement of S on the discrete values S
corresponds to a movement of x on z; = jAx. This movement is exactly the random walk
we introduced in Chapter 2.
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5.2.2 Binomial method for option

Since the asset price only takes discrete values .S;, we shall approximate V' (.S;, t +nAt) by
V. We recall that V™ is the expected value of the option at (n+ 1) At discounted by e AL
If S takes value at S; at time step 7, then S takes values S, with probability p and S;_,
with probability 1 — p. Therefore, the expected value of V' at time step n should satisfies

rAtyn n n
e th = pv}-ﬁl + (1 _p)v}—ﬁl-

Example. For put option,

T = 5 months = 0.4167 year
At = 1months = 0.0833 year
r = 01, o=04
S = $50, E =3$50
u = VA = 11224
d = 0.8909
p = 0.5076
e = 1.0084

We begin to generate a binomial tree from S = 50 consisting of S7 = Su"d"™", where
n+j =2r, —n < j < n. Then we compute V}" inductively from n = N ton = 0 by

AV = pVIE 4 (1= )V

with VjN being the payoff function. The value V{ is our answer.

5.3 Finite difference methods (for the modified B-S eq.)

In this section, we shall solve the Black-Scholes equation by finite difference methods.
Recall that the Black-Scholes equation is

1,00V oV
Vit 50?5y =r(V - 552).

Using dimensionless variables S = Fe®, V = Fv, 7 =T — t, we have

1 ,0% 1, 0v
=50 g T g,
Let v = e7""u, then u satisfies
1 ,0% 1, 0u
Ur 50‘ ? + (T — 50’ )% (53)

The initial condition for w is

_f max{e® —1,0} for call option
u(w, 0) = { max{1 —e”,0} for put option
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The far field boundary condition for u is

u(—o0,t) =0, wu(x,t)=e"e"asx — oo
for a call option, and

u(—oo,t) =1, u(xr,t) =0asx — oo

for a put option.

5.3.1 Discretization methods

To solve (5.3) numerically, we follow the following procedure:

1. Discretize space and time. We choose a proper finite domain (zp, zg), discretize it

into
TR — XL

xz; =jAz, j=—N,..,N, where Ax = N

.. . . . T—
Similarly, we discretize [¢, T] into N steps, At = L=L.

We shall approximate u(x;, nAT) by UF, V(x;,nAT) by VJ*. From v = e™""u, we
have
n —rnATTT™I

2. Spatial discretization. We replace the spatial derivatives by finite differences:

(a) u, is replaced by one of the following three:

Ujp1—Uj—1

u 2uA33 1 9
j—Uj—1 el 2
Uy — “ i 1f%a2 r>0
Sy el o2
e if 5o r <0.

U'+1—21L'+U'_1
(b) u.’ﬂfb — ! (A$])2 .

Then the right-hand-side of (5.3) is discretized into
O'2 U‘1—2U‘+U'_1 CT2 U‘l—U'_l
U): = (—)=22* J J S o S
(QU); = (5) (Az)? =5 "5

3. Temporal discretization. For the temporal discretization, we introduce the following
three methods:

(a) Forward Euler method:

grtt — gn
J J ny
(b) Backward Euler method:
gntt —pyn
J J n+1y

(¢) Crank-Nicolson method:
urtt—ur 1

A7 L= 5[(QU"H)J'+(QU")]‘]-
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5.3.2 Binomial method is a forward Euler finite difference method

We choose © = S/S;, where S is the current asset price value. Let z; = jAz, j =
—N, ..., N, where Ax is a small parameter satisfying some stability constraint to be shown
below. Let us partition the time interval [¢,7] into N subintervals uniformally, and let
At = (T —t)/N.
For the forward Euler method, we rewrite it as
Uittt = U+ AHQU™);
= aU}', + 00U} + U\,

In terms of V;-”, we have

1 At
CHVT = V;"+5—(A) (Vi =2V + V)
= DAL v v
R At At
- {5(&1;)20 (r 7%}%*(1 By Vi
lﬂ 2_( __)ﬂ
2 (802’ VT 2 2An

= adVl, +b0V" + V),

We should require a, b, ¢ > 0 for stability reason. This will be discussed later. Notice that
a+b-+c = 1. Thus V”Jrl is the “average” of V" |, V", V', with weight a, b, ¢, then
discounted by e~"A¢,

The stability condition a, b, ¢ > 0 reads

At< At 2 <
Ax_(A:L’)2U -

Next, let us consider a special case: b = (0. We can choose A7 and Ax properly so that
b=0.1e.,1= o?. In this case,

(A )2

emtv}nH Vﬁu (1 _P)an—1

wherep=a =1 ( AA;P o+ (r — %Q)QAA—’;. The stability condition is satisfied if and only if
0<p<l. (5.4)

We see that this finite difference is identical to the binomial method in the previous section.

5.3.3 Stability

Definition 3.3 A finite difference method is called consistent to the corresponding P.D.E.
if for any solution of the corresponding P.D.E., it satisfies

FED.E (finite difference equation) + ¢(Ax, At)
and e — 0as At, Ax — 0
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Definition 3.4 The truncation error of a finite difference method is defined to be the func-
tion €(Ax, At) in the previous definition.

For instance, the truncation error for central difference is

0.2 2

And the truncation for various temporal discretizations are

1. Forward Euler:

u(jAz, (n 4+ 1)At) — u(jAz, nAt)

At — (Qu)(jAz, nAt) = O((Az)?) + O(At).

2. Backward Euler:

u(jAz, (n + 1)At) — u(jAx, nAt)
At

—(Qu)(jAz, (n+1)At) = O((Az)*)+O(At).

3. Crank-Nicolson method

u(jAz, (n 4+ 1)At) —u(jAz,nAt) 1
At 2
= O((Az)*) + O((At)?).

[(Qu)(GAz, (n + 1)At) + (Qu)(jAz, nAt)]

The true error U — u(jAx, nAt) is usually estimated in terms of the truncation error.

Definition 3.5 A finite difference equation is said to be (L?— )stable if the norm
IU™1* = 54|07 [*Ax
is bounded for all n > 0.

Definition 3.6 A finite difference method for a P.D.E. is convergent if its solution U}" con-
verges to the solution u(jAx, nAt) of the corresponding P.D.E..

Theorem 5.3 (Lax) : For linear partial differential equations, a finite difference method
is convergent if and only if it is consistent and stable.

This theorem is standard and its proof can be found in most numerical analysis text book.
We therefore omit it here.

Since the consistency is easily to achieve, we shall focus on the stability issue. A
standard method to analyze stability issue is the von Neumann stability analysis. It works
for P.D.E. with constant coefficients. It also works “locally” and serves as a necessary
condition for linear P.D.E. with variable coefficients and nonlinear P.D.E.. We describe his
method below.
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We take Fourier transform of {U;}°2_ _ by defining

]_—OO

oo
= Z [jj@il‘j5

j=—o00

It is a well-known fact that

Ul = I d
> —= | 1era
= |0

Thus, the boundedness of 3~ |U;|* can be estimated by using |U||2. The advantage of
using U is that the finite difference operation becomes a multiplier in terms of U/. Namely,

DU = Y (B e

J

> (Ujei(a’+1)£ _ Ujeiung)
- 9

J
— ( et e Zg)ZUe%

= (2isin&)U(¢)

For the finite difference operator QU,m we have

QU) = D (Qu)ye

j

21 2 1 A
= [% Ar (2003§—Z)+(7‘—%)A—x(%smf)](]
= QU(©).

For forward Euler method,
Umi(e) = (1+AQE)T
GEuUn
— G(f)n+1[7?"

We observe that
| Tera = [ic@miePr e

< max |2"/|U0 ()|* d¢

ce(—m,m)
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If |G(§)] <1, V¢ € (—m, ), then stability condition holds. On the other hand, if |G(&)| >
1 at some point &, then by the continuity of (-, we have that

G =1+e

for some small ¢ > 0 and for all £ with |§ — &,| < 0 for some 6 > 0. Let consider an initial

condition such that
1 €& <0
0 otherwise.

776 = {

Then the corresponding U will have

/ RGO / GEP T de

—pi
— O

as n — o0o. We conclude the above discussion by the following theorem.

Theorem 5.4 For a finite difference equation with constant coefficients, suppose its fourier
transform satisfies’

Un1(€) = G(E) T (€)

Then the finite difference equation is stable if and only if
GO <1V € (—m,m].

Example: Let apply the forward Euler method for the heat equation: u; = u,,. Then

urtt—ur 1 At
J J no_9[mn n n+l _ 7rn D2 n
N (M)Q(U]+1 ur+Uit,), =U U™ + Ar) U
From von Neumann analysis:
U?’H—l = [1+W<2COS§—2)]U7L
At & —~
= (1-4 22U
( (Ar)? sin 2)
= GEU
Hence
At f 1 At 1
G| <1= Aoy sin? 5 = 5 — Ao 5 (stability condition)
If we rewrite the finite difference scheme by
At At At
grtt = ——_pyr —2—— ) U+ ——=U"
J (A )2 J+1 ( (AI)Q) J + (Am)2 Jj—1

= U, +bUP + U,
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Then the stability condition is equivalent to
a,b,c>0.

