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Chapter 1

Fluid Mechanics

1.1 Thermodynamics

The equations of gas dynamics are derived based on conservation of mass, momentum
and energy. Before we derive these equations, let us review some thermodynamics.
First, the basic thermo variables are pressure (p), specific volume (7), called state
variables. The internal energy (e) is a function of p and 7. Such a relation is called
a constitutive equation. The basic assumption are

%
op

Oe

Ep>0

> 0,

T

Sometimes, it is convinient to express p as a function of (7, e).
In an adiabetic process (no heat enters or losses), the first law of thermodynamics

(conservation of energy) reads
de 4+ pdt = 0. (1.1)

This is called a Pfaffian equation mathematically. A function o(e,7) is called an
integral of (1.1) if there exists a function u(e,7) such that

do = - (de + pdr).

Thus, 0 = constant represents a specific adiabetic process. For Pfaffian equation with
only two independent variables, one can always find its integral. First, one can derive
equation for u: from

0. = pand o = pp

and using o., = 0,., we obtain the equation for pu:

fir = (p)e-

This is a linear first-order equation for u. It can be solved by the method of charac-
teristics in the region 7 > 0 and e > 0. The solutions of © and ¢ are not unique. If
o is a solution, so does ¢ with do = v(o)do for any function v(o). We can choose u
such that if two systems are in thermo-equilibrium, then they have the same value p.



In other words, p is only a function of emperical temperature. We shall denote it by
1/T. Such T is called the absolute temperature. The corresponding o is called the
physical entropy S. The relation do = u(de + pdr) is re-expressed as

de =T4dS — pdr. (1.2)
For ideal gas, which satisfies the laws of Boyle and Gay-Lussac:
pT = RT, (1.3)

where R is the universal gas constant. From this and (1.2), treating S and 7 as
independent variables, one obtains

Regs(S, 1)+ 1e (S, 7) = 0.

We can solve this linear first-order equation by the method of characteristics. We
rewrite this equation as a directional differentiation:

This means that e is constant along the characteristic curves

R@:T.

These characteristics can be integrated as
Te R = ¢,

Here ¢ is a positive constant. The energy e(, S) is constant when 7e~%/# is a constant.

That is, e = h(¢) for some function h. We notice that i’ < 0 because p = —(2¢)g =
—e 9B/ (1H) > 0. From T = (%), = —%£h'(¢) - ¢, we see that T is a function of ¢.
In most cases, T is a decreasing function of ¢. We shall make this as an assumption.
With this, we can invert the relation between 7" and ¢ and treat ¢ as a decreasing
function of 7. Thus, we can also view e as a function of T, say e(7), and e(T) is
now an increasing function. Now, we have five thermo variables p, 7, e, .5, T, and three

relations:

pr = RT
e = e(T)
de = TdS — pdr

Hence, we can choose two of as independent thermo variables and treat the rest three
as dependent variables.

For instance, e is a linear function of T', i.e. e = ¢, T, where ¢, is a constant called
specfic heat at constant volume. Such a gas is called polytropic gas. We can obtain

pT

pr = RT and e = ¢, T =
v—1

(1.4)



or in terms of entropy,

p = A
T = —A$)7_7+1
. C'Uf-lR(S>T—'Y+1

where

A(S) = (v =1 exp((S = So)/c)
v = 1+ R/e,

If we define d@) = T'dS, it is easy to see that ¢, and ¢, are the specific heat at constant
volume and constant pressure, respectively.

-
o = (52) =G/

( de > N ( or )

= —_— p —_—

aTr » oT )

In general, ¢, > ¢,. Because ¢, is the amount of heat added to a system per unit
mass at constant pressure. In order to maintain constant pressure, the volume has to

expand (otherwise, pressure will increase), the extra amount of work due to expansion
is supplied by the extra amount of heat ¢, — c,.

1.2 Compressible Euler Equations

Next, we derive the equations of gas dynamics. Let us consider an arbitrary domain
Q) C R3. The mass flux from outside to inside per unit time per unit area dS is —pv-,
where n is the outer normal of €). Thus, the conservation of mass can be read as

L pdx = /[—pv~n]d$
o0

dt /o
= —/div (pv)dx
Q

This holds for arbitrary €2, hence we have
pt + div(pv) = 0. (1.5)

This is called the continuity equation.



Now, we derive momentum equation. Let us suppose the only surface force is
from pressure (no viscous force). Then the momentum change in € is due to (i) the
momentum carried in through boundary, (ii) the pressure force exerted on the surface,
(iii) the body force. The first term is —pvv - n, the second term is —pn. Thus, we
have

4 pvdr = / —[pvv-n+pn]d8+/Fdx
dt Jo 0

= / div[—pv @ v — pI] + F dx
Q

This yields
(pv)¢ + div(pv®@v)+Vp=F (1.6)
Here, the notation V- pv®v stands for a vector whoes ith component is 3 0;(pv'v7).

The energy per unit volume is £ = % pv?+ pe. The energy change in  per unit time
is due to (i) the energy carried in through boundary (ii) the work done by the pressure
from boundary, and (iii) the work done by the body force. The first term is —Ewv - n.
The second term is —pv - n. The third term is F' - v. The conservation of energy can
be read as

4 Ed:v:/ [—Ev-n—pv-n]dS+/F-vda:
dt Jq o0 Q

By applying divergence theorem, we obtain the energy equation:
Ey + div[(E + p)v] = pF - v. (1.7)
In one dimension, the equations are (without body force)
pe+(pu)e = 0
(pu) + (pu* +p)y = 0

1 1
(50U2 +e)+ [(imf +e+pul, = 0.

Here, the unknowns are two thermo variable p and e, and one kinetic variable w.
Other thermo variable p is given by the constitutive equation p(p, e).

1.3 Invariants

1.3.1 Compressible gas dynamics in Lagrangian coordinate

Given velocity field v(z,t), we can define the particle path z(¢, X) to be the solution
of the ODE
z(t) = v(x,t), (0, X) = X.

The coordinate X is called the Lagrangian coordinate, or the material coordinate,
where x is the orginal coordinate in the physical space. It is also called the Eulerian
coordinate. The derivative



is called the material derivative.
We shall rewite the Euler equation in terms of Lagrangian coordinate.

Rate of change of density First, we have

d
— v =0.
dtp+pV v
This means that
dp dr
Veop=-—4 = d (1.8)
P T

is the relative rate of change of volume. A fluid is called incompressible if

o _

7 =0.

This is indeed equivalent to
V.-v=0.

Rate of change of velocity The momentum equation is
pvy + prv 4+ poVo + p(Vo)v + Vp = 0.

Using the continuity equation, we get

dv _@

— = 1.9
7 B (1.9)
Rate of change of internal energy and entropy We can subtract the kinetic
energy from the energy equation to obtain the motion of internal energy:

de

— -v=0.
pdt—l—pv )

This means that the change of internal energy is due to the volume change of the
fluid. This together with

de =TdS — pdr
lead to
s
dt
In compressible flows, dS/dt = 0 means S is constant along particle path, S may still
be different on different path. Indeed, as the particle passes through a shock front,
the entropy increases.
When a flow with constant S, it is called an isentropic flow.

0. (1.10)

7



1.3.2 Vorticity

The momentum equation can be rewritten as

dv
— =0.
P +Vp

We can rewrite the convection term v - Vv in the momentum equation by applying
the following identity

1
U-Vv:V(§v2)—v><w.

Here, w := V X v is called the vorticity. This leads to
1, 1
wtwxv+V 3V +-Vp =0. (1.11)
p

In the case of barotropic flows where p is only a function of p, the last term Vp/p
can be expressed as Vw. This is an important formula. It says that the acceleration
is due to (i) rotation (w X v) and (ii) conservative force V(v?/2 + w).

One consequence from this formula is the Bernoulli law: For barotropic steady

flows, the quantity
1
5’02 +w = constant, (1.12)

along stream lines. Here, steady flow means that the solution is independent of time.
We take inner product of (1.11) with v. We can get

1
U-V<§v2+w) = 0.

This means that %Ug + w stay constant along the stream line.
Another important result can be derived from (1.11) is by taking curl on both
sides, we can eliminate those gradient terms and leave only kinematic variables.

wt—i—v-Vw:(w-V)v—w(V-v)—f—%Vprp. (1.13)
Here, we have used the identity from vector calculus
VXx(wxv)=wV-v)—v(V-w)+ (v V)w—w-Vo.
Now, we consider the variation of the quantity w/p.
d (w ldw 1dp
dt (5) T opdt o’

1 1
= —((w~V)v—wV~v)+—3Vp><Vp—i—gv-v
p p p

1
= (E-V)U—F—?)VpXVp.
p p

8



This kinematic relation is due to Helmholtz. When p is only a function of p, VpxVp =
0. Such flows are called barotropic flows. The isothermal flows, isentropic flows are
examples of barotropic flows. In this case,

HORCRE

We claim this is equivalent to
X
d (“—Ja—) = 0. (1.14)

To prove this claim, we use Lagrange coordinate

d (w w w0X v
J— J— e —_ v = ———
dt \ p p p Ox 0X
We differentiate the identity
0X 0r _
or 0X
in ¢ to get
d(0X\ 020X 00 _
dt \ 0r ) 0X = 0x 0X
Plug this into the above equation, we get

d(w) wd (0X) (o)
dt \ p pdt \ Ox 0x)

This leads to 4 5
2 (f—) = 0. (1.15)

dt \ p Ox
We integrate it to obtain
w w, O0z(t,X
2 (1) = £ 2L X
p p 0X

This means that £ is transported along particle path.
Let us define the vortex line to be the integral curve of the vorticity field w. Let
X («) be a vortex line at t = 0. That is,

dX _ w(X,0)
da p(X,0)

Let us investigate this line following the flow z(¢, X («)). Its tangent is

d or dX
—u(t, X (o) = X dov

da ’
= ;(t)

This shows that the vortex line stays as a vortex line as it flows with the fluid.

