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Abstract. In this paper we prove the strong unique continuation property for a Lamé system
with Lipschitz coefficients in the plane. The proof relies on reducing the Lamé system to a first
order elliptic system and suitable Carleman estimates with polynomial weights.
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1. Introduction

In this work we are concerned with the local behavior of weak solutions to a Lamé
system in the plane open connected domain  C R? with Lipschitz coefficients.
Let A(x) and (x) be Lamé coefficients in W' (Q) satisfying

wx) =38 >0 and A(x)+2ux) >8>0 VxeQ. (1.1)

The Lamé system, which represents the displacement equation of equilibrium, is
given by

div(u(Vu + (Vu)")) + V(Adivu) =0 in , (1.2)

where u = (uy, uy)" is the displacement vector and (Vu) jx = dgu;j for j, k = 1, 2.
In this paper, we will prove the strong unique continuation property (SUCP) for
solutions of the Lamé system (1.2). More precisely, if u € W,L’f (2) satisfying
(1.2) vanishes of infinite order at a point xy € €2, i.e.

/ lul?’dx = O(RY) forall Nas R — 0,
|x—x0|<R

thenu = 0 in Q.
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Results on the weak unique continuation for the Lamé system in R”, n > 2,
have been proved by Dehman and Robbiano for A(x), u(x) € C*(2) [3], Ang,
Ikehata, Trong and Yamamoto for A € C?*(RQ), u(x) € C*() [2], and Weck
for A(x), u(x) € C*() [15], [16]. For the Lamé system with residual stress,
the weak unique continuation were proved by Nakamura and Wang [11] (n > 2
with twice differentiable coefficients), while the strong unique continuation were
established recently by C. Lin [10] (» = 3 with twice differentiable coefficients).

Especially, we would like to mention a recent result by Alessandrini and Mor-
assi [1] who proved the (SUCP) for the Lamé system whenn > 2and A(x), u(x) €
C11(Q). Their proofs are based on ideas developed by Garofalo and Lin [4], [5].
As indicated in the title of the paper, we prove here the (SUCP) for the Lamé sys-
tem in the plane with A(x), u(x) € WH>(Q), which is clearly an improvement
on the regularity assumption used in [1] when n = 2. Besides, we will approach
this problem along a more “classical” line which is based on Carleman’s ideas.

One key component in our approach is the reduction of the system (1.2) to
a first order elliptic system of two variables. Unlike methods used in [1] (or [2],
[16], [11]) where a reduction was performed by introducing an auxiliary function
v = divu. In this situation, at least C1-! coefficients are needed in order to guaran-
tee that the lower order terms have essentially bounded coefficients. Our reduction
is carried out by using an auxiliary function d,u 4T d,u with appropriate matrix 7.
The crucial point is that our new system contains only first derivatives of the Lamé
coefficients, which are inherited from writing (1.2) into a non-divergence form.
This observation enables us to reduce the smoothness requirement on coefficients.
However, it should be pointed out that our new system is not uncoupled in the
principle part, which creates a new difficulty in proving the (SUCP). Inspired by
the idea in [16], our strategy to overcome this difficulty is to use several suitable
Carleman estimates.

The way of reducing the Lamé system employed here was motivated by a
recent paper by Nakamura and Wang [12] in which they proved the weak unique
continuation for the general anisotropic elasticity system in the plane. It turns out
the weak unique continuation for the Lamé system in the plane with Lipschitz
coefficients is an immediate consequence of Nakamura and Wang’s result [12].

Before leaving this section, we would like to mention several key issues in
deriving Carleman estimates. Since we will be working with the reduced sys-
tem (see (2.13)) rather than the original system (1.2). We need to prove that if
the solution of (1.2) vanishes of infinite order at xq, then so is the solution of
(2.13). This is clearly true if A and p are smooth enough. Since we only consider
A, ;1 € WH(Q) here, we want to present some arguments due to Hérmander [7]
to justify this matter. Next, we derive two Carleman estimates with polynomial
weights |x|~#, B > 0. Combining these Carleman estimates with vanishing prop-
erty, we can show that the solution of (2.13) actually vanishes exponentially as
exp(—B/|x — xo|) at x¢ (see (3.6)). This decay rate allows us to use more singular
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weights exp((log |x|)?) in deriving another set of Carleman estimates, which play
a key role in proving the (SUCP). Similar ideas were also used in [10] and [14].