Since we have a + b + ¢ = 1 from the definition, thus we see that the finite difference
scheme is nothing but saying U; "1 js the average of Uy, U and UL, with weights

a, b, c. In particular, if we choose ( AAt) = 2, then b = 0. If we rename a = p, ¢ = 1 — p,
then U ]7”“1 = pU},, + (1 — p)Uf ;. This can be related to the random walk as the follows.

Consider a particle move randomly on the grid points jAz. In one time step, the particle
moves toward right with probability p and left with probability 1 — p. Let U}" be the
probability of the particle at jAx at time step n for a random walk.

U]T“Ll =pUj", + (1 _p)an-Fl‘

We can also apply the above stability analysis to backward Euler method and the Crank-
Nicolson method. Let us only demonstrate the analysis for the heat equation. We left the
analysis for the Black-Scholes equations as exercises.

1. For backward Euler method,
n+1 n
U = U ;i 1

(an_—i-ll - 2U}L+1 4 UTH-I)

At ~ (Axz)? i+l

Then ¢

14 (4sin’2 Ul = Un = UnHl = G(6)T™

(1+ (@sin §) o) ©F,
where .

G(¢) =
1 +4(AAt) (sin?§)

We find that |G(§)| < 1, for all £. Hence, the backward Euler method is always
stable.

2. For Crank-Nicolson method,

U]n+1 B U]n _ 1 Un+1 2Un+1 Un+1 Un 2Un Un
At - 2(Ax)2 [( Jj+1 j71>+( J+1 T 2Y + j—l)}'
Its Fourier transform satisfies
[+l _ [n 1 L& L6~
—= — = 7L+1 — 2 = n
A7 STENSE (4sin 2)U (4sin 2)U
We have Ay
(1+2(A E (sng))U"Jrl (1_2(A 2 5 (sin® g))(/ﬁZ
T T
and hence 2
et _ 1—2(A )28111 2U”
1 —{—Q(A E Sln2§

Let @ = 2" A sin? S, then G(§) = 172. We find that for all & > 0, |G(¢)] < 1,
hence Crank- Nlcolson method is always stable for all At, Az > 0.
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Exercise study the stability criterion for the modified Black-Scholes equation
o 2 o 2

Ur = 7“:{:1‘ + (T - 7)“:07

for the forward Euler method, back Euler method and Crank-Nicolson method.

5.3.4 Convergence

Let us study the convergence for finite difference schemes for the modified Black-Scholes
equation. Let us take the forward Euler scheme as our example. The method below can
also be applied to other scheme.

The forward Euler scheme is given by:

n+1 n

A7 L= (QU™);

We have known that it has first-order truncation error, namely, suppose uj := u(jAx, nAt),
where u is the solution of the modified Black-Scholes equation, then

u?}+1 —

= (Qu); +O(A1) + O((Ax)).

We subtract the above two equations, and let e;” denotes for u? -U ]" and e;? denotes for the
truncation error. Then we obtain
67}4—1 —en

LT Qe e

Or equivalently,

e?“ = aej,; +be} +cej | + Ate] (5.5

Here, a,b,c > 0 and a+b+c = 1. We can take Fourier transformation e” of e™. It satisfies

(€)= G(E)E(€) + Atén(€)

where 4 '
G(&) = ae® + b+ ce ™.

Recall that the stability |G (£)| < 1 is equivalent to a, b, ¢ > 0. Thus, by applying the above
recursive formula, we obtain

| < e + AdleT|
< 2|+ At (IGe=] + ]

< fler=2ll+ At (=2 + 1))

n—1

< |0+ At et
k=0

< O(Ab) + O((Az)?).
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Here, we have used the estimate for the truncation error
l€"]l = O(At) + O((Ax)?,
and that nAt = O(1). We conclude the error analysis as the following theorem.

Theorem 5.5 The error e} := u(jAx,nAt) — UY for the Euler method has the following
convergence rate estimate:

O leyPAx)'? < O(At) + O((Ax)?), for all n.
J

It is simpler to ontain the maximum norm estimate. Let F/(n) := max; |e}| be the maxi-
mum error. From (5.5), we have

5 < alef |+ blef| + clef ] + At
< aE(n)+bE(n) + cE(n) + Ate
= FE(n)+ Ate

where
¢ := max |¢}| = O(At) + O((Ax)?).
Jmn
Hence,

E(n+1) < E(n) + Ate.

Since we take U ]Q = ug, there is no error initially. Hence, we have

E(n) < ZAte
< nAte

Since nAt is a fixed number, as we take the limit n — oo, we obtain the error is bounded
by the truncation error. We summarize the above discussion as the following theorem.

Theorem 5.6 The error e} := u(jAx, nAt) — U} for the Euler method has the following
convergence rate estimate:

max || < O(At) + O((Ax)?).
J
Exercise. Prove that the true error of the Crank-Nicolson scheme is O((At)?) +O((Az)?).

5.3.5 Boundary condition

For the modified Black-Scholes equation, we have

u(—o0,t) =0, wu(z,t)=e""asz — o0
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for a call option, and
u(—oo,t) =1, u(x,t) =0asx — oo

In computation, we can choose a finite domain (x, zg) with ;, << —1 and zgp >> 1.
The boundary condition at the boundary points are an approximation to the above far field
boundary condition.

In practice, we don’t even use this boundary condition. Indeed, if we want to know
u(zy, nAt), we can find the numerical domain of this quantity, which is the triangle

{(GAz,mAL) | |j — k[ <n—m}

We only need to compute w in this domain, which needs no boundary data.

5.4 Converting the B-S equation to finite domain

The transformation x = log(.S/E) converts the B-S equation to a heat equation. However,
the domain of x is the whole real line. For numerical computation, it is desirable to have
a finite computation domain. The transformation in this section converts S to £ with ¢ €
(0,1). The price is that the resulting equation has variable coefficients. But this is not a
problem for numerical computation.

We define the transformation:

S
§ = 1L (5.6)
= V(51)
V o= e (5.7)
r = T—t (5.8)

Notice that £ is dimensionless and important values of £ are near 1/2. With this, the inverse
transformation is
B d¢ (1-¢)?

1 1-¢dS  E
We plug this transformation to the B-S equation. We allow o depend on S. Define 7 (&) =
o(E¢/1 —&). Then the resulting equation is

ov 1 , 0%V ov —
a7 =37 QU= g+l =5 —r(1=V, (5.9)
for 0 < ¢ < 1and 7 > 0. The initial data reads
— — E
(£, 0) = 1E§A(1_£€>. (5.10)

For a call option, the payoff is A(S) = max(S — E,0). The corresponding

V(£,0) = max(S— E,0)(1—¢)/E
= max(2§ —1,0).
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Similarly, V(¢,0) = max(1 — 2¢,0) for a put option.

On the boundaries ¢ = 0 and £ = 1, the diffusion coefficients are degenerate. If the
solution is smooth up to the boundaries, then on the boundary, the equation is degenerate
to the following ordinary differential equations:

TOT _ .7
oV (1,7) _0
or
The corresponding solutions are
V(0,7) = V(0,0)" (5.11)
V(l,7) = V(1,0). (5.12)

We can discretize equation (5.9) by finite difference method. Let A¢ and A7 are the
spatial and temporal mesh sizes, respectively. Let {; = jA{, 7" = nA7. The boundaries
points are &, and &,;. We use central difference for 92V /0¢? and 0V /O¢. The resulting
finite difference equation reads

% . 1 oUjy1 — 2Uj + V-1
dr - 2 ]f( 5]) Aé—Q
U, — V;—
+r&; (1 — 53‘)% —r(1=¢&)y;

We can discretize this equation in the time direction by forward Euler method. The stability
constraint is

16 -6) - 30 6P | 3T <= EPIT <L G
Remark. Many options have non-smooth payoff functions. This causes low order ac-
curacy for finite difference scheme. Fortunately, many simple payoff function has exact
solution. For instance, the European call option. For general payoff function, we may sub-
tract its non-smooth part for which an exact solution is available. The remainder is smooth,
and a finite difference scheme can yield high-order accuracy.

5.5 Fast algorithms for solving linear systems

In the backward Euler method and the Crank-Nicolson method, we need to solve linear
systems of the form
AU = F.

For the backward Euler scheme,

A = diag (—a,1+a+c —c)
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l+a+c —c 0

—a l14+a+c —c 0 .
0 —a l4+4a+c¢c —c 0

0 —a l4+a+c —c 0

.- 0 —a l+a+c —c

.- 0 —a l+a+c
and O
Jn+1 aUj;
U= , F=

n n+1
jr—1 Uy,

For the Crank-Nicolson scheme We have
AUn+1 — BU" + bn+1/2

where A = diag (=5,1+ 5+ 5,—5) B = diag (5,1 -5 —5,5),and
UJTlLH—i_UJy'LL
2

0

a

bn+1/2 _

n+1 n
Uip TUsg

=

Now, we concentrate on solving the linear system
Ax = f.

The matrix A is tridiagonal and diagonally dominant. Let us rewrite A = diag (a, b, ¢).
Here, the constants a, b, c are different from the average weights we had before. We may
assume b > 0. We say that A is diagonally dominant if b > |a| + |¢|. More generally, A
may takes the form A = diag (a;, b;, ¢;). and |b;| > |a| + |c¢;|. Without loss of generality,
we may normalize the j — th so that b; = 1.