9



1.3.3 Irrotational flows

In the previous subsection, we see that for barotropic flows, if w = 0 initially, then
w = 0 in all later time. In this case, we call such flows irrotational. That is,

V xv=0.
If the domain is simply connected, then we can find a scalar function ¢ such that
v=Vo

Such a function is called the velocity potential. If in addition the flow is incompress-
ible, i.e.
V-v=0,

we call an incompressible and irrotational flow a potential flow. The potential theory
can be applied.

10



Chapter 2

Viscous Fluids

2.1 Viscosity

2.1.1 Source of viscosity

Stress The stress is a surface force due to the impact of particles onto the surface
from the other side per unit time. Suppose the small surface has area dA with (outer)
normal n. The surface for from particles from outer region is F'. The stress is a tensor
which maps n to F"

on=F

The stress can be decomposed into a pressure part and viscous part:
Uij = —p5w + O-’Zj

The pressure is isotropic. It exists even the veclocity is zero or a constant. The
viscous part is an internal friction. It can occur only when different fluid particles
move at different velocities. If v is a constant, then ¢’ = 0. Thus ¢’ is a function of
Vu. We assume Vv is small, then it is reasonable to assume ¢’ as a linear function
of Vu.

The rotation does not contribute any viscous force. For a rigid-body rotation:‘é—g =
Q) x v, Q is the rotation vector. The corresponding v satisfies £ = 0. Here, £ =

Vv + (Vo)T. From ¢’ being linear to Vo, zero when Vv = 0 or E = 0, we get
o' =aE +btr(E)l.

Here, a and b are two constants. We can modify it a little so that the first term is
divergence free.

0’:77(Vv—|—(Vv)T—;V-v[)—l—CV-vI. (2.1)

The coefficient 7 is called the shear viscosity, while ( the bulk viscosity. These two
coefficient should satisfy
n>0,¢>0. (2.2)

for energy dissipation requirement in viscous systems, as we shall see later.

11



The viscous force is
2
V.o = n(Vv+(Vv)T—§V~vI)+CV-v[
1
= Vv ((+ gV v,

The momentum equation

1
p(vt+wxv+V(§v2)>+Vp:V.a'

12



Chapter 3

Elasticity

The material of this chapter is mainly from Ciarlet’s book, Mathematical Elasticity,
Vol. 1, Three dimensional elasticity.

3.1 Strain

Let us imagine an elastic material deforms from a region {2y at time 0 to §2(¢) at time
t. We denote such a deformation by y = y(t,x), or y = ¢'(z). That is, a position
with coordinate z is deformed to position y at time ¢. The coordinate z is called the
Lagrange coordinate, while y the Euler coordinate.
The gradient
F:=V,y(t, x)

is called the deformation gradient. 1t is clear that F'(0,x) = I. Let us denote det F' by
J. We have J(t) > 0 for all time from physical consideration. Thus the mapping ¢’ is
invertible. Let us call u := y —x the displacement. Its gradient V,u the displacement
gradient. We have F' = I + V, u.

Examples.

1. Rigid body motion: A trivial deformation is the rigid body motion
y=a-+Q(t)x
where Q(t) is an orthogonal matrix QQT = 1.

2. Let us consider
y=D(t)x

where

D(t) = diag(A1, A2, A3) D(#)

and \; are constants with Y, \; = 0. This gives y* = eM'z;. i = 1,2,3. If
A1 > 0 and Ay, A3 < 0, then the material expands in x; direction while squeezs
in x5 and x5 directions.

13



3. Shear motion:
4. Expansion
Let us characterize the rigid-body motion without proof.

Theorem 3.1 Let ¢' : Q — R3. Then ¢'(x) = a + Q(t)x is a rigid-body motion if
and only if FTF = 1. Here, F = V,¢' and Q(t) is an orthogonal matrix.

The geometry of deformation Suppose an infinitesimal vector dx at time 0 is
deformed to dy at time t. Then

dy = @dx = Fdz.
Ox

The Euclidean inner product at time ¢ induces a time-dependent Riemannian metric
at t =0:
(dy, dy) = (Fdx, Fdz) = (dz, FT Fdz).

We call C' := FTF the right Cauchy-Green strain tensor. It is also the first fundamen-
tal form of the domain €(¢). In terms of displacement gradient, C' can be expressed

C=T+Vou)'(I+Vu)=1+Vu+ (Vu) + (Vu)" (Vu).

If the deformation variation is small (i.e. |V, u| << 1), then
1
C~I[+2FE, E= 5 (Vou+ (Vou)"),
E is called the Cauchy strain tensor. Its components are
1 [ ou N ou?
€i; — < - - .
72\ 02 Oxt

Physical meaning of strain. To understand the physical meaning of e;q, let us
consider an infinitesimal vector dz' := (df;,0,0)”. The vector is deformed to

1 2 3
out Oou® Ou )ng

1
e 1 _—
dy (1+ ozxl’ Ozl Oxt

1-

Its length square
oul

i) = (') ~ (1425 ) @

Here we have neglected the hight order terms. Thus,

~ out

That is ~
dl, — dby
e,

11 =~

14



Thus, the physical meaning of e;; is the relative change of d¢ in the direction e;.
Similarly, to understand the physical meaning of ejs, we consider two infinitesimal
vectors

dz' = (df1,0,0)"
dz® = (0,dly,0)".

The corresponding deformed vectors are

out ou? oud
1 du” ou” ou” .o
dy - ( + ax17 ax17 axl) 1
ou' ou? oud
2 T
dy” = (8372’ L ox?’ 83:2) dés.

The inner product
oul  ou?

(dyl, dy2) ~ <w + %) dgldfg

Hence, we get o
dgldfg cosf = 2612d€1d€2

where 6 is the angle between dy' and dy?. Using (3.1) and neglecting higher order
terms, we get

€19 = — cosf.
2

Thus, the physical meaning of e;5 is the half of the cosine of the relative angle between
the two deformed orthogonal vectors e; and e directors.

compression and shear.

3.2 Stress

3.2.1 The stress tensor in Euler coordinate

The stress is a surface force. It is due to the molecular force of the elastic material
on one side of the surface to the other side. More precisely, the stress 0 = AP/AS,
P is the power, i.e. the force per unit time.

The time derivative of the trajectory ¢'(z), or y(¢, z) is the velocity

_dy(t, x)
o dt

We notice that the velocity defined here is in Lagrange coordinate system. We may

also define v(t,y) = dy/dt(t,z) with y = y(t,x), then this is the velocity in Euler

coordinate system, and y(¢, z) is the solution of the ODE ¢ = v(¢,y) with y(0,z) = x.
The momentum equation reads

(VN




Here, d/dt means the material derivative (i.e. the partial derivative in ¢ with fixed z)
The stress is indeed a symmetric 2-tensor, which is based on the following three
arguments:

e Cauchy stress principle: The stress is assumed to be a function of the Euler
coordinate y and the normal of the surface v.

e From conservation of linear momentum, we can derive that
o(y,v) =T(y)v. (3.2)

e From conservation of angular momentum, we can get 7'(y) is symmetric.

To show (3.2), given v, we consider a plan with normal v. The plan intersects the
coordinate axes ej,es,e3 at A, Ao, Az, respectively. Let us consider the perimid
OA1A5A3, call it AG, the surface A1A3Az is called AS, and the three sides of the
perimid are AS;. The conservation of linear momentum on AG reads

dv i
—dy:/ o(y,v)dS + / o(y,—e;)dS
/AGpdt AS ) ; AS; ( )

By dividing both sides by AS then take AS — 0, we can get

o(y,v) =— Z vio(y, —€i)

On the other hand, from Newton’s third law, we can get o(y, —e;) = —o(y,e;). We
conclude that o is linear in v.
The conservation of angular momentum reads

/p(yxd—v) dy:/ (y x Tv)dS
G dt oG

dv
py x — =V, (yxT)

In differential form:

The last term in coordinate form is

Oi(€ijwyiTh) = €ijubjTh + €ijny; 0Tk
= €jplk; + €ijryiO0 T

On the other hand, from linear momentum equation:

dv

v T =
g~ Vol =0

16



we take cross product with y on both sides to get

dv
py x - =y x (V,T).

This together with the angular equation, we get
€ijklr; = 0,

That is T;; = Tj. Thus, by assuming the conservation of linear momentum, the
conservation of angular momentum is equivalent to the symmetry of the stress tensor.

3.2.2 The stress tensor in Lagrangian coordinate—Piola stress

We want to express the linear momentum equation in Lagrangian coordinate. Let G
is deformed to G, its boundary Sy to S;. In Euler coordinate, the linear momentum

equation is
dv
p— dy = / TvdS
/Gt dt S !