2. First order elliptic system

This section is devoted to transform the system (1.2) into a first order elliptic
system. To begin, let us express (1.2) in the matrix form, namely,

Analzu+A128182u+A22822u+ O(u) =0, 2.1)

where
(A +21 0 _ 0 x2+u (O
A11_< O M>,A12_<)\+M O )’A22_(0)\,+2M

O(u) = Va(divu) + (Vu + (Vu) ) V.

and

From (1.1) it follows that A and Ay, are invertible (in fact, positive definite).
We now define W = (wy, wp)’ = (u, 01u + T u)’, where

= ()

Thus, we can compute

oywy = ou = (0 + Tohhu) —Tohu = —Tow; + wy,
{Slwz = 9%u + T, 0u. @2
Furthermore, it follows from (2.1) that
dtu = — A (A1d du + Apdsu + Q). (2.3)
Using the definition of w,, we immediately see that
dowy = 9,0u + Tdu,
which implies
d0ou = —Td3u + dw,. (2.4)

Plugging (2.4) into (2.3) yields

u = —A[' A (=T u + dwr) — A Andiu — A Q). (2.5)
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Now substituting (2.4) and (2.5) into the second equation of (2.2) we have that

dwr = —AT Ap(=THu + dw,) — A Andiu — A Qu)
—T?33u + Tdw,
= —(T* = A AT + A An)du + (T — AL A)dws — A Q).
(2.6)

By the relations 0,u = d;w, du = —T7'"9,w; + T~ 'w,, and denoting
_ (O~
v~ (35):

Q(u) = (31 A1 + ,P)d1u + (92A2 + 3, P")dou
= (01 A1+ HP)w + (BAn + I P)N—T'dw + T 'wy)
= (AN + 3P — HhART ™ =0T Hdwi + (242 + 5 P)T ' w,
= Adiw; + Hw,, 2.7

we can see that

where
A=0A1 4+ 0D — hAnT ' —9,0'T!

and
H := (0,An + 3, 9HT .

Note that A, H are in L°°(2) and in general not zero.
Now it is readily seen that 7 satisfies

AnT? — ApT +An =0
or equivalently
T? — Ay AT + Aj'Ap =0. (2.8)
Replacing Q(u) in (2.6) by (2.7) and taking (2.8) into account, we have that
0wy = (T — Ay A)dwy — AT (Adywy + Huwy).
Consequently, we get from (2.2) that

ohhw; + Tohw; —wy, =0
A Ad w4 dywa + (A A — T)daws + A Hwy =0

Equivalently, in the matrix form, we have that

EoqW + FooW +GW =0, 2.9)
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where

I 0 T 0 0 -1
E= (Al_llA 1>’ F= (0 A1_11A12 - T)’ and G = (0 A1_11H)'

The matrix E is obviously invertible. We immediately deduce the following first
elliptic system from (2.9)
W+ JoW+MW=0 (2.10)
with
T 0 0 -1
— g — —rlag—
J=F F_(KAnlAlz—T) and M = E G_<OA111(A+H))’
where
K = —AJ'AT € L¥(Q).
We want to further simplify the elliptic system (2.10). To this end, we first
observe that

o

It is not hard to check that 7 and Aj}' A}, — T are diagonalizable. Indeed, direct
computations show that

. 1 =i 11
(’ 0.) - (? ?) ( 0 1) (@ _f%) @.11)
0—i N A A WA,

1 0 _)\Mz
A1_1A12_T: At2u (')"“ .