There are two classes of methods to solve the above linear systems. One is called direct
methods, the other is called iterative methods. For one-dimensional case as we have here,
direct method is usually better. However, for high-dimensional cases, iterative methods are
better.

5.5.1 Direct methods
Gaussian elimination

Let us illustrate this method by the simple example: A = diag (a, 1, ¢). We multiple the
first equation by —a and add it into the second equation to eliminate the term x;, ;1 in the
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second equation. Then the resulting equation becomes

1 C 0 0 0 Tjp+1 bjL+1
0 1—ac ¢ O 0 Tjp+2 —abj, 41+ bj, 12
0 a 1 ¢ 0 Tir+3 | = bjp+3

0 . .

1 Tjp—1 bjp—1

We continue to eliminate the term a in the third equation, and so on. Finally, we arrive

L 0 0 0 Tjp+1 Uiy +1
0 1—ac c 0 Tj, 1o Vi, 1o
0 0 l—c¢/(1—ac) c 0 Tiys | = | Ui us
0 0 0 0 : :

0 0 0 0 1) \u;, v,

Then z; can be solved easily. The diagonal dominance condition guarantee that the reduced
matrix is also diagonally dominant. Thus, this scheme is numerical stable.

LU decomposition

We decompose A = LU, where

1 0 0 oo 0 Uj 41 Vjp+1 0 0
Cipyo 1 5 0 Uj, 42 :
L= 0 “.0|,U= 0 0
f 0 : . v
0 0 L1 0 .0 0 Ujp 1

It is easy to find a recursion formula to find the coefficients ¢, u and v’s. Once these are
found, we can find x by solving

Ly=0,Uz =y.

These two equations are easy to solve. One can show that both L and U are diagonally
dominant if A is.
If we watch carefully, LU-decomposition is equivalent to the Gaussian elimination.

Cyclic reduction method

Let us take the case A = diag (a, 1, ¢) to illustrate this method. Consider three consecutive
equations

aT2j—2 + T2j—1 + CTaj; = bgj_l
aToj_1 + Toj + cToj11 = by

aToj + Toj41 + CTajp2 = bojin
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We can eliminate the odd-index terms x;_; and x5;41. Namely, —a x (2j —1)—eq +(2j)-
eq —c¢ X (25 + 1)-eq: After normalization, we obtain

/ / /
@ T2j—2 + T2 +c Toj42 = bj

Here,
r_ _ a? I _ 02
1 —2ac’ 1—2ac’
b; — (bgj — abgj,l — Cb2j+1)/(1 — 2CLC).
If we rename 7; = x;. Then we have A’z' = b/, where A" = diag (a’,1,¢’). Notice

that the system is reduced to half and with the same form. One can show that the iterative

mapping
a a
c) T\ ¢

converges to (0,0)" quadratically fast, provided |a| + |¢| < 1 initially. Thus, for few
iteration, the matrix A is almost an identity matrix. We can invert it trivially. Once x4; are
found, the odd-index x 4 25 + 1 can be found from the equation:

aTaj + Toj41 + CToj42 = bajii.

A careful reader should find that the cyclic reduction is also a version of the Gaussian
elimination method.

5.5.2 Iterative methods
Most iterative methods can be viewed as a proper decomposition of A, then solve an im-

portant and treat the rest as a perturbation term.

Jacob method

In Jacobi method, wer decompose
A=D+B

where D is the diagonal part and B is the off diagonal part. Since A is diagonally dominant,
we may approximate = by the sequence x", where x" is defined by the following iteration
scheme:

Dz + Ba" = b.

Let the error €™ := x™"T1 — ™. Then

Or
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Let us define the maximum norm

lle” || = mjax |e;-l
Then
a , 4 C .
7] = |- Ze = terd
lal s [ i
< = ,n = o
< Il i+ gl
lal + el n
[le™ =l
0]
Hence,
le* I < plle™|
where p = laltlel 1 from the fact that A is diagonally dominant. This yields the conver-

[b] . . .
gence of the sequence x,,. The limit x satisfies the equation Az = b.

Gauss-Seidel method

In Gauss-Seidel method, A is decomposed into A = (D + L)+ U, where D is the diagonal
part, L, the lower triangular part, and U, the upper triangular part of A. The approximate
solution sequence is given by

(D + L)x™ + Ux™ = 0.

n+1

As before, the error " := z — z" satisfies

" =—(D+ L)y 'Ue"?

To analyze the decay of ¢”, we use Fourier method. Let
en(€) = Zeg‘e_”g.
J

Then we have
en(§) = G(e ™,
ce's
b+ ae~ i€

It is easy to see that the amplification matrix G satisfies

max |G(&)| := p < 1, provided |b| > |a| + |c|. (5.14)

This shows that the Gauss-Seidel method also converges for diagonally dominant matrix.
Exercise. Show the above statement (5.14).
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Successive over-relaxation method (SOR)

In the methods of Jacobi and Gauss-Seidel, the approximate sequence z" is usually con-
vergent monotonely. We therefore have a chance to speed them up by an extrapolation
procedure described below.

y"tt = DN L+U)2" +b
"t " 4wyt — 2™).
Here, w is a parameter. In order to speed up, we require w > 1. We also need to require
w < 2 for stability. The optimal w is chosen to minimize the amplification matrix G,,(&).
Exercise. Find the amplification matrix GG, and the optimal w for the matrix A = diag (a, b, ¢).
Also, determine the rate

p = ngnm?X|Gw(§)].

Multigrid method

Probably the most powerful method in higher dimension is the multigrid method.



Chapter 6

American Option

6.1 Introduction

An American option has the right to exercise any time during the life of the option. The
first important thing we should note is that the value of an American option is greater
than or equal to the payoff function: V' (S,t) > A(S,t). Otherwise, there is an arbitrage
opportunity because we can buy the American option then sell it immediately to gain a net
profit V' — A.

We recall that the value of an American call option is equal to that of a European call
option. However, for other cases like the the American put option or the American call
option on dividend-paying asset, the American options do cost more. We explain why it is
so below. The figure below is the value of a European put.

E e—r(T—t)

69
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Notice that P(S,t) < max{F — S,0} in some region in the S-¢ plane. In this region,
the corresponding American option must be higher than the European option, otherwise
for S, we can buy a put P(S,t), then exercise it immediately. We make a riskless profit:
E — P — S > 0. Another example is the American call option on a dividend-paying asset.
Its value is shown in the Figure below.

C(9,t) ~ Se~PoT= for § >> 1, hence C(S,t) < max(S — E,0) for some S;(t).

Since C(S,t) ~ Se~Po(T=Y for large S, there is a region in (.5, t)-plane where C'(S, t) <
max{S — F,0}. In this region, if we could exercise the call option, then based on the same
argument above, there would be an arbitrage opportunity. Hence the corresponding Amer-
ican call option should also satisfy

C(S,t) > max{S — E,0}.

6.2 American options as a free boundary value problem

6.2.1 American put option

We can view an American option as a free boundary value problem. Let us take the Amer-
ican put option as an example.

First, there must be some value of S for which it is optimal from the holder’s point
of view to exercise the American option. Otherwise, we should hold the option for all
possible .S. Then this option is identical to a European option. But we have seen that this
is not the case. In other words, there is a Sy(t), if S < Sf(t), one should exercise the put
option, which maximize the payoff function £ —S. And for S > S(t), we should hold the
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option. This Sf(t) is referred as the optimal exercise price. In other word, we should have
P(S,t) = max(E — S,0) for S < Sf(t), and P(S, 1) satisfies the Black-Sholes equation
for S > S¢(t).

However, we do not know S¢(t) a priori. We should treat S¢(t) as a new unknown
(called free boundary and we should impose boundary condition to determine it.) We claim
that the proper boundary condition on S¢(t) are

1. P(S,t) is continuous across (S¢(t),1),
2. OP(S,t)/0S is also continuous across (S¢(t), ).

Remark. For S < S¢(t), we should exercise the American put option because the corre-
sponding payoff A = max{E — 5,0} is higher. Thus, for S < S¢(t), the value of the put
option should be the payoft function A = £ — S Its derivative in S is —1. Thus, the second
boundary condition is equivalent to saying that 3£ (S(t), ¢) is continuous across (S (%), t).
Reasons.

1. If S(t) = Sy(t) then S(t + At) > Sy(t) with probability 1. This follows from % =
pdt 4+ odz and p > 0. If P is discontinuous across (Sf(t),t), then P(S(t + At),t +
At) # P(S(t),t) with probability 1. This would make an arbitrage opportunity by
buying P at ¢ then selling it at ¢ + At.

2. We prove this by contradiction.

(@) If 2E(S4(t),t) < —1 then as S increases from Sy(t), P(S,t) drops below
the payoff E — S, this contradicts to P(S,t) > max{E — S,0}. At Sy(t),
P(S(t),t) = E = 5;(1).