In Lagrange coordinate, we have

d
/Pod—;}dfﬂ:/ PndS, (3.3)
Go SO

We want to find the relation between T and P. The tensor P is called the Piola stress
tensor.
First, the conservation of mass reads

/de:/ po dz.
G Go

The left-hand side is [ q, PJ dz. This leads to

pJ = po.

dv dv dv
p—dy:/ p—Jda;:/ po— dx.
/Gt dt | dt ot

In (3.3), the velocity v at time ¢ is the same vector, the stress o is also the same vector
in the Lagrange coordinate. We now change the surface force term to the Lagrange
coordinate. We claim that

Using this,

vdS, = JF~TndS, (3.4)

With this, then
P=JTF T,

Now, we prove (3.4). Let dx' and dz? are two infinitesimal vectors such that

ndSy = dz' x dz?.

17



Suppose da’ is deformed to dy® at time ¢, then
vdS, = dy' x dy?.
In coordinate form, we have

v;dS, = eijkdyjl- dy,z
Ez’jk:yj,qyk,rdx;dzz

Multiplying both sides by y;, and using

J = €pgrY1,pY2,qY3.r5

we obtain

VY pd Sy = epqudx;dxf = Jn,dSy

Thus, we get
FTvdS, = JndS,.

The equation of motion now reads

dv
= —vV,P
Lo dt V:v

From the symmetry of T', we get
S=F'P=JF'TF T

called the second Piola stress tensor, which is also symmetric.

3.3 Stress-strain relation

The stress in an elastic material is due to deformation. Therefore we assume the
stress tensor 7" is a function of the deformation gradient F'. Such a relation

~

T(y) = T(x, F)

is called a constitutive relation and T is called a response function. If T is independent
of x, the material is called homogeneous. Below, we will find the physical conditions
for a response function.

3.3.1 Frame indifference

First, the stress should be independent of the frame of reference physically. Suppose
y is the coordinate in the original frame, and y* is the coordinate in new frame
which is a rotation of the old frame. That is, ¥* = Qy, and @ is a rotation. Then

18



F* := 0y*/0x = QF; the normal and the stress in the old and new frames are related
by v* = Qu, 0 = Qo. In terms of the response function, it reads

o = T(QF)v* =T(QF)Qu
Qo = QT(F)v.
Hence, N N
T(QF) = QT(F)Q". (3.5)
This condition is called the aziom of material frame-indifference.

Next, we will show that 7" is indeed a function of the Cauchy-Green strain tensor
only. Let us write F' in polar form

F = RU.

where R is a rotation and U is positive definite. From the axiom of material frame-
indifference, we get

T(F)=T(RU) = RT(U)RT = FU'T(U)UF" = FT(C)FT.
where C' = U? = FTF is the right Cauchy-Green strain tensor.
Similarly, for the Piola tensor P, the frame-indifference reads
P(QF) = JT(QF)(QF)" = JQT(F)Q"Q "F " = QP(F).

and
P(F) = JI(F ) = JFT(C) = FP(C),

where J? = detC and P(C) := VdetCT(C ) For the second Piola tensor it satisfies
S(QF) = (QF)™'P(QF) = (FT'Q™')(QP(F)) = X(F),

and

S(F) = F'P=P(C).

3.3.2 Isotropic material

A material is isotropic if its stress tensor is independent of a rotational of the strain.
Suppose we have two identical materials. One has material coordinate x, while the
other is x* with z* = Qz and () being a rotation. If these two materials deform in the
same way and result the same stresses, we call this material isotropic. Mathematically,
this means

T(FQ)=T(F). (3.6)
In terms of Piola stress tensor, it reads
P(FQ) = P(F)Q for all orthogonal matrix @ (3.7)

This follows from

P(FQ) = JT(FQ)(FQ)™" = JT(F)F'Q = P(F)Q.

In order to characterize the response function of an isotropic material, we review some
spectral properties of a matrix.
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3.3.3 Hyper-elastic material
A material is called hyper-elastic material if there exists a potential W (F') such that

oW

P(F) = 5.

Notice that such materials satisfy the frame-indifference axiom if and only if
W(QF) =W(F) for all Q.

To see this, we differentiate the above equation in F' to get

P(F) = 2 W(F) = - W(QF) = QT% — Q'P(QF).

This shows W(F) = W(QF) if and only if P(QF) = QP(F) for all Q). Similarly, a
hyper-elastic material is isotropic (i.e. P(FQ) = P(F)Q) if and only if W(FQ) =
W (F) for all Q. This follows from

PF) = W (F) = 5w (FQ) = 52T - p@rQ,

Thus, for an isotropic hyper-elastic material, its potential energy function W satisfies
W(FQ)=W(QF)=W(F) for all Q) (3.8)

Thus, W is only a function of the principal invariants of F', the eigenvalues of FT F.
Two simple examples:

e Hook’s law: W (F) = %H|F|2, where |F|* = Zij |5

e Linear isotropic elastic material:

W = %(tr E)? + ptr (E?), where E = %(C — 1) (3.9)
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Chapter 4

Variation Formulation of Fluid
Mechnics and Elasticity

4.1

Flow maps

4.1.1 Lagrangian and Eulerian Coordinates

We will derive a unified theory for both fluid and elasticity. We shall use the following
notations.

Let z(-, X) be the particle path of a piece of material (or fluid) with position
X initially. X is called the Lagrangian coordinate, whereas = the Eulerian
coordinate. It is assumed that the mapping satisfies z(0, X) = X.

: the region occupied by the material at time ¢. Thus, the mapping x(¢,-) :
Qo — €. Or the mapping

w(-,+) [0, T] x Qo — Usepo,m -

In most of case, we assume the whole region occupied by the material is un-
changed. We denote this wholeregion by D. Thus, x : [0,7] x D — D. We
always assume x(t,-) is 1-1 and onto from D to D.

The deformation matrix F' := g—;, or Fi(t,X) = 0x'(t, X)/0X°.

The Jacobian J := det F'. We have dx = JdX.

The particle velocity is defined to be #(¢, X). We shall use dot for the time
derivative with the Lagrangian coordinate fixed.

In Eulerian coordinate, we define
u(t, z(t, X)) = z(t, X).
In other words,

(t, X) = /Du(t,x)é(x—x(t,X))dx

where ¢ is the delta function.
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e For a physical quantity, say the density p, we denote by pg the density initially,
and the density p(¢, z) is defined to be

p(t, x) :/po(X)(S(x—a:(t,X))dX.

Thus, the mass in a region €2 is

/Qp(t,x)dx _ /Q/pg(X)é(a:—:c(t,X))dXd:c

= / po(X)dX
z(t,X)eQ

If we take €2 = €);, then we get

/Qt ot 2) d = /Q po(X) dX.

Thus, the definition above implicitly assumes conservation of mass. By deviding
the above equation by |, and use limg, o #g—;k = J, we get

p(t, z(t, X))J(t, X) = po(X).

Alternatively, we take Q = [z!, 2 +€) x [2%, 2% +¢€) x [2%,2% + €). Then

xl4e x24e x34e
[, [ etema = [ po(X) dX
xl x2 x3 <zt (t,X)<zi+e

= / £o (X) J_l dx
i<zt (t,X)<z+e

By dividing both sides by €3, we get p(t,z) = po(X)J (¢, X), where v =
z(t, X).

e Internal energy W. The deformation F' stores an internal energy W in the
material. It is due to the strenching between atoms. This internal energy W is
assumed to be a function of F'.

Examples

— Hook’s law:

k cy k
W(F) =3 SR = 5M(FTF).

— St. Venant-Kirchhoff: we assume small variation, i.e. z(¢, X)— X is small.
Let E = J(FTF —1I).

W(F) = %(trE)2 + ptr(E?).
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e The stress tensor. The derivative P = W’(F) is called the Piola stress tensor.
It is a surface force in Lagrange coordinate system. The stress in Eulerian
coordinate system is denoted 7', called the Cauchy-Green stress tensor. The
surface force on the surface with normal v is Tv. In Lagrange coordinate, it
is Pn, where n is the normal in €y which is deformed to v at time t. Tvd?S
and Pnd?S, represent the same surface force. Thus, Tvd*S = Pnd%S,. Notice
that vd%S is a 2-form in €, and nd?S, is its pull back by the flow map z(t, X).
Thus, the pullback of vd?S is J ' FTvd?S = nd*S,. Thus,

Tvd*S = Pnd*Sy = PJ'FTvdS,

We then obtain
T=J'PFT.
4.1.2 Variation of Functionals w.r.t. the flow maps

Functionals Given a flow map z(-, -), we define its kinetic energy, internal energy,
action, total energy in the Lagrange coordinate as the follows.

e Kinetic energy: fQO 1po(X)|2(t, X)|?dX
e Internal energy: fQo W(F)dX

e Action:
Al = [ | Golie R = W(F)ax ai

e Total energy:

Elx(t)] = / S(X) it X)P + W (F) dX.

Variation w.r.t. flow maps We shall study the variation of these functionals
with respect to the flow map z(-,-). Let us perturb the flow map by z.(t, X) with
xo(t, X) = x(t, X), the original unperturbed one. We call

0
5[E(t, X) = a’ezoxe(ta X)?

the variation of the flow map z(-,-). We write the variation of x by dx. The variation
of a functional I[x] in the direction of 0z means that

d
ol|z] - dx .= —|=ol|x|.
(1] 0 = ool
Since, for small €, z.(t,-) are flow maps, its variation
dz(t, X) = lim —
e—0 €

is an infinitesimal variation of position, thus, can be called a pseudo-velocity. Let us
thus define the corresponding pseudo-velocity in the Eulerian coordinate as

v(t,z(t, X)) = dz(t, X).
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e 0 = (Vu)F, where V is the abbreviation of V,. From dxz(t, X) = v(t, z(¢, X)),
we differentiate in X to get
dox;  Ov; Oy,
an N al'k an

Interchange 0 and § operators, we get dF = (Vv)F.

e Let J =det F, then
§J =tr ((6F)F~ ') J.