and
i 0 —ia(A+21) a 0 —/; in —ip
(0 —i) = ia()%ﬁzu) 2 2 )»-BM (a(kim) a(kau)) , (2.12)
2 2 nw a a
where a = (H’LZM)2 + 1. In view of (2.11) and (2.12) , we define an invertible
matrix L
o 0 0
i
Px)= |22 O O
0 0 —=£ e
a(A+2pn) a(r+2wr)
0 0 1 1
and set W = PV. Then from (2.10) we obtain that
IV + TRV +MV =0, (2.13)
where

~ | diag(i, —i) 0
J—[ K diag(i,—i)] and

M=P 9P+ P ' J,P+ P 'MP e L¥(Q).
It should be noted that the lower left block K can not be eliminated by this diag-
onalization process since 7" and Al_llAlz — T have exactly the same eigenvalues.
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Therefore, to prove the (SUCP) for (1.2) via the reduced system (2.13), we have
to deal with the coupled principle part, i.e. K # 0. Also, we want to mention that
J is not normal. For the first order elliptic system similar to (2.13) with a normal
matrix J, a strong unique continuation result was proved by Okaji [13]. It should
be pointed out that the unique continuation property is not always true for general
first order elliptic systems in two variables (see [9]).

3. Local behavior of V

In this section, we will prove that if a solution u of (1.2) vanishes of infinite order
at xg, then D*V for |a| < 1 vanishes exponentially as exp(—B/|x — x¢|) at xo.
Without loss of generality, from now on we take xo = 0. To get this exponentially
decaying property, we need two Carleman estimates, which will be derived below.
But, we first want to show that

Lemma 3.1. Leru € W,5>(2) be a solution of (1.2) vanishing of infinite order at

0, then so is D%u for |o| < 2.

Proof. Here we will follows closely Hormander’s arguments [7, page 6-8]. Al-
though Hormander’s arguments are given for the second order elliptic operator,
they can be applied to the Lamé system (1.2) with the strong ellipticity condition
(1.1) without essential modifications. First of all, by the regularity theorem with
Lipschitz coefficients, we know that u € leg,cz (2) [6, Theorem 2.1]. Therefore,
following Hérmander [7, Corollary 17.1.4.] we have that for all |«| < 2

/ |D%u|*dx = O(RN) forall N as R — 0.
|x]|<R

O

Lemma 3.1 immediately implies that D*V vanishes of infinite order at O for
|| < 1. That V vanishes of infinite order allows us to use the polynomial weights
|x|7#, B > 0, in the Carleman estimates. However, this is not strong enough to
establish the (SUCP). Thus, we would like to enhance the decaying property of
V in order to accommodate more singular weights in Carleman estimates. To this
end, we will derive two Carleman estimates with polynomial weights.

Let Ly = d; £ i 0, be the first order scalar elliptic operators. We first recall a
Carleman estimate proved by Okaji.

Lemma 3.2. [13, Lemma 3.2] Forany s € N+ 1/2 and v € C(‘)’"(]R2 \ {0}) we
have

/|x|_2s_2|v|2dx < 4/ Ix|7%|Lov|*dx. (3.1)

Since the system (2.13) is coupled, we need another Carleman estimate to
handle this situation.
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Lemma 3.3. For any s > 0 and v € C°(R? \ {0}) we have
flxl_ZSIVvlzdx < 2/|x|_25|Liv|2dx+ 16s2/|x|—25—2|v|2dx. (3.2)

Proof. Letv = vg + iv; then

|ILiv]? = |01v £idv]? = |0;v]? + |3:v]*> F 2Re(i 9, v, D)
= |91v]* F 2(31vr020; — d1vrd2vR) + |20]%. (3.3)

Using the integration by parts and the inequality 2|a||b| < e~ '|a|® + &|b|> with
0 < & < 1, we can estimate

| / x| 7> (01vRd2v; — 91v; vk )dx|
= —f81(|x|_2s)vR82v1dx+/82(|x|‘25)vR81v1dx|
5/|2s|x|—25—2x1vRazv,|dx+/|2s|x|‘2s—2x2vRalu,|dx
<2 [ sl 2 rive (] Bovil)d
+2/(S|x|s2|x2UR|)(|x|s|alvl|)dx- (3.4)