(b) Suppose £(S¢(t),t) > —1. First, for S > Sy(t), P satisfies the Black-Scholes
equation (for put option) and its solution curve should lie above the payoff
function £ — S on the (S, P)-plane with P(S(t),t) = E S¢(t). This curve
moves up as S¢(t) moves down, and the corresponding 25 (Sy(t), t) decreases.
If aP(Sf( ),t) > —1, then we can move down S (¢) to another Sy(t) < Sg(t)
where 25 (S #(t),t) = —1. In this movement, the curve stays above the payoff
functlon. Now, if we exercise the put option for S < S;(t), the payoff £ —S(t)
is higher than £/ — S(t). This means that S (¢) is not the optimal exercise price.
This is a contradiction.

Thus, we treat the American put option as the following free boundary value problem.
There exists an optimal exercise price Sy(t) such that

1. for S < Sy(t), early exercise is optimal, and P(S,t) = E — S

2. for § > S¢(t), one should hold the put option and P satisfies the Black-Scholes
equation:
or 1, ,0*P oprP
SP—— +rS—— — 1P =0;
FE T I T

3. across the free boundary (S (t),t), both P and % are continuous.
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6.2.2 American call option on a dividend-paying asset

As we have seen in the introduction of this chapter that an American call option C'(S,t) on
a dividend-paying asset has asymptotic value C(S,t) ~ Se~Po(T=% for large S. This value
is below the payoff function A = max(S — E,0). Therefore, there must an optimal Sy(t)
such that we should exercise this call option when S > S¢(t) and hold it when S < S(?).
On the free boundary S = Sy(t), based on the no-arbitragy hypothesis, we should have
both C'(S,t) and OC(S,t)/0S are continuous the free boundary (S(t),t) for 0 < ¢t < T.
We summarize this by the following equations
o? ,0*C oC

_2_ — _ e
25652—1—(7“ DO)S(‘?S rC =0, 0<S < S¢t)

C(S,t) = A(S) = max{S — E,0}, S > S¢(1).
On the free boundary S = S¢(t), the boundary condition is required

Cy +

C(Sy(t), 1) = S¢(t) — E,

6.3 American option as a linear complementary problem

The American option can also be formulated as a linear complementary problem, where
the free boundary is treated implicitly. To illustrate this linear complementary problem,
first we notice that an American option should satisty the following conditions:

)V =A,

(i) Vi + 2025290 < r(V — S9%),

(iii) either V = A, or V; + 102522 = (V — S2%) should hold,
(iv) both V' and g—‘g are continuous.

Here, V' is the value of the American option, A is the corresponding payoff function.

We have seen the reasons for (i), and (iv). We explain the reasons of (ii) below. Let us
consider the portfolio, IT = V' — AS. As we have seen that the Delta hedge eliminate the
randomness of II and yields

1, 0%V
When it is optimal to hold the option, then
ov
dll =r(V — =—=59).
r(V =555
Otherwise, we should have 5
v
dll < r(V — ==59),

08
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based on no arbitrage opportunities. Thus, the Black-Scholes is replaced by the Black-
Scholes inequality.

To show (iii), we know that if we exercise the option, then V' = A, otherwise, we hold
the option and its value should satisfy the Black-Scholes equation.

Properties (i)-(iv) can be formulated as the following linear complementary problem:

i V-A>0,
(i) Vi + 302522V — r(V — S2%) <0,

Gii) (V= A) (Vi + 2025258 — r(V = 595)) = 0,

(iv) both V' and g—‘g are continuous.

Such a problem is called a linear complementary problem. The advantage of this formula-
tion is that the free boundary is treated implicitly.

We can reformulate this problem in terms of x variable. As before, we use the following
change of variables: V' = Ev, S = Fe®, 7 =T — t. The free boundary now in x-variable
is xf(t). The free boundary value problem is formulated as

(i) for —oo <z < z4(t),v=1—¢€", and

2 o2
Ur = 5 Vs = (r— 7)% +7rv > 0.

(ii) forz;(t) < x < oo,v>1—¢€", and

(iii) both v and g—; are continuous.

The linear complementary problem is formulated as:
@ v—(1-e) >0,
(i) vy — Sy — (1 — S v, + 10 >0,
(i) (v, — gvm —(r— %2)1)93 +rv)(v—(1—¢€*)) =0,
(iv) v and v, are continuous.
with initial condition v(x,0) = A(x) =1 —e”.

We may replace v by ue™"" to eliminate the term rv. Then we have

<uf—“—2um—<r—§>um) (w-g) = 0

I
:
|
<
8
8
5
|
=
8
(AV4
o
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u—g > 0,

u(m,()) = g(l‘,O),

with u, u, being continuous. Here ¢g(z,7) = max{e""(1 — e),0}. The far field boundary
conditions are

w(z,7) — 0, asz — oo, wulx,7)— €7, asr — —o0.

A mathematical theory called parabolic variational inequality gives construction, existence,
uniqueness of the solution. (see reference: A. Friedman,Variational Inequality). Let us
demonstrate this theory briefly. The method we shall use is called the penalty method. Let
us consider the following penalty function:

on(v) = —e N,

It has the properties: (i) ¢y > 0, (ii) ¢n(v) — 0 whenever v > 0.. We consider the
following penalized P.D.E.:

1 2
Ur — =0 Ugy — (7 — U—)um + on(u—g) 0

2 2
U(CL’, 0) - g(CC, 0)7

withuy — 0asz — 400, u — €7 asz — —o0.

From a standard theory of nonlinear P.D.E. (by monotone method, for instance), one
can show that the solution u exists for all N > 0. We then need an estimate for u and
%‘—g. The boundedness of these two gives that u has a convergent subsequence, say uy;,
such that

un, — u,

with up;,, u, a%u N;» Uy being continuous. Moreover,

|on, (un, — g)| < constant

As N; — oo, we conclude u — g > 0. Further, on the set {u — g > 0}, ¢n, (un, — g) — 0.

Hence we have
1 o?
uT—§um—(r—7)ux:00n{u—g>()}.

6.4 Numerical Methods

6.4.1 Projective method for American put

We recall that the solution of the Black-Scholes equation can be discretized by the follow-
ing binomial method (or the forward Euler method):

AV =pVI +qVI pg>0, ptg=1
Similarly, the linear complementary problem can be discretized as

(3 —pVit — vt (Vi = hp) = o,
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rAtyn n+1 n+1
eV = pV; _qu—1

>0, VoA

N N
\/;. = A,

J

Here, A7 is the discretized payoff function after changing variable.
This discretized linear complementary problem can be solved by the following pro-
jected forward Euler method. Define

V' = max{e " (pVi + gV, A7)

One can show that this method converges. (The main tool to prove this is a theory for mono-
tone operator. One can show that the scheme is monotone, ||V, ||Vz||«~ are bounded.
Reference. Majda & Crandell, Math. Comp..) Furthermore, from the construction, we have
V' > hl}. Thus the limiting function satisfies V' > A. At those points V'(S,t) > A(S,1),
we have V;” > A;”, for large n, where nAt ~ t and Ee’2* ~ S. In this case, we always
have

Vb= e (pVI 4 gV,

Hence, the limiting function satisfies the Black-Scholes equation whenever V' (S,¢) >
A(S,t). The regularity result (i.e. continuity of V' and Vg) follows from the theory of
monotone operator.

6.4.2 Projective method for American call
The linear complementary problem for this American call option is
(i) V(S,t) > A(S) = max{S — E,0}

(i) Vi + 5 S2%d + (r — Do)S9% —rV <0,

(i) (Vt + 2S84 (1 — Dg)SL — rV) (V —A) =0,
(iv) V and Vs are continuous.

The binomial approximation for the B-S equation is

rAtyn n+1 n+1
eV = pVi +aVioy,

where

o? At o? At o2 At o? At
P= S aee TP S a7 Ay T Do S,

and p + ¢ = 1. We choose At and Az so that p > 0 and ¢ > 0. For American option, V'
has to be greater than A(.S, t), the payoff function at time ¢. Hence, we should require

V= max{e " (pV)' T + gV, AT}

The above is the projective forward Euler method.
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For the corresponding binomial model, first we determine the up/down ratios u and d
for the riskless asset price by

pu+ (1 —p)d=er=PoIA  p? 4 (1 — p)d? = ePUr—Do)to?)At

or equivalently,

u = A+VA2-1 d=1/u,

A = l(ef(T*DO)At+6(T*D0+02)At)

2
e(T‘*DQ)At _ d

- — ¢ =1-p.
p 4 p

Y

Then the binomial model is given by

gn _ uS;‘:f, with probability p
i dS;Z:ll, with probability ¢,
Sy = S

and

Vit = max{e”" ¥ (pVI! +qV), S} — B}

6.4.3 Implicit method

For implicit method like backward Euler or Crank-Nicolson method, we need to add the
constraints u"*! > ¢"*! for American option. It is important to know that if an iterative
method is used, then we should require this condition hold in each iteration steps. For
instance, in the SOR iteration method,

Yyt = max{ V) (D pmy Amy
yn,(k—i-l) _ (D + L)—l(_Uvn,(k) + Jm—i-l)7 k=0,---K
vro= vy

This guarantees that V" > A"+

6.5 Converting American option to a fixed domain prob-
lem

6.5.1 American call option with dividend paying asset

We consider the American call option on a dividend paying asset:

2 o2
20V s Ly =
Vt+25852+(r DO)SaS rV =0,

V(S,t) > A(S) = max{S — FE, 0},
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0<S<S;(t),0<t<T.