This follows from the following lemma.

Lemma 4.1 Let A(e) be a smooth n x n matriz-valued function. Then
d .
- det(A) = tr(AA™") det(A)
€

Proof. We write A = (a;;). First, we recall the expansion formula of det A:

Z aikAjk = (det A)ém
k

where A;; is the signed cofactor of A at (i, 7). That is, A(cof A)T = (det A)I.
We claim that 0det(A)/0a;; = A;;, To see that, we write det A as
det(A) = ZaikAik,
k

and notice that A;; does not involve a;; for all k. Thus,

Odet A B

= A;;.
a&i]’ "
Next,
d - dCLij 0 det(A) i . B . T
% detA = E e Tm = %:angzj - ;(A)U((CO]CA) )z]
= ) (A)y(A);det A = tr(AA™") det A
(4]
|

4.2 Inviscid Flows and Elasticity

4.2.1 Equation of Motion

1. Compressible elasticity We shall take variation of action w.r.t. flow map
(position). This will give us the equation of motion
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Lagrange formulation. We take the variation dx satisfying dz(t, X) = 0 for
=0 and t =T. We can take integration by part for .

§Az] - dx = /T /Q (po(X)i(t, X) - & — W(F)SF) dX dt

_ / /ﬂ( (X (t,X)-ch—W’(F)%‘Z?) dX dt

_ / /QO(__,)O (t,X)~<5:z:+<£{W’( )>-5x> dX dt

Here, we also choose W/(F)dx - n = 0 on the boundary of 2y so that no boundary
terms show up in the integration-by-part for the integration in X over €2y. This leads
to the Euler-Lagrange equation

po(X)i(t, X) =Vy - P (g—;) .

Here, P = W/(F) is the Piola stress tensor. In component form,

- ow 0
P, (Vx-P) =

P’L
“ 8X1

oXo

This is the equation of motion for an elastic material in Lagrange coordinate system.
We can also use the variable u(t,X) := (¢, X) and F(t,X) = £2(¢,X) as the
new unknowns to write the above equations as a first-order system. Notice that the
velocity u(t, X) is in Lagrange coordinate in this formulation. The equation of motion
is
po(X)u(t,X) =V - P(F).
By differentiate @(t, X)) = u(¢, X), we obtain the equation for F' is

ou;

Fy = X,

Sy (LX)

Two special cases:

1. One dimension: In one dimension, let us call v = F} — 1 and P(f}) = o(v).
Then the equation of motion are

po(X)u, = o(v)x
V¢ — Ux

Such an equation is a 2x 2 hyperbolic system. The stress o(v) satisfies o’ (v) > 0,

but is a nonvex function of v in general. A shock wave attached to a rarefaction
wave can be found.
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2. Linear elasticity: In the Hook’s case where W (F) = £|F|2, the stress is P(F) =
kF. The equation of motion becomes

Ft = VXU

Eliminating F', we get
p()(X)U,tt = l{:V%(u

This is the wave equation.

Eulerian formulation. In the Eulerian formulation, u is defined as u(t, z(t, X)) =
x(t, X), the perturbation (or the pseudo-velocity) v is defined as wv(t,z(t, X)) =
dx(t,z(t, X)). Let us define the material derivative as

D 0

The gradient is with respect to the Eulerian coordinate x. Thus, we have

Du

—(ta(t, X)) = it X).

We can use delta function to express dz and & in terms of v and Du/Dt as the follows.

ox(t,X) = /v(x,t)é(x—x(t,X))dx

E(t,x(t, X)) - ox(t, X) = % cv(z,t)0(x — 2(t, X)) do

The force from the stress tensor is
G<t7X) = VX : P(taX)
The variation formula

/ (po(X)i(t, X) — G(t, X)) - 52(t, X) dX

can be re-expressed as

// (po%(zﬁ,x} - G(t,X)) cv(t,x)d(r — x(X,t)) dedX
Let us define
pt,x) = [ po(X)o(z —x(t, X)) dX

o(tz) = /G(t,X)é(x—x(t,X))dX
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This means )
plta) = lim o [ ) ax
zea Q) z(t,X)en

Q2] — 0

Then the above variation formula becomes

This is true for all pseudo-velocity v. We thus obtain the equation of motion in

Eulerian coordinate as
Du

it

The stress force
g(t,z) = G(t, X)d(r — x(t, X)) dX

P(t, X))8(x — z(t, X)) dX

I
§T*~\<“~x

Here, 0*(z) = 6(2')d(x?)6(23).

g'(t,x) = /a)a(aP(;éS(:c—a:(t X))dX

- /pzZHax — 2N X)) (2 — 2k (8 X)) FFdX

k=1 (#£k

Now, let write
8 (2% — 2M(t, X)) = ]lzin%% (6(z" +h —2F(t, X)) — §(2F — 2¥(t, X))
ﬁ

and

S PaFY Tl 02" — 2, X))o (a* + h — a*(t, X))
PiFkdx

_ 1
= lim,_,q &3 ka+h<xk(t X)<zk+h+te fz2<x@(t X)<xlte

zf e kthte 1
=lime o % [0 [0 T PIFE T d
Similarly, we get

S PaFg Tl (2" — 2(t, X))o (a* — 2*(t, X))
= limc e% fack<a:k(t X)<zk+e f Lol (t,X)<xl+e P, Fo’f dXx
=1limeo 4[5 [2C PIFRT da
By taking ¢ — 0 and h — 0, we obtain
i S e —
g'(t.2) = o (PAFETY),
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or g=V, T, where T'= PFTJ !
By differentiating the equality

(t, X) = u(t,z(t, X),
in X, we get the equation for F'
[ = (Vu)F.

In terms of the Euler coordinate system, it is

DF

Now, p is a new unknown. It satisfies p(t,z)J(t, X) = po(X). Differentiate this
in ¢ with fixed X, we get

0 = (pe+Vap-2)J+pJ
= (pr+Vep-u)J+p(V-u)l

Eliminating J, we get the continuity equation

Dp
— -u = 0.
Di +pV-u
Thus, the full equations are
D
DF" = —pV-u

where T = P(F)FTJ~!. The unknowns are p, F,u. These equations can also be
written in conservation form:

Op+V-(pu) = 0
DE — (Vu)F
O(pu) +V-(pueu) = V-T.

2. Incompressible elasticity A flow map z(¢, X) is called incompressible if

o (Z00) 1.

This means its volume is unchanged.
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Lagrange formulation The constraint is
det F(t, X) = 1.

Thus, in the above variation of action, we should add a constraint term with a La-
grange multiplier:

5Alz] + 5/T/p(t,X)(detF _1)dX dt = 0.

Here, p is the Lagrange multiplier. The variation

§(det F) = tr((§F)F 1) det F = tr((6F)F ).

(67 P, = 27 )

Thus,
i ooxt
tr((6F)F I)ZZZW(F i
ik

We take integration by part in the variation form below to get

5/0T/p(t,X)(detF—1)dth = /OT/pZZ%(Fl)dedt
_ _/OT/Z%(p(F‘l)é‘) 5ot dX dt
= _/OT/VX- (p(F71)) -0z dX dt

Thus, we obtain the constraint flow equation
poi = Vx - (P—pF™).
The full set of equations are
pott = V- (P(F)—pF)

F
detF' = 1

Il
<
™
e

The unknowns are (F,u,p).

Eulerian formulation If u(¢,z) is the velocity field which generates the flow
map z(t, X), that is, @(¢, X') = u(t, z(t, X)), then the incompressibility of x(t, X) is
equivalent to V - u(t, x) = 0. This comes from the following formula

§det(A) = tr ((6A)A™") det(A).
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and the formula

ot ox
ox =~ Vox
we get
J=tr (FF‘1> J = tr(Vu)J = (V- u) J.
Thus,

J =0if and only if V-u = 0.

Similarly, let z.(¢, X') be a perturbation of x satisfying volume preserving property.
Let 0z(t,X) = Z|—ozc(t,X). Let v(t,z(t, X)) = dz(t,X). Let F. = dz./0X.
§F := Z|_oF.. Then

0F = (Vou)F.
Similarly,

0] = (V-v)J
Thus, the volume preserving of z. is equivalent to 6J = 0, and is also equivalent to
V.v=0.

Now, for the constraint V -v = 0, we introduce a Lagrange multiplier p. Then we

have the constrained variation

T Du
0 = (—pE—i-V-T)-U—I—p(V-v)dxdt
0

T
D
= / /(—pﬁ%—V-T—Vp)-vdazdt
0

This gives
Du
i Vp=V.-T.
th VP

Here, T(F) = W/(F)FT. We still need an equation for F. From

. ox ou ou Ox
F — _ = —_— = — F
(ax)t 9X ~rox ~ VO

we get

DF
=L (Vu)F.
D (Vu)

Thus, the complete set of equations for incompressible inviscid elasticity are

D

o =0

Veu = 0

pgT; = —Vp+ V. -T(F)

with the constitutive equation T'(F) = W/(F)FT. The unknowns are (p,p,u, F'). We
notice that these equations can be written in conservation form

Op+V-(pu) = 0

Veu = 0
Olpu) + V- (pu@u) = —Vp+ V- -T(F)
DE = (Vu)F.
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3. Incompressible fluid The only difference between fluid and elastic material is
the stress term. Consider the ideal fluids, where no stress appears. Then the equation
of motion of an ideal fluid in Eulerian coordinate reads

Du
PDi
V-u=0.