Applying the inequality 2|a||b| < e~ '|a|> + ¢|b|* with 0 < & < I twice on the
right side of (3.4) gives

2| / x|~ (31 vgrdrv; — d1v;drvg)dx]|
<2 f (sl |x1vgl)’dx + 2¢ / (x|~ 0p0; 1) dx
+2¢7! /(slxl_s_zlxzvRI)zdx + 28/(|x|*|81v1|)2dx
< 28_1/szlxl_zs_4|x1|2|v|2dx+28/ x| 72|80 dx
+2e—1fs2|x|—2~‘—4|x2|2|v|2dx+2e/ Ix|72|9,v|%dx
< 27! fs2|x|_2s_2|v|2dx+28/ |72 (0 v)* + [8:vP)dx. (3.5)
Now choosing ¢ = }L and combining (3.3), (3.4) and (3.5), we get that

2/|x|—2‘|Liv|2dx z/|x|—2S<|alv|2+|azv|>2dx— 16s2/|x|—2‘“2|v|2dx,

from which (3.2) follows. O
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Remark 3.1. The estimates (3.1) and (3.2) remain valid if v € Wllo’cz (R?) is com-

pactly supported and v and Vv vanish of infinite order at 0. This can be easily
seen by cutting u off for small |x| and regularizing.

With the help of Lemma 3.1 and 3.2, we are ready to show that D*V vanishes
exponentially at O for || < 1.

Proposition 3.1. If V € Wllo’f (R2) satisfies (2.13) and D*V vanishes of infinite
order at 0 for |a| < 1, then there exist positive constants B and C such that

/ (VI +VVP)dx < Coxp(—BR™. (3.6)
[x|]<R

for all sufficiently small R > 0. Here the constant C depends on V but is inde-
pendent of R provided R is small, while the constant B is independent of u and
R.

Proof. To begin, we write V = (vy, v2, v3, v4)". In view of Remark 3.1, we can
apply (3.1) and (3.2) to the function §v; for j = 1, - - , 4, where £(x) € CJ°(R?)
such that £(x) = 1 for |[x| < R and £(x) = O for |x| > 2R (R > O sufficiently
small). Here the number R is not yet fixed and is given by R = y~2s~!, where
y > 01is a large constant which will be chosen later. Using the estimate (3.1) and

the first two equations of (2.13), we can derive that
yts? / X722 (g * + [v2]Pdx
|x|<R
_ R f 722 (foy P+ [v2P)dlx
|x|<R
< f 24+ oD
|x|<R
< f x| 724 (& vy |2 + [Eva|P)dx
<4 f X722 L (Ev)|* + | L-(Eva)[H)dx
54/ |X|_zs_2(|L+v1|2+|L—U2|2)dx+4/ x| 722Gy [*dx
|x|<R

|x|>R

58||M||§of |x|2”|V|2dx+4/ x| 72 72|Gy |dx, 3.7
|x|<R

[x|>R

where G; € L?(R?) is supported in B,z\Bpg. Hereafter, B, denotes the disc
centered at 0 with radius » > 0. Note that in applying (3.1) in (3.7) we take
s+1eN+ % On the other hand, using (3.2) we have that
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/H . X7 (Vo1 * + | Vs | dx
s/|x|—2S<|V<sv]>|2+|V<$v2>|2>dx
< 2/ X7 (L4 (Ev))? + |L_(Evp)[P)dx
+165> / x| 722 (151 ]* + [Eva*)dx
s4||1\“4‘||§0f| eIV R+ 16s2f 172 + [P

|x]|<R

+4/ Ix|7%|Ga|2dx + 1652/ lx|7272|G5|%dx, (3.8)
|x|>R

|x|>R

where G,, G3 € L*(R?) are supported in Byg\ Bg.
Next, we will carry out above arguments for v; and v, to v and v4. But here
we need to take into account of K # 0 in (2.13). We first estimate