77

where S¢(t) is the free boundary. On this free boundary, the boundary condition is required

V(S¢(t),t) = S¢(t) — E,

We also need a condition for S at final time

S¢(T) = max(E,rE/ D)

Before converting the problem, we first remove the singularity of the final data (i.e. non-
smoothness of the payoff function) as the follows. We may substract V' by an European
call option ¢ with the same payoff data. Notice that ¢(S,¢) has exact solution. The new

variable V' — c satisfies the same equation, yet it has smooth final data.

To convert the free boundary problem to a fixed domain problem, we introduce the

following change-of-variables:

3 = 5/S(1)
T = T—t
sp(t) = Sit)/E

The new equations for these new variables are

(=gl (= Do)+ L% )€l —ru, 0<E<T,

0<7<T,

u(€,0) =0, 0<¢<1,

uw(l,7) = g(s¢(7),7), 0<7<T

‘3—’5(1,7’ = h(sg(1),7), 0<7<T
s7(0) = max(1,7/Dy),

where

9(sp(1),7) = s(1) =1 = c(Bsy(7), T = 7),

Mss(7)7) = s4(r) (1= Se(Bsy(r), T —7)

At the boundary ¢ = 0, the Black-Sholes equation is degenerate to

ou
= —ru.

5 =
With the trivial initial condition yields

uw(0,7) =0, 0<7<T.

(6.1)
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In practice, we can solve the modified Black-Sholes equation (6.1) with the boundary con-
ditions

{U(O,T)—O 0<7<T 62)

Bu(1,7) = h(sg(r),7), 0<T<T

We can differentiate the other boundary condition in 7 and yield an ODE for the free bound-

ary:
O gy — 29951

o = s
with s£(0) = max(1,7/Dy).

6.5.2 American put option

For American put option P, the B-S equation is on the infinite domain S > S;(¢), 0 <t <
T'. Through the change-of-variable

2
{77_% EP(S.
it
u(.t) = EEFH

the infinity domain problem is converted to a finite domain problem:

(G507 GE — e =0, 0<n <),
0<t<T

u(n, T) = max(n — E,0), 0 <n<n(T),

u(ng(t),t) =ne(t) — B,  0<t<T,

Se(ns(t),t) =1, 0<t<T,

( 7¢(T) = max(E,0)

We can further convert it to a fixed domain problem as that in the last section.



Chapter 7

Exotic Options

Option with more complicated payoff then the standard European or American calls and
puts are called exotic options. They are usually traded over the counter. Their prices are
usually not quoted on an exchange. We list some common exotic options below.

1. Binary options
2. compound options
chooser options

barrier options

wook W

Asian options

6. Lookback options

In the last two, the payoff depends on the history of the asset prices, for instance, the aver-
ages, the maximum, etc., we shall call these kinds of options, the path-dependent options,
and will be discussed in the next Chapter.

7.1 Binaries

The payoff function A(S) is an arbitrary function. One particular binary option is the cash-
or-nothing call, whose payoff is
A(S)=BH(S - E).

This option can be interpreted as a simple bet on an asset price: if S > FE at expiry the
payoff is B, otherwise zero. We have seen its value is

V=T / P(S', T, S, t)A(S")dS = e " TV BN (dy),
0

where
1 los($) (-G (@ —1)
P(S',T,St) = e 202(T—1)
2n0?(T —t)

is the transition probability density for asset price in risk-neutral world.

79
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7.2 Compounds

A compound option may be described as an option on an option. We consider the case
where the underlying option is a vanilla put or call and the compound option is vanilla
put or call on the underlying option. The extension to more complicated option on more
complicated option is relatively straightforward. There are four different classes of basic
compound options:

1. call-on-call,
2. call-on-put,
3. put-on-call,
4. put-on-put.

Let us investigate the case call-on-call. Other cases can be treated similarly. The underlying
option is
Expiry : 75,  Strike price : Fj.

The compound option on this option
Expiry : T} < T,, Strike price : Ej.

The underlying option has value C(S,t, Ty, E5). At time T, its value C(S, T, Tz, E»).
The payoff for the compound call option is max{C(S, Ty, T», Es) — E1,0}. Because the
compound options value is governed only by the randomness of S, according to the Black-
Scholes analysis, it also must satisfy the same Black-Scholes equation. We then solve the
Black-Scholes equation with payoff

maX{C(S, T17 Tg, EQ) — El, O}

7.3 Chooser options

A regular chooser option gives its owner the right to purchase, for an amount £} at time 717,
either a call or a put with exercise price Es at time 75. Thus, it is a “call on a call or put”.
Certainly, we have T} < T5. The payoff at T} for this call-on-a-call-or-put” is

A= maX{C(S, Tl) - El, P(S, Tl) - El, O}

The compound option also satisfies the Black-Scholes equation for the same reason as
above. From this and payoff function at 7, we can value V" at t. The contract can be made
more general by having the underlying call and put with different exercise prices and expiry
dates, or by allowing the right to sell the vanilla put or call. By using the Black-Scholes
formula for vanilla option, there is no difficulty to value these complex chooser options.
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7.4 Barrier option

Barrier options differ from vanilla options in that part of the option contract is triggered if
the asset price hits some barrier, S = X, say at some time prior to 7. As well as being
either calls or puts, barrier options are categorized as follows.

1. up-and-in: the option expires worthless unless S reaches X from below before ex-
piry.

2. down-and-in: the option expires worthless unless S reaches X from above before
expiry.

3. up-and-out: the option expires worthless if .S reaches X from below before expiry.

4. down-and-out: the option expires worthless if .S reaches X from above before ex-
piry.

7.4.1 down-and-out call(knockout)

A European option whose value becomes zero if S ever goes as low as S = X. Sometimes
in the knockout options, one can have boundary of time, or one can have rebate if the
barrier is crossed. In the latter case, the option holder receives a specific amount Z for
compensation.

Let us consider the case of a European style down-and-out option without relate. We
assume X < E. The boundary conditions are

V(X,t) =0, (boundary condition), V(S,t) ~ SasS — oc.

The final condition, V' (S,7T) = max{S — F,0}. For S > X, the option becomes a vanilla
call, it satisfies the Black-Scholes equation.

Let us find its explicit solution. Let S = Fe*, t =T — (JZTW’ V = FEw. The Black-
Scholes equation is transformed into

Uy = Vge + (K — 1)v, — kv,

where k£ = We make another change of variable :

_r_

02/2°
v = ey,

We choose «, 3 to eliminate the lower order terms in the derivatives of x:

BBy 4 0BTy = a2eT Ty 4 20Ty, 4 BTy,
+(k — 1) (e Py + 20Ty, ) — ke Ty,

This implies that « = —3(k — 1) and 3 = —$(k + 1)? and equation becomes u, = ;.
Let 7y = log(%), or X = Ee™. The boundary condition becomes u(z,7) = 0 and
u(z,7) ~ el=¥2=P7 a5 1 — oo. The initial condition becomes

u(r,0) = up(x) = max{e%(kﬂ)z — e%(kfl):v’ 0}.
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This follows from the payoff function being
S
A =max{S — F,0} = EmaX{E — 1,0} = Emax{e” — 1,0},

and V. = e 0y (x, T — (UQTW)’ with u(z,0) = wo(z) = e *max{e® — 1,0} =

max{e(*a“)x — e ** 0}. Notice that because X < FE, we have z, < 0, and

uo(x) = 0 forzg <z <0,
O max{e(-otD® —e=e® 0}  otherwise.

We use method-of-reflection to solve above heat equation with zero boundary condition.
We reflect the initial condition about xq as

[ uo(z), forzg < < oo
U,(l'70) - { —UO(ZZEO — :L‘), for —co< < Zg.

The equation and the initial condition are unchanged under the change-of-variable: ©+ —
2xy — x, w — —u. From the uniqueness of the solution, the solution has the property:

u(2xg — z,t) = —u(z,t).

From this, we can obtain that u(xq,t) = —u(xg,t) = 0.
Since C = Ee® 57y, is the vanilla call, where u; satisfies the heat equation with the
initial condition:
exk+lz _ o3(k=Dz  for o5 ()
uy(z,0) =
0, forx <0

Using this and the method of reflection, we may express V' in terms of C' as the follows.
First, we may write V' = Ee"‘”m(ul +us), where the initial condition for us is the reflected
condition from wu;:

~f up(2z9 —2,0) forxz <0
u2(x,0)—{ 0 forz >0
The solution w; corresponds to C(S,t).  The solution uy is corresponds to

e2@=20)C(z2/S, t). We conclude

V =0C(S,t) — (;)(kl)C(XQ/S, t).

7.4.2 down-and-in(knock-in) option

An “in” option becomes worthless unless the asset price reaches the barrier before expiry.
If S crosses the line S = X at some time prior to expiry, then the option becomes a vanilla
option. It is common for in-type barrier option to give a rebate, usually a fixed amount, if
the barrier is not hit. This compensates the holder for the loss of the option.