+ Vp=0.

The continuity equation reads
pe+ V- (pu) =0.

Here, we have (p,p,u) as our unknowns.
Two special cases.

e p =1, we have
Du
Dt+vP , V-u

e Barotropic flow: the pressure is a function of p. In this case, we can find
a potential ® such that ®'(p) = p'(p)/p. Then the barotropic flow equation

becomes D
U

— b = -u = 0.

D1 +V 0, V-u=0

4.2.2 Boundary conditions

1. Compressible invisid elasticity The natural boundary condition can be found
through the variation formulation. The natural condition is

Wisa'-n*F =0 for X € 09

for all perturbation dx. Here, n is the outer normal of 2. There are many possibilities
to achieve such condition.

e Dirichlet boundary condition:
.’Z'(t, X) = .CC()(X),X < 3Q0,

or equivalently,
(t, X) =0,X € 0.

in Lagrange coordinate system. Or
u(t,z) =0x € 0%.
in Euler coordinate system.

e In Lagrange coordinate system: Pin* = 0.
In Euler coordinate system: Tjv* = 0.

These consist of three conditions on boundary 0€2.
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2. Incompressible invisid elasticity The natural boundary condition is to have

(P—pF™ néx =0

u-v=0,x€aD.

There is only one boundary condition on the boundary.

3. Incompressible invisid fluid
u-v=0,xr €9D.

There is only one boundary condition on the boundary.

4.2.3 Energy conservation laws

The energies E(t) defined below are conserved.

e Compressible/incompressible inviscid elasticity

B = [ w0k )P + W(E) dx

or

1
E(t) = / §p(t, o) |u(t, 2)|> + WJ ! dx.
Q¢
e Incompressible inviscid fluid

E@zégmwwwm&m

or

B(t) = /Q %p(t,xnu(t,x)\?dm.

4.3 Visco-elasticity

4.3.1 Equation of Motion

In classical mechanics, if a system has a damping term, then we have

dE(t
—di ) = —v|&|* & mi + V'(z) = —274.

This is generalized to the following Onsager’s maximum dissipation principle:
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e Incompressible viscous fluid With the incompressibility V -« = 0 and con-
tinuity equation Dp/Dt = 0, the equation

Du

p% +Vp=V- ([LVU)

is equivalent to
d 1

pn §p|u|2dx: —/M|Vu|2d$.

e Incompressible visco-elasticity With

Dp

Dt 0
V-u = 0
DF

- = F
Dt (V)

the momentum equation

u
- _ .T .
P Dy Vp+V -T+ V- (uVu)
is equivalent to
Ly lul> + W(F)d ——/ Vul*d
o 2pu T = w|\Vul|® dx.
4.3.2 Boundary conditions

Due to the viscous term in the momentum equation, it is natural to impose velocity
on the boundary to be
u(z) =0, x € OD.

This consists of three condition because v € R3. There are no boundary condition for
p, I, p for compressible elasticity, and no boundary condition for p for incompressible
elasticity.
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Chapter 5

Membrane

5.1 Energy law of membrane

5.1.1 Swurface geometry

We assume X = (X1, X3) be two dimensional and x = (xy, z9, 23) be three dimen-
sional. The deformation matrix F = dx/0X is a 3 x 2 matrix. The metrix (dx, dz)
induces a metric

or Oz

03 = e X
on the manifold ¥; = {z(¢,)}. That is,

(do,dz) = (FdX,FdX) = (FTFdX,dX) =) gapdX*dX".

ik

The matrix FTF is called the first fundamental form of the surface ¥;. The area
spanned by the vectors v® = 0x/0X® and v’ = dx/0X" is

V (v, v2) (v8,08) — (v, vB)2 = \/det(FTF).

Thus, we define J = /det(FTF). Then dS; = J dS.
We want to define an energy W (F') on the manifold ;.

The frame indifference condition reads
W(QF) = W(F),

where () is any 3 x 3 orthogonal matrix. Taking the singular value decomposition of
F, F=UAVT where U € O(3), V € O(2) and A is a 3 X 2 matrix

A0
A= 0 A
0 0

we then have
W(F) = W(UAVT) = W(AVT)
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Isotropic condition reads The isotropy assumption is

W(FQy) = W(F),

where @ is any 2 x 2 orthogonal matrix. If we represent F' = UAVT then W (F) =
W(A). That is, The isotropy condition implies that W only depends on the eigenval-
ues of g.

Two simple examples

e Hook’s law:

2 3
W(F) = %tr FTF) = Zgaa = %ZZ ol

a=1 i=1

The corresponding Piola stress is
U

P = =

OF!

«

—Fla=12 i=1,2,3

e minimal surface
W(F)=o0y/g=0+\det(FTF) =0oJ.

Here, o is the surface tension. The energy is

W(F)dX = oJdX = | odS;
Qo Qo Q4

e Fabric:
W(F) = a(tr(FTF) — 2)*> + b(\/det(FTF) — 1)*.

Another fabric model is to decompose ¢ = FTF into a divergence part and a
divergence free part. That is,

1 1
g=5tr(g)l + | g— 5tr(g)!
2 2

The first part is related to the expansion or shrinking of the surface, while the
second is related to the distorsion of the surface. We can design the energy to
be

2

W(F) = a(tr(g) — 2)° +b Hg — Str(o)]

The norm here is the Frobenius norm.

F

e Vesicle model (Canham-Helfrich)

g(H — Hy)? + RK.

where H is the mean curvature and K the Gaussian curvature. In this formula-
tion, W depends on the second fundamental form of the surface, which, by the
intrincit property of surfaces, involves the derivative of F. !

W(F) =

'For membrane model, a reference book is: Statistical Mechanics of Membranes and Surfaces,
2nd edition, edited by D. Nelson, T. Piran and S. Weinberg (2004).
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5.1.2 Isotropic membrane

Let (X, t) be the flow map with X € ¥, being two dimensional.

i i _ P
Piola stress P! = OFT

Relation between Cauchy stress and Piola stress The Piola stress is con-
vinient in the Lagrange coordinate system. In Eulerian coordinate system, the cor-
responding stress is the Cauchy stress T'.

T=J'PFT,

This is to be verified.

5.1.3 Equation of Motion
Lagrange formulation
The action is

Alz] = /OT/E %pO(X)|x'(t,X)|2—W (%) dX dt

The variation of the action with respective to the membrane motion x(t, X') gives the
momentum equation. One can see the previous Euler-Lagrange equation is still the
same.

po(X)i(t, X) = Vx - P (g_;)

Let u(t, X) := &(t, X). The equation of motion becomes

{po<x>ai<t,x> — 5% PL(F)
Fi — ou’

a o0X™

Euler formulation

Let X; be the membrane at time ¢. We assume that there is an 1-1 and onto mapping
x(t, X) between ¥y and ¥;. The Jacobian J # 0. We define the following quantities
on Et.

1. Velocity: u(t,-) is defined on ¥; by @(t,z(t, X)) if x = z(¢, X). The velocity
u(t, z) may not lie on T (z).

2. Pseudo-velocity v(t,-) is defined on ¥; by dz(t, z(t, X)) if z = x(¢t, X). The
pseudo-velocity may not lie on T%,(z).

3. We define material derivative D/Dt by 0/0t + u - Vx. Here, Vy is the surface
graditent. (This is to be checked.)
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4. The volume d®z can be expressed as dSdv, where dS is the area element of
the surface ¥; and dv is te arc length element in the normal direction. The
o-function in 3-d can be expressed as

B x—2t, X)) d*r = 6g(x — 2(t, X))d, (v — x(t, X))dS dv.
5. We have
Sx(t, X) :/E o(t, 2)5s(x — 2(t, X)) dS

Z(t, X) - ox(t, X) = g %?; ~v(t,x)ds(x —x(t, X)) dS

6. The Piola stress is pushed forward as the Cauchy-Green stress T' by

T=J'PF.
7. The density p on the surface is defined to be
plt, ) = / po(X)8s(a — (¢, X)) dSo
With these, the equation of motion is

Du
— =Vg-T.
th S

This is to be clearified.

5.2 Two-phase Flows

5.2.1 Inviscid flows

Consider two simple fluids occupied region €2;, ¢ = 1,2 connected by an interface I';.
In ©;, the fluid is governed by

pi(uiy +u; - Vu;) + Vp; =0

We assume p; are constants. On the boundary Iy, the divergence free V -u; = 0 leads
to
[u] - v =0,

where [u] = us — w;. This implies that the motion of the interface, which can be
characterized by its nomal velocity v,,, satifies

Unp =Up -V =Ug - V.
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For force balance on the interface, we first decompose a vector field V' into V,, and
Vs and the divergence is decomposed into V,V, + VgVs. Similar for a tensor. Now,
across an interface
by =T-v

where T is the stress on the surface.

Given v, it will give the boundary condition u; - v = v, on the bouundary 0¢;
and will be able to solve the Euler equation. The interface normal velocity v,, in turn,
is determined by the other interface condition: [p] — cuH.