The boundary condition for an “in” option is the follows. The option is worthless as
S — oo, ie., V(S,t) = 0as S — oo. AtT,if S > X, then V(S,T) = 0. Fort < T,
V(X,t) = C(X,t). Since the option immediately turns into a vanilla call and must have
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the same value of this vanilla call. For S < X, V(S,t) = C(X,t). We only need to solve
V for S > X. V still satisfies the same Black-Scholes equation for all S, ¢, because its
randomness is fully correlated to the randomness of S.

We may write V' = ¢ — V, where c is the value of a vanilla call. Then the boundary
condition for Vis V(S,t) =c—V ~S —0= Sas S — oco. And

V(X,t)=c(X,t) = V(X,t) =0, V(S,T)=c(S,T)—V(S,T) = c(S,T) = A(S).

We observe that V is indeed a “down-and-out” barrier option. In other words, 1(down-and-
in) plus 1(down-and-out) equal to 1 vanilla call. This is because one and only one of the
two barrier options can be active at expiry and whichever it is, its value is the value of a
vanilla call.

7.5 Asian options and lookback options

In Asian options and lookback options, their payoff functions depend on the history of the
underlying asset. For example,

1. a European-type average strike option has the following payoff function
1 (T
max{Sr — = / S(r)dr,0}.
T Jo
2. an American-type average strike option,
1 t
A(S,t) = max{S — ;/ S(t)dr,0}.
0
3. geometric mean,
A(S,T) = max{S — elo 857 (1

4. Lookback call,

A(S,T) = max{S — J,0}, J = max S(7)

0<r<T

In general, the payoff depends on I, which is defined by

1= [ 5.7y

where f is a smooth function. The payoff function is A(.S, I). It is important to notice that
I(t) is independent of S(¢). The value of an asian option should depend on S, t s well as
I. Indeed, we shall see in the next chapter that d/ = fdt. The only randomness is through
S, therefore V' can be valued through a delta hedge.

For the lookback option, it will be treated as a limiting case of an asian option. We shall
discuss this in the next chapter.
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Chapter 8

Path-Dependent Options

8.1 Introduction

If the payoff depends on the history of the underlying asset price, such an option is called a
path-dependent option. The Asian options and the Russian options (Lookback options) are
the typical examples. The payoff functions for these options are, for example,

1. average strike call option: A = max{S — 7 OT S(r)dr,0},

2. average rate call option: A = max{7 fOT S(r)dr — E,0}

3. geometric mean: the arithmetic mean % fOT S(7)dT above is replaced by elo log(S(r)dr

4. lookback strike put: A = max{maxo<,<7 S(7) — S, 0}.

5. lookback rate put: A = max{E — maxo<,<7 S(7),0}.

8.2 General Method

Let f be a smooth function, define

I(zf):/0 f(S(r), 7)dT.

In previous examples, f(S(7),7) = S(7) for arithmetic mean and f(S(7),7) = log S(7)
for geometric mean.

Notice that /(¢) is a random variable and is independent of S(¢). (This is because /(t)
is the sum of increment of functions of S before time ¢, and each increment of S(7), 7 < ¢,
is independent of S(t).) Therefore, we should introduce another independent variable [
besides S to value the derivative V (S, I, ).

The stochastic differential equations governed by S and [ are

as

S
dI(t) = f(S(t),t)dt.

= pdt+ odz,
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Notice that there is no noize term in d/. The only randomness is from dS. Therefore, we
can use delta hedge to eliminate this randomness. Namely, we consider the portfolio

M=V —AS,

as before. We have

1 5002
Al = dV = AdS = (V, + 50°S" 5

Ydt + VidI + VsdS — AdS.
We choose A = g—‘é to eliminate the randomness in dII. From the arbitrage assumption, we
arrive

2
PV VgV

1
V 252
t+ —0 65

5 8S+8I

8.3 Average strike options

8.3.1 European calls

Let us consider an average strike call option with European exercise feature. Its payoff
function is defined by

A
max{S — T/o S(7)dr,0).

Or, in terms of 1, A(S,1,T) = max{S — £,0}.
We notice that the modified Black-Scholes equation

2
o 0—528— s v

Vit Sor+ 59 552 93

and the initial data for the average strike options are invariant under the transformation:
(S,I) — A(S, I). Therefore, we expect that its solution is a function of the scale-invariant
variable R = I/S. Notice that this is also reflected in that

dR = (1 + (0* — p)R)dt — o Rdz,

depends on R only. Since the initial data can be expressed as A = Smax{l — R/T,0}, we
may also expect that V' = SH(R,t). This reduces one independent variable.
Plug V' = SH into the above modified Black-Scholes equation:

1 oH 0*H OH 0

- 2q2/9Yt - — =
SHt+2aS(285+5852)+S Sal +r SaS(SH> r(SH)
From
9 _9R 0 RO
s 98’ OR  SOR
0? 21 0 I 92 1 0 0?

. — . 2
95? Sor T giom ~ s Pligr t g
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we obtain

1 ROH 1 oH 0*H
H’ — 2 22___ . (9RZ 2
S t+205(( SaR)+S SQ(R8R+R8R2))

+S2%HR +rSH + TSQ(—gHR —rSH)=0

Finally, we arrive
o ,0°H 0OH
H +—R’ 1-rR)— =0.
e TR

The payoft function
R .
A(R,T) = max{1 — T 0} = H(R,T), (final condition) .
we should require the boundary conditions.

e H(oo,t) = 0. Since as R — oo implies S — 0, then V' — 0, then H — 0.

e H(0,t) is finite. When R = 0, we have S(7) = 0, for all 7 with probability 1. That
implies that A = 0, and consequently, H is finte at (0, t).

Next, we expect that the solution is smooth up to 2 =. This implies that H, Hrp are
finite at (0, ). We have the following two cases: (i) If RQ% = 0O(1) # 0as R — 0 then

H = O(log R) for R — 0. Or (ii) if R%% = O(1) # 0 as R — 0, then H = O(log R).
Both cases contradict to H (0, t) being finite. Hence, we have RHz(0,t), R*Hgg(0,t) are
zeros as R — 0. Hence the boundary condition H (0, ¢) is finite is equivalent to H;(0,t) +
Hgr(0,t) =0.

This equation with boundary condition can be solved by using the hypergeometric func-
tions. However, in practice, we solve it by numerical method.

8.3.2 American call options

We consider the average strike call option with American exercise feature. In this case,

1 0*H OH
H + -0?R?“— + (1 —rR)— <
t+20RaR2—|—< TR)aR < 0
H-A > 0
1, ,0°H OH B
(Hi+ 50* Ry + (1= rR)S2)(H = A) = 0,

where A(R, t) = max{1 — £ 0}, R(t) = I(t)/S(t), I(t) = [} S(7)dr.

0

8.3.3 Put-call parity for average strike option

We study the put-call parity for average strike options with European exercise feature.
Consider a portfolio is C' — P. The corresponding payoff function is
R

R R B
Smax{l—?,0}—Smax{?—1,0}—5(1—f) =S-H(R,T).
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Since the Black-Scholes equation in linear in R, we only need to solve the equation with
final condition (i) H(R,T) = 1, (il) H(R,T) = —%. For (i), H(R,t) = 1. For (ii), since
the final condition and the P.D.E. is linear in R, we expect that the solution is also linear in
R. Thus, we consider H is of the following form

H(t,R) = alt) + b(t)R

Plug this into the equation, we obtain

d d
0+ bR+ (L= rR)b=0.

and

d d
Ea—i—b—o, Eb—rb—o.

with a(T') = 0, b(T) = — 7. This differential equation can be solved easily:

1 1
- _ —r(T—t) - (1= —r(T—-t)
b(t) Te ,a(t) rT( e ).

Consequently, we obtain the put-call parity:

rT T S

S

1 t
- 9-=2(1= —r(T—t)\ _ —r(T—t) — /
e ) e T,

1 —r(T—t) 1 _ (T—1) 1 !
C—P = S1——(1-e¢ —=e " — [ S(r)dr)

S(7)dr

8.4 Lookback Option

A lookback option is a derivate product whose payoff depends on the maximum or mini-
mum of its underlying asset price. For instance, the payoff function for a lookback option
with European exercise feature is

A= OISHTELSXTS(T) —S(T).
Such an option is relatively expansive because it gives the holder an extremely advanta-
geous payoff.

As before, let us introduce J(t) = maxg<,<¢ S(7). Since S(7), T < t are independent
of S(t), we see that J(¢) is independent of S(¢). This suggest that we should introduce
another independent variable .J to value the lookback option in addition to .S and ¢. We can
derive a stochastic differential equation for .J as before. Indeed, it is dJ = 0. However,
we shall give a more careful approach. We shall use the fact that for a continuous function

S0, |
t n
max 5| = i (["1s(rpar) "
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We leave its proof as an exercise.
Remark. For the minimum, we have

n——0oo

t n
lim (/ (S(T))"dT) = min S(7).
0
Let us introduce .
I, = / (S(r)dr, J,=1Iy.
0

The s.d.e. for J,,

a, = ([ syt - ([ ey

1S
i =xid

Now, as before we consider the delta hedge:
IT=P-—AS.
From the arbitrage assumption, we can derive the equation for P(S, J,,,t):

1 S™ oP 1 0?P

i = P+~ g 1og2f Ly
R Tl LA LA T
oP
_ - LS
r(P = 555)

Taking n — oo, using the facts that .J,, — J and % < 1, we arrive

1 0*P oP
P+ -0*S?— +rS—= —rP=0.
t + 20 952 +r 99 T
This is the usual Black-Scholes equation. The role of J here is only a parameter. This is
consistent to the fact that

dJ = 0.

8.4.1 A lookback put with European exercise feature

The range for S'is 0 < S < J. This is because S < J, for 0 < ¢ < T. We claim that
P(0, J,t) = Je "I,

Firstly, we have that A(0, J,7) = max{J — 5,0} = J. Secondly, if S(t) = 0, then
S(t) = 0fort < 7 < T. The asset price process becomes deterministic. Therefore, the
value of P is the discounted payoff: P(0,J,t) = Je "=,

Next, we claim that

oP
57 (8 =0,
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From p > 0, the current maximum cannot be the final maximum with probability 1. The
value of P must be insensitive to a small change of .J.
We can use method of image to solve this problem. Its solution is given by

S

P=S8(=14N(d)(1+E")+ Je"TIN(ds) — k—l(j)l—’w(dﬁ),
where
& = (L)~ (= D) —)fovT =i
d = ()~ (= D)~ )fovVT =i
= [m(é) By %2)(T _0)]/oVT =1
b= o

8.4.2 Lookback put option with American exercise feature

We have the following linear complementary equation,
LpsP <0, P—A>0, (LpsP)(P—A)=0,

where 5 262 g2 5
o
LBS—E—F 5 W—FTS%—T.

The final condition
P(S,J,T)=A(S,J,T)=J - S.

The boundary condition

9 b —o.

0J
We require P, g—g % are continuous.
For lookback call option, we simply replace maxo<,<; S(7) by ming<,<; S(7). For

instance, its payoff is A = S(T") — ming<.<7 S(7).



Chapter 9

Bonds and Interest Rate Derivatives

9.1 Bond Models

A bond is a long-term contract under which the issuer promises to pay the bondholder
coupon payment (usually periodically) and principal (at the maturity dates). If there is no
coupon payment, the bond is called a zero-coupon bond. The principal of a bond is called
its face value.

9.1.1 Deterministic bond model

The value of a bond certainly depends on the interest rate. Let us first assume that the
interest rate is deterministic temporarily, say r(7), t < 7 < T, is known. Let B(¢,T) be
the bond value at ¢ with maturity date 7', k(¢) be its coupon rate. This means that in a small
dt, the holder receives coupon payment k(t) dt. From the no-arbitrage argument,

dB + k(t) dt = r(t)Bdt.
together with the final condition:
B(T,T) = F( face value),

the bond value can be solved and has the following expression:
T
B(t7T):€_LT’r(7')dT |:F_l_/ k}(T)GfTTT(S)deT .
t

Thus, the bond value is the sum of the present face value and the coupon stream.

However, the life span of a bond is long (usually 10 years or longer), it is unrealistic
to assume that the interest rate is deterministic. In the next subsection, we shall provide a
stochastic model.

9.1.2 Stochastic bond model

Let us assume that the interest rate satisfies the following s.d.e.:

dr = u(r,t)dt +w(r, t)dz,
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where dz is the standard Wiener process. The drift « and the variance w? are proposed
by many researchers. We shall discuss these issues later. To find the equation for B with

stochastic property of 7, we consider a portfolio containing bonds with different maturity
dates:

M=V(t,r,T) — AV (t,r,Ty) = Vi — AVs.

The change dII in a small time step dt is

Il = dV; — AdVa,

where
dvi
v = dt + o,dz,
L (Vi Vi, + 2u,
A UVipr T W Vigpr
M ‘/Z 7t I 2 ’
1
i = Vi,
o Viw ,

We we choose A = V), /Vs,, then the random term is canceled in dII. From the no-
arbitrage argument, dII = r1Idt. We obtain

p Vidt — ApaVodt = r(Vi — AVy) dt.

This yields
(1 —r)Vi/ Vi, = (po —1)Va/Vay,

or equivalently

Hr—7r  flg —T
01 02 '

Since the left-hand side is a function of 77, while the right-hand side is a function of 75.
Therefore, it is independent of 7. Let us express it as a known function A(r, ¢):

w—rr
o

= \(r,t).
Plug 11; and o; back to this equation, and drop the index ¢, we obtain
Lo
V}—I—?w Vir + (u = dw)V, —rV = 0.

The function A(r,t) = =" is called the market price, since it gives the extra increase in
expected instantaneous rate of return on a bond per an additional unit of risk.

This stochastic bond model depends on three parameter functions u(r,t),w(r,t) and
A(r, t). In the next section, we shall provide some model to determine them.
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9.2 Interest models

There are many interest rate models. We list some of them below.

e Merton (1973): dr = adt + odz.

e Vasicek (1977): dr = B(a — r)dt + odz.

e Dothan (1978): dr = ordz.

e Marsh-Rosenfeld (1983): dr = (ar®~! + Br)dt + or®/?dz.

e Cox-Ingersoll-Ross (1985) dr = (o — r)dt + or2dz.

e Ho-Lee (1986): dr = «a(t)dt + odz.

e Black-Karasinski (1991): dInr = (a(t) — b(t) Inr) dt + odz.
The main requirements for an interest rate model are

e positivity: 7(¢) > 0 almost surely,

e mean reversion: r should tends to increase (or to decrease) and toward a mean.
The C-I-R and B-K models have these properties.

Below, we shall illustrate a unified approach proposed by Luo, Yen and Zhang.

9.2.1 A functional approach for interest rate model

The idea is to design r to be a function of x(¢) and ¢, (i.e. r = r(z(t),t)) with x(¢)
governed by a simple stochastic process. We notice that the Ornstein-Uhlenbeck process
dr = —nxdt + odz has the property to tend to its mean (which is 0) time asymptotically.
While the Bessel process dx = ¢/xdt + odz has positive property. We then design the
underlying basic process is the sum of these two processes:

dr = <—nx + E) dt + odz.
x

In general, we allow 7, €, and o are given functions of . With this simple process, we can
choose r = r(z(t),t). Then all interest models mentioned above correspond to different
choices of r(x,t), n, € and e.

e Merton’s model: we choose e =71 =0, r = x 4 at.
x—02/2t.

e Dothan’s model: e = =0,7r =¢

e Ho-Lee:e=n=0,r= :JH—fOta(s) ds.

Vasicek: e =0,n=0,r =2z + a.

C-IR: 8 =2, a = (0% +2¢)/(8n), r = 12,
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e Black-Karasinski: € = 0, r = exp(g(¢, z)), where g = = + fg a(s)ds, n = 0b(t).

With the interest rate model, the zero-coupon bond price V' is given by
V(z,t)=F (eftTT(s’”(s))dS | 2 = x) 4 <T.

From the Feymann-Kac formula, V' satisfies

0 1 02 e\ 0
{W;@*(—"f"f*;)%—r]v—o-

This model depends three parameter functions €(t),n(t), o(t), and r(x,t). There is no
unified theory available yet with this approach and the approach of the previous subsection.

9.3 Convertible Bonds

A convertible bond is a bond plus a call option under which the bond holder has the right
to convert the bond into a common shares. Thus, it is a function of r, S, ¢ and T'. Let the
stochastic processes governed by S and r are

ds

S
dr = udt+ wdz,.

= pdt+ odzg,

Suppose the correlation between dzg and dzp is
dzs dz, = p(S,r,t)dt.

The final value of the convertible bond V' (r, S, T') = F, the face value of the bond. Suppose
the bond can be converted to n.S at any time priori to 7. Then we have

V(r,S,t) > nS.
We also have the boundary conditions:

lim V(r,S,t) = nS

S—o0

lim V(r,S,t) = 0.

T—00

At S = 0orr = 0, we should require V' (r,0,t) or VV(0, S, t) to be finite.
The Black-Scholes analysis for a convertible bond is similar to the analysis for a bond.
LetV; = V(r,S,t,T;), i = 1,2. Consider a portfolio

H == Al‘/l + AQ‘/Q + ASS
In a small time step dt, the change of dII is

dH = Aldm + AQd‘/Q + ASdS,
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where iV
VZ = pidt + 0,.;dz, + 05,dzs,
1 o? w?
Hi = V V;,t + ?S V;,SS + psw‘/;,Sr + 7‘/1',7"7" + MS‘/Z',S + u‘/i,r )
0s; = ViUSVi,S
1
ri — 15 ‘/z r-
o V,-w 7
This implies

dll = (Al,ulm + A2M2‘/2 + A/LS) dt
+ (A1 Vi + D052V + AcS) dzg
+ (Alo-r,l‘/l + AQJ’!’,Q‘/Q) dzr-

We choose A1, Ay and Ag to cancel the randomness terms dz, and dzg. This means that

(A10'571‘/1 + AQO‘&Q‘/Q + AO’S) dZS =0
(Ao, Vi + DgoyoVo)dz, =

And it yields

dll = (Allil‘/l + AQ/,LQ‘/Q + A/LS) dt
= (A V; 4 AVh + AS) dt.