5.2.2 Viscous flows

Now we consider two viscous flows connected by an interface I';. The governed equa-
tions in each region are the Navier Stokes equation:

pi(Oku; + u; - Vug) + Vp; = V- 1, V.
On the boundary I';, due to viscosity, we should use the condition
[u] =0.
This leads to
Uy = Uz =0,

where v is the surface velocity. From momentum equation, the surface force due
to an elastic material on I'; is o Hr (assume the elastic material is inviscid). Let
7, = p;Vu; — p;I be the stress tensor of the fluid ¢ in region €2;. Then the force
balance law on the interface is

[T] v =0cHuv.

If v is given, then the condition u; = v and N-S equation can determine the flow in
;. On the other hand, there are three conditions in [7] - v = 0 Hv to determine the
interfacial velocity v.
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Chapter 6
Phase Field Models

6.1 Dynamics of multiphase materials

Order parameter A two-phase fluid model: In fluid system, we may encounter
two different kinds of fluids in a fluid system. For example, oil and water, water and
gas, or even have more compositions. We may use a composition function to indicate
which material, which is called order parameter in physics literature. For instance, in
a water-oil system, we may use ¢ = 1 for water and ¢ = —1 for oil. One can associate
a free engrgy W with ¢ by

Fiol= [ f0.Vo)de = [ S V6 + 2W (o) ds

Q q 2€ €

The energy W is the bulk free energy. A natural choice is a double well potential
with minima at —1 and 1, for instance W (¢) = 1(¢? — 1)%. The energy |V¢|? is the
surface energy. It means that same phase material likes to group together. It costs
some energy by putting materials with different phase together. When ¢ tends to an
equilibrium with 1 and —1 on the two sides of an interface, V¢ becomes the delta
function on the interface and F[¢] measures the area of the interface.

Chemical potential The variation of F w.r.t. ¢ is called the chemical correspond-
ing to ¢.

oF 0 0
Y0, oVeo — 0¢

Evolution of order parameter The simplest case is
This is equivalent to

o(t, x(t, X)) = do(X).
The other possibility is

which yields
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Variation of F w.r.t. flow motion Let z, be a one-parameter family of flow
maps. 0xs = x,,. Let vy(t, z(t, X)) = 0xs(t, X). The order parameter ¢, is defined by

¢s<t7 ‘Is(ty X)) = ¢O(X>
This means that the flow perturbation does not change the phase. Hence, ¢, satisfies
0s¢s + Usv¢s =0.

The variation of F w.r.t. z* is

OF O,
0¢ps Os

- M(_Usv¢s)
= —uVo-v

OF v =

Variation of 7 w.r.t. predomain In this case, we have
Os(t, z5(t, X)) Js(t, X) = ¢o(X).
This implies
0 = Js(0s0s +vVs) + Jibs
- Js (as¢s + Usv¢s) + (V : U)Jsgbs

This gives
asgbs + V- (gbsvs) = 0.

The variation of F w.r.t. z° is

OF 0oy
dps Os
M(_v(¢svs))
PV v

0F v =

Incompressible case In this case,

OF -v=0¢Vu-v=—uVo-v.

6.2 Equation of Motion

The action is defined to be
T
1 .
Al = [ [ SmC0li X0 - £6,.T0) e (e X)) 1, X) dX dr
0 Jo
The potential energy is indeed the functional

F(¢) = ) f(o(t, ), Vo(t, x)) du.
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The variation of action w.r.t. flow motion gives

Du
P = pVo.
This together with
Op+u-Vo=0

give the set of equations for (p, ¢, u).

Conservation of energy We multiply momentum equation by u then integrate in
X and in t to get

1
4 §p|u|2da: = /,uu-ngdx

dt
= —/,u@tqﬁdx

= —/%mdx

dF
- _ [y
/dtw

This gives the conservation of total energy. It also shows that the force yV¢ is the
opposite force of the convection of ¢.

In the case
The force from the convection becomes

Du
Py = OV

We also get same result:

d[1 ., -
7 §P|U’+f(¢,v¢)dx—0-

Dissipation One can add dissipation term in the momentum equation:

Du
— =uVo+ V.1
Py = HVo
where 7 is the viscous stress.
The order parameter has a tendency to move from high potential energy to low
potential energy. For the advection equation of ¢, there are two models. The first

one is Allan-Cahn, the second one is Cahn-Hilliard.

o Allan-Cahn: SF
Qo +uVeo = T
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e Cahn-Hilliard defines the flux to be
q=-mVpu

where m is the mobility. The evolution of ¢ satisfies

D¢

This is the Cahn-Hilliard equation. The total order parameter is conserved.

The dissipation of energy can be obtained by multiplying momentum equation by u,
multiplying advection equation by g, then adding them together:

D
(pFltL‘u—MV(ﬁ.u)‘F(ﬂat(lﬁﬁ-/ﬁuV(ﬁ):u.v,T_/Lz.

This gives
d&
E = —7-Vu-— M2.

The stress tensor has the form v(Vu + (Vu)T) + AV - u. The viscous dissipation
becomes

—v|Vu + (Vu)T|? = NV - ul’.
For Cahn-Hilliard equation, the energy dissipation is

dé 5
E——T-Vu—m|Vu| :

6.3 Interface structure

In this section, we shall study the limit of various free energy. We are particularly
interested in the kinetic energy part, which is related to the geometry of the interface.

Fié)= [ 10,60 da
1. Let 1
f(V6,6) = SIVO] + -W(6) da

where W is a double well potential. As ¢ — 0, ¢ — £1. The interface energy
tends to

Flg] = oo|(t)].
where og is a constant.

2. Mean curvature:

1 2
/ 1 (A¢ - —ZW’(¢)> de~ |  H2dS.
Q(t) 2 n I'(t)
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3. Gaussian curvature:

/ (n ANORS lW’(cb)) W'(¢) dx ~ K dS.
Q(t) n

I'(t)

The bulk energy also has many choices.

1. Binary system: Consider a binary system with two components A and B with
constration u4 and upg, where uy +ug = 1. The bulk energy is

W(ug) = paua + ppup + RT (ualnuy + uglnug) + auaup.

Here, p4, up are the chemical potential of components A and B, R the molar
gas constant, T' the temperature, « the repulsion parameter between A and B.

2. Nernst-Plank-Poisson model: Consider binary charge system. Let p and n are
respectively the concentration of positive and negative charges. The bulk energy
is

1
W(p,n) = /plogp+nlogn+ i(n —p)Vn —p|dx
Q

where V[n — p] is the potential induced by n — p, i.e. €V =n — p.

6.3.1 Structure of one dimensional interface

Allen-Cahn interface The order parameter satisfies

a ,
¢t=—%zﬁ¢—w(¢)

where

1
Fo / SVl + W (6) do

1
W(9) = 4(6* 12
The interface is assumed to be steady, so ¢; = 0. Thus, we want to solve
Dp—W'(9) = 0.

Multiplying ¢ on both sides, we get

(300 -w@) -0

We look for ¢ which connecting the two equilibria +1 at = +00 and with ¢'(+o00) =
0. Thus, the interface we look for satisfies

1, B
0 = W) =0.
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We can solve this ODE:
¢ =V2W (6.1)

By separation of variable

a9 =dx
2W (o)
When W (¢) = 1(¢* — 1)2, we get
2d¢
1_¢2—idx
Integrate this, we get
1 1
C = ——+—d
40 = [yt
I 1+¢
— =g
Thus, let £ = **¢ We have
1+¢
— = %£.
1—9¢ ¢
Or
_e-1 or = — E+1
E+1 —£+1

For the first solution, we have ¢(£oo) = £1, whereas the second solution satisfies
¢(£00) = F1. In general, ¢ can be expressed as A + Btanh(z + C).
Let us put the scale back. We consider the energy to be

€ 1
(6 = [ §IVeF + 2o do
This gives the traveling wave equation
1
e\t — ~W'(¢) = 0.
€

Taking ¢°(z) = ¢(z/€), we get the rescaled equation. Notice that in F, the energy
for the traveling wave solution ¢¢ is

F[o] = Flo] = oo.

This is the interface energy in the normal direction of an interface. In multi-dimension,
the interface energy is the integration of this value over the whole surface.
Remark. Let us consider a general double well potential W which has two stable
equilibria ¢, and ¢,. Suppose W (¢,) # W (¢y). In this case, we don’t have a standing
interface. Instead, we have a traveling wave ¢((x — ct)/€), where ¢ is the speed of the
traveling wave. Plug this ansatz into equation d.F/d¢ = 0, we get

—ed' — DG+ W(9) = 0.
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Cahn-Hilliard interface The Cahn-Hilliard equation is

¢ ==V (mVp), p= s

Again, we look for steady interface. This leads to
m(¢)Vu = C,

or

We assume for the moment that the mobility is independent of ¢. Then we get
= o for all z.

Or
_(b” _|_ W/<¢) — IU/O-
We look for solution with ¢(+00) = +1 and ¢/'(+o00) = 0. Multiplying this equation
by ¢', we get
d

1 /2 .
(=597 W) - o) =0

Using the far field condition, we get

1
—50" HW(0) = oo =W (1) — o

Or
¢ = 2W(9) = W(1) = (¢ — 1)) = F(¢)
Thus,
¢ =+ (W(p) = W(1) = po(¢— 1)
In order to have ¢'(£o00) = 0, we see that F'(1) = 0, we also need to require F(—1) =

0. This leads to
W(=1) = W(1) = po(~1—1) = 0,

which implies

W(¢a) — W(¢b)

¢a - ¢b '
Here, ¢, and ¢, are the two equilibra of the double well potential W. Thus, the
only addimisible chemical potential connecting two equilibra is the relative energy
difference between them. With this choice of chemical potential, we see the interface
equation is the same as the Allen-Cahn interface equation. Thus, the structure is the
same.

po = (W(1) —=W(-1))/2 =

Cahn-Hilliard Traveling wave with nonzero speed Suppose the speed is c,
then we look for traveling wave solution ¢(x — ct). In this case, the
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Combustion front In reaction-diffusion equation
ur = Au+ f(u)

where f(u) has two equilibra u, and w,.
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Appendix A

Stress-Strain relation

A.1 Constitutive relation: Stress-strain relation

The stress in an elastic material is due to deformation. Therefore we assume the
stress tensor T is a function of the deformation gradient F'. Such a relation

A~

T(y) =T(x, F)

is called a constitutive relation and 7 is called a response function. If T is indepen-
dent of z, the material is called homogeneous. Below, we want to find the physical
conditions of a response function.

A.1.1 Frame indifference
First, the stress should be independent of the frame of reference physically. Suppose

y is the coordinate in the original frame, and y* is the coordinate in new frame
which is a rotation of the old frame. That is, y* = Qy, and @) is a rotation. Then
F* := 0y*/0x = QF; the normal and the stress in the old and new frames are related
by v* = Qu, o = Qo. In terms of the response function, it reads

o = T(QF)v* =T(QF)Qu

Qo = QT(F)v.
Hence, R R

T(QF) = QT(F)Q". (L1)

Such a condition for 7 is called the aziom of material frame-indifference.
Next, we will show that 7" is indeed a function of the Cauchy-Green strain tensor
only. Let us write F' in polar form

F = RU.

where R is a rotation and U is positive definite. From the axiom of material frame-
indifference, we get

T(F)=T(RU) = RT(U)RT = FU'T(U)UF” = FT(C)FT.
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where C' = U? = FTF is the right Cauchy-Green strain tensor.
Similarly, for the Piola tensor P, the frame-indifference reads

P(QF) = JT(QF)(QF)™" = J(QT(F)Q")Q "F = QP(F).

and
P(F) = JT(F)F~" = JFT(C) = FP(C),
detC

where J? = detC and P(C) := v/detC T(C). For the second Piola tensor it satisfies
S(QF) = (QF)'P(QF) = (F'Q7)(QP(F)) = X(F),

and

S(F) = F'P=P(C).

A.1.2 Isotropic material

A material is isotropic if its stress tensor is independent of a rotation of the strain.
Suppose we have two identical materials. One has material coordinate x, while the
other is x* with z* = Qx and () being a rotation. If these two materials deform in the
same way and result the same stresses, we call this material isotropic. Mathematically,
this means

T(FQ) =T(F). (1.2)

In terms of Piola stress tensor, it reads
P(FQ) = P(F)Q for all @ (1.3)
This follows from
P(FQ) = JT(FQ)(FQ)™" = JT(F)F'Q = P(F)Q.

In order to characterize the response function of an isotropic material, we review some
spectral properties of a matrix.

e Given a matrix A, the characteric polynomial is
p(A) i=det(A — M) = =X> + 13 A% — 1\ + 3.

The coefficients ¢1, t9, 13 are called the principal invariants of A.

L1 = tTA:)\1+)\2+)\3

1
n o= 5 ((trA)? —tr(A%) = tr(CofA) = MAa + Aads + Mg\
Ll = detA = )\1/\2/\3.

e Caley-Hamilton theorem: p(A) = 0.
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e The matrix AP, with p € Z and (p > 0 or p < 1 if A is invertible) has the
representation:

AP = g (ta)] + ayp(ta) A+ agp(ia) A2
where ay,, are functions of principal invariants.

e spectral mapping theorem: If B is a self-adjoint operator with eigenvalues/eigenvectors
Ai and p;, i = 1,2,3. Let B(\) be a smooth function, then

3

B(B)=>_ BN\)pip;

i=1

Theorem 1.1 (Rivlin-Ericksen representation theorem) A mappingf M2 —
S? satisfies

T(QF) = QT(F)QT and T(FQ) = T(F) for all F € M®,Q € Q%, (1.4)
if and only if T(F) = T(FFT) with
T(B) = Bo(ts)lo + Bi(tB) B + Ba(15) B>,

Proof.

1. T(F)=T(VR) =T(V) =T(V?) =T(B) = T(FFT).

2. T(QBQT) = QT(B)QT. This follows from

T(QBQ") =T(QV(QV)") =T(QV)=QT(V)Q" = QT(B)Q".
This means that T(B) is only a function of eigenvalues of B.
3. For positive definite matrix B, the function T(B) has the representation:
T(B) = by(B)I + by(B)B + by(B) B>

where b;(B) are scalar functions of B. The proof of this claim is divided into
three cases: (i) \; are distinct, (ii) Ay = A3, (iii) all eigenvalues are equal.

(i) We have

I = pipi + papl + psps
B = \ipipi + Aopoph + Aspsps
B* = Xpipi + Aopaps + Nipaps

and the spectral mapping
T(B) = pupipi + piz2papy + 1i3psps -

This leads to an inversion from (p;p?!, pop?, pspt) to I, B, B2.
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(ii) We have
I = pipi + (p2pz +psp3)
B = \pipi + da(papg + psps)
and the spectral mapping
T(B) = mupipi + Hop2py + Hspsps -
From bT(QBQT) = QTQT, we get py = pus. This leads to
T(B) = bo(B)I + by(B)B.
(iii) In this case, we have bT'(B) = by(B)I.

4. It remains to show that b;(B) is indeed only functions of its invariants. From
the independence of I, B, B? and T(QBQT) = QT (B)Q", we get b;(QBQT) =

b;(B). This leads to b; are only functions of the three principal invariants.

Theorem 1.2 For an isotropic material, its second Piola stress-strain relation has
the following representation

3(C) = yo(te)] +71(1e)C + 72(10) C?.

Proof. (i) From the polar decomposition: F = RU =V R and C = FITF =U? B =
FFT =V? we get C = R'BR. Thus, 1c = 1p, F7'BFT =1 and F7!B*F~T = (.
(ii) Next, from ¥ = JF'TF~T and Rivlin-Ericksen theorem, we get

S = JF ' (Bolen) + Bi(es)B + Pa(up)B?) F7T
= J(Bo(ea)C™ + Bi(ta) + Ba(1e)C) -

(iii) From Caley-Hamilton theorem, it holds
03 — L1(C)C2 + LQ(C)C — Lg(C)] =0.

Hence,
Cil = Lgl ([/2[ — Llc —+ 02) .

(iv) It holds J = 13(C)/2.
From (ii), (iii) and (iv), we complete the proof of the theorem. 1
Theorem 1.3 For an isotropic elastic material, by normalizing (1) = 0, the Piola
stress tensor has the following representation:
X(C) = Atr )] 4+ 2uE + o(E). (1.5)

Here, A\ and p are called the Lamé constants, E = (C' —1)/2.
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Proof. (i) At equilibrium, y =z and F = I, C = I, B = I, the stress is normalized
to be T'(I) = 0 and X(I) = 0. In this case, we have

Z Bi(er) = 0

Z 2i(er) = 0.

(ii) We expand the principal invariants about £ = 0: First, we have

trC = 3+4+2rE
trC® = 3+4tr E+ o(E)
trC*® = 3+46tr E+o(E).

Second, the principal invariants can be expanded as
n(C) = trC
1
1(C) = 5 ((trC)* —tr C?) =3+ 4tr E+ o(E)
1 1 1
Lg(C) = 6(757" C)3 - ét’f’ Ctr C2 + gt’f’ 03
= 1+2rE+o(FE).

(iii) We expand (1.5) in £ = (C — I)/2 around E = 0 and use (i) and (ii). B

A.1.3 Hyper-elastic material
A material is called hyper-elastic material if there exists a potential W (F') such that

_ow
- OF’

Notice that such materials satisfy the frame-indifference axiom if and only if

P(F)

W(QF) =W(F) for all Q.
To see this, we differentiate the above equation in F' to get

_ 0 _ 0 L OW(QF)

= SV () = SEW(QP) = Q" = QTPQF)

This shows W(F) = W(QF) if and only if P(QF) = QP(F) for all (). Similarly,
a hyper-elastic material is isotropic (i.e. P(FQ) = P(F)Q if and only if W(FQ) =
W (F) for all Q.

P(F)

)= Tw(r) = 2w(r) = WG pior)gr

P 9(QF)
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Thus, for an isotropic hyper-elastic material, its potential energy function W
satisfies
W(FQ)=W(QF)=W(F) for all Q) (1.6)

Thus, W is only a function of the principal invariants of F'. Two simple examples are
e Hook’s law: W (F) = $H|F|?, where |F|?* = > 1l
e Neo-Hookean material:

W(F) = a|F|* + g(det F),a > 0.

e Mooney-Rivlin materials:
W(F) = a|F|* + bladjF|* + g(det F),a,b > 0.
A 9 5 1
W = §(tTE) + ptr (E%), WhereE:§(C—I) (1.7)
A.1.4 Linear elastic material

When there is no deformation, i.e. F'=1I,C' = I, it is natural to set the corresponding
stress T'(I) = 0. In terms of Piola stress tensor, (/) = P(I) = 0. When |V, u| =
e << 1,

C=F'F=1+Vu+ (Vou)" + (Vou)' (Vu) = I +2E + o(e),

where

1
E = 3 (Vou+ (Vou)h).
We can expand P about I in terms of E, or (C — I):
— — 1
P(C)=P(I)+ §AE +o(|E|).
where A = (a;jx) is a 4-tensor. Then the Piola tensor P has the form:
P=FP(C)=(I+Vu)AE +o(¢c) = AE + o(e).