Or equivalently,
Ay(py — )V + Ao — r)Va+ A(p —r)S = 0.
This equality together with the previous two give that there exist A\, and Ag such that

([111 - T) = )\SUS,l + )\rar,l
(M? - T’) = ASO-S,Q + )\7’0-7“72
(w—7r) = Aso

The functions A, and \g are called the market prices of risk with respect to  and .5, respec-
tively. Plug the formulae for y;, 0,; and og;, we obtain the Black-Scholes equation for a
convertible bond:

0 0? 0? w? 02 0 0

2
9,9 29 v v o 9 _ 9 _
8t+ 25852+p5w858r+ 5 aTQ—H"SaS—i-(u )\Tw)ar r|V =0.
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Appendix A

Basic theory of stochastic calculus

A.1 Brownian motion

Let (2, F, P) be a probability space. A process is a function X : [0,00) x (Q,F) —
(E, B), such that for each t > 0, X (¢) is a random variable. Here, E = R%, B is the Borel
sets. Let

Fr = o{X(s),s <t}

F' = o{X(s),s >t}
A process is called Markov if
PA|F)=P(A| X(t),VA e F"
This is equivalent to
P{X(r) € B|F:} = P{X(r) € B|X(t)}Vr > t,
A markov process is characterized by its transition probability:
P(t,z,s,B):= P{X(s) € B| X(t) =z}

with initial distribution
P{X(0) € B} =v(B).

Theorem 1.7 If X is a Markov process, then the corresponding transition probability P
satisfies Chapman-Kolmogorov equation:

/P(to,xo,thdIl)P(tl,xl,tQ,B) = P(to, 0,12, B).

Conversely, if P is a function satisfies Chapman-Kolmogorov equation, then there is a
Markov process whose transition probability is P.

97
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Two standard Markov processes are the Wiener process and the Poison process. The
Wiener process has the transition probability density function

1 lz — y|?
¢ — - exp(—2TIN

Such a distribution is called a normal distribution with mean x and variance s — t.

Definition 1.7 Brownian motion: A process is called a Brownian motion(or a Wiener pro-
cess) if

1. B, — B; has normal distribution with mean 0 and variance t — s,
2. it has independent increments: that is B, — B is independent of B, forall u < s < t,

3. By is continuous in t.

It is easy to see that B; is markovian and its transition probability is

1 |z —yf*
p(t,x,s,y) = WGXP(—

).

s—1
Definition 1.8 A process {X; | t > 0} is called martingale if
(i) EX,; < oo,

(i) B(X, | X,,0<s<t}=X,.

This means that if we know the value of the process up to time ¢ and X; = =z, then the
future expectation of X, is x.

Theorem 1.8 /. B, is a martingale.

2. V2 — tis a martingale.

Proof.

1. E(B;) = 0. From the fact that B;,; — B; is independent of B;, for all s > 0, we
obtain F(B;,s — B, | B;) = 0, for all s > 0. Hence,

E(Byys | By) = E((Biys— Bi) + B | By)
= E((Biws — Bi) | B)) + E(B: | By)
B,

2. BE(B?) =t < oo.
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3. Use

B}, = ((Bus—B)+B)
= (Bt+s — Bt)2 + 2Bt(Bt+S - Bt) + Bt2

and the fact that B, ; — B; is independent of B;, we obtain
BB, | B) = s+ B

Hence,
E(BY, — (t+s)| B) =B} —t.

We can show that the Brownian motion has infinite total variation in any interval. This
means that

lim Y " [B(t;) — B(ti-1)| = oc.

However, its quadratic variation, defined by
[B,B(a,b) :=1lim Y _|B(t;) — B(t;_1)|*

is finite. Here, a = tg < t; < --- < t,, = b is a partition of (a, b), and the limit is taken to
be max(ti — tifl) — 0.

Theorem 1.9 We have [B, B](0,t) = t almost surely.

Proof. Let us partition (0, t) evenly into 2" subintervals. Let T,, = Z?; |B(t;)—B(t;_1)|*
We see that

ET, =Y E(B(t;) = B(ti-)) =Y [t; —tia| =t.

Var(T) = VarQy|B(t) = Bt-))
= Y war((B(t:) — B(ti-1))?)
= QZ(ti—ti—1)2

= 2t%27"
Hence, Y~ Var(T,) < oo. From Fubini theorem,

E (i(Tn — ETn)2> < 0.

n=1

This implies E((T;, — ET,)?) — 0 and hence, T,, — ET,, almost surely. I
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A.2 Stochastic integral

We shall define the integral

/ F(s)dB(s)

The method can be applied with B replaced by a martingale, or a martingale plus a function
with finite total variation. We shall require that f € H 2 which means:

(i) f(t) depends only on the history F; of By, for s < t,
(i) [ E|f]?> < oo.
For this kind of functions, we can define its 1t6’s integral as the follows.

1. We define 1td’s integral for f € H? and being step functions. Its Itd’s integral is

define by
/f ) dB(s Zf (Bt — B(ti)).

2. We use above step functions f,, to approximate general function f € H?. Using the
fact that, for step functions g € H?,

E (( / o(s) dB<s>)2) - / Blg(s)P ds,

lim Ot fn(s)dB(s)

one can show that

n—oo

almost surely.
An typical example is
t
1
/ B(s)dB(s) = =B(t)* — .
0 2 2

From the definition, the integral can be approximated by

I, _ZB 1) — B(ti_y).
We have
b= 5 [B) ~ Bte) = (50 = Bl
U %fjw(m Bl )P

We have seen that the second on the right-hand side tends to %t almost surely.
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A.3 Stochastic differential equation
A stochastic differential equation has the form
dX; = a( X, t)dt + b( Xy, t)dB(t) (A.1)

A Markov process X is said to be a strong solution of this s.d.e. if it satisfies

t t
X, — X, = / o(X.,s) ds + / b(X.. 5)dB(s).
0 0
Theorem 1.10 (It6’s formula) If X satisfies the s.d.e. dX = adt + bdB, then
1
df (X (1) = (af"(X () + 01" (X (0)))dt + ['(X (£)bdB(1).

We shall give a brief idea of the proof. In a small time step (¢;_1,t;), let AB = B(t;) —
B(ti_l), At = tz — ti—l- We have

F(X(tia) + AX) = F(X(ti1)) = FAX + 3 F/(AX) 4o (AX)).
We notice that

(AX)? = (aAt+bAB)?
= a*(At)? + 2abAt + b*(AB)?
~ b*At+ o(At).

Plug AX and (AX)? into the Taylor expansion formula for f. This yields the Ino’s for-
mula.

A.4 Diffusion process

For a s.d.e.(A.1), we define the associated semigroup 7; by
ﬂf = Ex,t(f(X(S))7 s>1

From the Markovian property, one can show that 7} is a semi-group. Indeed, in terms of
the transition probability density function p(¢, z, s, y),

T.f = / (t, 2, 5,9)f(y) dy.
For a semigroup 7}, we define its generator as

Lf :=lim

t—0

Lif -7
—

From It6’s formula, |
Lf:=af + —b2f”.

This follows from It6’s formula and E( fo s)dB(s) =0).
With a fixed s > ¢ and f, we define

u(w,t) == (Tof)(, 1) = Ero(f(X ().
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Theorem 1.11 If X satisfies the s.d.e. (A.1), then the associate u(x,t) = E,.(f(X(s)),
s > t, satisfies the backward diffusion equation:

uy + Lu =0,
and has final condition u(s,z) = f(x).
Proof. First, we notice that

u(x,t—h) = E.w(f(X(s))
= Ex,tfhEX(t),t(f(X<S>>
= Eun(u(X(1),1))

This shifts final time from s to t. Now, we consider

u(z,t —h) —u(z,t) 1
) = L @, 0~ X (- 1)
_ %/t_hLu(X(s),t)ds
—  Lu(z,t)

as h — 0+. Next, u(z,s — h) = E, s—nf(X(s)), we have X(s) — x as h — 0+ almost
surely. Hence u(z,s — h) — f(z)ash — 0+. 1

Since u can be represent as

u(a, ) = / Dt 5,9)f () dy,

we obtain that p satisfies
Pt + pr = 07

and
p(S,Qf, S7y) = 5(']7 - y)

For diffusion equation with source term, its solution can be represented by the following
Feymann-Kac formula.

Theorem 1.12 (Feymann-Kac) If X satisfies the s.d.e. (A.1), then the associate

u(i,t) = B, [f<X<s>>exp [ ax@.m dr] e (A2)
t
solves the backward diffusion equation:
us + Lu + gu = 0,

with final condition u(s,z) = f(x).
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Proof. As before, we shift final time from s to ¢:

et =1) = B |fCC) e [ g (7)) ar]

~ BecaBro (X ew [ o) ar]

— Bun | Bxioa | /X))o /jsg<x<f>, ir| B oo [ gtx)7) 07|
= B {u(X(t),t) exp /tth g(X(7),7) dT:| .

Here, we have used independence of X in the regions (¢ — h, t) and (¢, s). Now, from It6’s
formula, we have

w(x,t —h) —u(z,t) = Euuip [U(X(t), t) exp /th g(X(7),7)dr —u(X(t — h), t)}
= B [ a(ux e [ oxe )
— B /t | (Lu(X(5).0) + u(X(5). 09(X (3).)) ds.

From this, it is easy to see that

lim w(z,t —h) —u(x,t)
h—0+ h

= Lu(z,t) + g(x, t)u(x,t).