Here, we have absorbed VuAFE into o(e). A material whose Piola tensor has the form
P = AF is called a linear elastic material. In coordinate form:

Pij = ajjrien.
The four-tensor A should satisfy
A5kl = Qijlk,
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because E is symmetric and we can always redefine a;ju; = (aijim + aiu)/2 so that
QijkiCkl = QjjklChi-

Suppose in addition the material is hyper-elastic, that is, there exists a free energy
W such that P = 9W/OE. In this case, from 0?°W/de;;0ey; = 0*W /ey de;j, we get

Qijkl = Aklig-

The equation of motion is
poll; = Zaj (Z aijklekl>
_ 1 Z Z (9 8uk (9ul
axl 6513k
8 U
= Zamkla 8 )

gkl

Here, we have used

Z ou ou
5kl = E Qijkl
T T
Oy, 4= Oy

kl

Definition 1.1 e Strong ellipticity: The system is strongly elliptic if there exists
a positive constant v such that for any € € R3, n € R3,

Z agr&&enym > alé?nl?.

ijkl

o Stability: The system is stable if there exists a positive constant & such that for
any symmetric matric (e;;), we have

~ 2
g (k1€ €Kl = QL E €lal-

ijkl ki

Choose e = %(fkm + &my). we get

1
> aiueijen = 1 > aia(&mny + &mi) Eem + &)

ijkl ijkl

= Z aijklfifkﬁjm

ijkl
Here, we used the symmetric property of a;jx:
Akl = Ajikl = Al = Qjilk-
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We also notice that
1
D olesl = 1 > (&ny +&mi)?
ij ij
1
= > (&n) + En? + 26mimy)
ij
1 21,12 2
= 5 (PP + (€ - )
Loy 2
SIEP P
Hence, the stability implies strong ellipticity.

Lemma 1.1 (Korn’s inequality) Let u: Q — R? and e = 1(0u/0z + (0u/0z)T).
It holds that

v

2
/Z (gzl) dr < Z/Ze?j dx for all u € Hy(9).

Proof. We have that

ou;  Ou;\”
2 1 i j
Zeij B Z (8CCJ 8[EZ>
ij
_ 1+ Z 3u2 2 8ul %
n 8$] (9xj 8%
We integrate this equality over (2, and notice that
/ Ou; Ou; i / ou; Guj i,
Ox; Ox; Ox; Ox;
Here, we have used u € H}(Q2). We then get
1 ou;\>  Ou; Ou;
2 dr = = / v 270 d
/Qizjel] v 2 Q;<(8x]) +8x18x]> v
1 ou\ oui \”
_ = 7 7 d
2 /Q <3$j> " ; (3%) )
1 Bul 2
2 /Q (al‘j> o

Theorem 1.4 (Ball) If u"—u in W'P(Q), then M"—M in LP/™(Q), where M is
the determinant of any m X m submatriz of du/0x.

v

The free energy W is called polyconvex in F' if it can be expressed as a convex function
of the determinants of the submatrices of F'.

Theorem 1.5 If W (e) = Ae is polyconvez, then W is stronly elliptic.
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Appendix B

Surface Theory

B.1 Metric, area and first fundamental form

Deformation and parametrization . Let X — z be a mapping from ¥, C R?
to a surface ¥ C R3. Let F! = 92°/0X“ be its differential. For a vector field in T3

with v = v*0/0X*, the differential F' maps it to w = wi% with
w' = Flv®.
We denote this by w = F'v.
First fundamental form . The mapping x(-) induces an inner product on .

Given any vy, ve € X, we define
(v1,v2) := (Fuy, Fuy) = (FT Foy,vy).

Here, (-,-) is the inner product in the Euclidean space. Thus, the Euclidean inner
produce in R? induces a metric g,g on 3y defined by

Jxr Ox
= =, —— | = (F'F)u.
gaﬂ (aXoﬂaXﬁ) ( )O‘ﬂ
This metric g is called the first fundamental form for the X-coordinate system for .
It can be used to measure the distance, the angle and the area on the surface 3. The

length of a vector v is measured by (v, v), the angle between two unit vectors v; and
v is (v1,v9). Thus, a curve {X(¢)|0 <t < 1} on ¥, has length

1
/ Jgus XX dt.
0

This is indeed the arc length of the curve z(X (¢)) in R.
The area spaned by two vectors v; and v, is

V (w1, 01) - (2, 02) = (v1,02)2 = Jlul|v].
Here, J = y/det g is the Jacobian. Thus, the area element on > under the metric g is
dA = JdX,dXs.

This is the area element of 3 in R3.
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B.2 Second fundamental form and intrinsic prop-

erties
The normal of X is
oz % ox
N = oX1T 8X2
||3X1 X X2 |

This normal N maps Yo to S?. Its differential dN maps T2 to the tangent of S2,
which can be identified to be T>. This is because

0 = d(N, N)(v) = 2(dN(v), N),
that is, for v € T'%g, we have dN(v) L N. Hence, we can indify dN(v) € TY. In

particular,
ON

0X«
We define the second fundamental form II = (L,g) of ¥ to be

[ ON Oz
0 \oxe ax8 )
One can immediately see that
0*x
Los=(N,——|.
o0 ( ’aXaaXB)

Given a curve C' : z(X(t)), —e < t < € on Xy, we parametrize C' by its arc length s.
We have (N(s),2'(s)) = 0. Hence, (N(s),2"(s)) = —(N'(s),2'(s)). Therefore,

N(9/0X*) = eTy.

H(X'(0)) = —LasX"(0)X"%(0)

8]\7 ey 81’ 18
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—  —(N'(0),2(0)) = (N(0),2"(0)) = (N, kn) = ky.

Here, k is the curvature of the curve C' and n is its normal. Thus, the second
fundamental measures the curvature of curves on the surface passing through at the
same point. The eigenvalue of II w.r.t. the first fundamental form ¢ is called the
principal curvature of the surface. If we define

W =g '1II,

called Weingarten matrix, then the eigenvalues of W are the principal curvatures,
its trace is called the mean curvature H and its determinant is called the Gaussian
curvature K.
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B.3 Vector, co-vector and tensor fields

Vector A vector on 7Yy has the form v = v*9/0X“. Its image under z(-) is
w = w'd/0x" with

w' = Flv®.
That is, w = Fv.

For any w € TY, we can find a unique v € T such that F'v = w. To find v in
terms of w, we use

Fiw' = FF,
In matrix form, it is
(FTFyw=FTw
Thus,
v=(FITF)'FTw.

We denote F' = (FTF)~'FT, the pseodo-inverse of F. The mapping FF' is the
projection from R? to the tangent plane of T'X.

Co-vector On T*Y,, we define dX* such that dX*(0/0X") = §5. A co-vector

*

v* = vidX“® is defined on T*¥. From Riesz representation theorem, there exists a
unique v € Ty such that

vH(0/0X%) = (v,0/9X°).

That is, v% = gagv®. This leads to

v = gaﬁvg’
where
g% = (g1

An one-form w = w;dz’ in T*Y can be pull back by

ox’

T IXO = w, FldX®
G Willa

Wi
or in matrix form, FTw.

Given an one-form w;dz’, the vector w = (w;) is a co-vector. In the two form
vidaddz®, the vecor (1) is also treated as a covector. Therefore, we can pull back
them by FTv.

If v is a unit covector in ¥ and n be the normalized pull back of v under F', then

n=J'Fu.
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Tensor A tensor P on ¥, maps a co-vector n € T*% to a vector in R3. P can be
represented as P and Pn = P"n,d/0z" If n is the pullback (with normalization)
of a unit co-vector v € T*%, then n = J'FTv. Let T be the tensor which maps a
co-vector v to a vector in TX. Tv can be represented as Tn;0/0z;. If

Tv = Pn,

then we have the relation
T=J"'PF".
For hyper-elastic material, P = W'(F).
Alternatively, we can define the tensor P on Xy whih maps n € T"%, to 7% and
the tensor P = F'P. In this formulation,

FPFT =JT
In the case of hypermaterial, P = W/(FTF).

B.4 Gradient and Divergence

Scalar field A scalar field ¢ defined on ¥y can be push forward to a scalar field
defined on ¥ by

d(x) = ¢o(X) if x = z(X).

Alternatively, we can use delta function to express ¢:
o(z) = o(X)d(z — (X)) dX
Yo
Physical quantities such as density is treated as a scalar field on . The gradient of
a scalar field is defined by the differential of ¢g:
dgo = Vxpo(X) - dX.

Thus, Vx¢g is a co-vector. It is defined to be the co-vector such that it represents
the direction derivative:

ddo(v) = (Vx o, v).
Here, the meaning of (-,-) is the bilinear functional between vector and co-vector,

which is defined so that (dX®,0/0X"?) = §3. We can also define the gradient V,¢ to
be

d¢<w) = (Vx¢a w)

for any vector w € TY. Since v = Fw, we obtain
T
(Vat, w) = (Vxgo, Flw) = (F" Vo, w)

Hence,

Vad = (F1)"Vxo.
This is the definition of V,¢ on . Since FT(F")T = I, we then get

vX§Z§O = FTvx¢
Thus, the co-vector Vx ¢, is the pullback of V.
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