/ X722 (Jus|* + vl Pdx
|x|<R
< / 2528 vs P + [E vl
< 4/ X7 (IL 4 (Ev3) [* + |L—(Evs)[Hdx
< 4/ 2 (L + |L_v4|2>dx+4/ 72| G Px
|x|<R

|x|>R

< 8||K||§o/ |x|—25<|w1|2+|sz|2>dx+8||ﬂ||§o/ x| 72|V |2dx
|x|<R |x|<R

[ iGaPar, (39)
|x|>R

where G4 € L*(R?) is supported in Byg\ Bg. Note that here we take s € N + %
Similarly, we can compute that

f x| 722 Vs]? 4 [Vus*)dx

|x|<R
< / K2RV Ev) 2+ [V (Evy D
<2 / x| 722 L 1 (Evs)* + |L—(Eva)[Pdx

+16s2/ X2 (€ v + [E vl
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<4|K|I%, / x| 722V |2 + [Vua*)dx
[x|]<R

+4||M||§o/

[x|<R

x| 72|V 2dx + 16s2/ 1172 (Jus)|* + |va]®)dx
|x|<R

+4/ lx|72%2|Gs|%dx + 16s2/ Ix|7%|G|*dx
|x|>R |

x|>R

<4|K|% f x| 722 Vo |2 4 [Vua )dx
|x|<R

+4||M||io/

[x|<R

x| 7= 2|V 2dx + 16y~ f X722 (Jus|* + [valdx

[x|<R

+4/ Ix|722|Gs > dx + 16s2/ Ix|7>|Gg|dx, (3.10)
[x|>R

|x|>R

where Gs, Gg € L?(R?) are supported in B,z\ Bg. Here in using (3.2), we have
replaced the parameter s by s — 1 provided s > 1.
Now combining (3.7), ¥%(3.8), y(3.9), and (3.10) yields

yts? / X722 (g [ + [v2]Pdx + 2 / X2 (Vo * + [V )dx
[x]<R

[x|<R

+y / X722 (Jvs ] + |val®)dx + / x| 722 V3| + [Vual*)dx
[x|<R |x|<R

< 8||1'v7||io/ |x|—2f—2|V|2dx+4y2||1f4‘||§o/ x| 7|V Pdx
|x|<R

|x|<R

+16y%s* / X722 (g | + [v2]Pdx
|x|<R

+8y 1K 112, / X7 (IVui* + [Vua[H)dx
|x|<R

+8y||M||2, / x|~V |dx

[x|<R

4K / 22V, + (Vs
|x|<R

7112
+4||M||oo/

|x]<R

x| 722V Pdx+ 16y~ / X722 (Jus|* + |valPdx

|x|<R

+4f Ix|7272|G, |*dx +4y2/ x| 7% |G, |2dx
|x|>R

|x|>R

+16y2s2/ Ix|7>72|G3 % dx -|-4y/ x| 72| G4|*dx
|x|>R |x|>R

+4/ Ix|72*2|Gs |2 dx + 16s2/ x| |Gg|?dx. (3.11)
[x|>R |x|>R
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In order to compare terms on both sides of (3.11), we estimate the second term
on the right side of (3.11) and obtain

4y2||n7||§of

|72 |V 2dx < 4y~ 272 | M|I2, / x| 7272V |2dx.
[x]<R

|x|<R

Note that |x| ™' < |x|7%2 for 0 < 51 < s, provided that |x| < R < 1. Therefore,
carefully checking terms on both sides of (3.11), we can choose y > 0 large
enough such that all terms with v; and Vv;, j = 1,--- , 4, on the right side of
(3.11) are absorbed by the left hand side. We now fix such y. Consequently, we

get that for s > 0
R —25+2
(—) / (VP +|VV[)dx
2 |x|<R/2

< / xRV + [VVP)dx
|[x|<R/2

5/ K2RV + (VY P)dx
|x|<R

6

< C1s2/ x| 72 72|G |2dx
R<|x|<2R kX:I:
6
< C R 22 / Z |G |dx, (3.12)

R<|x|<2R k=1

where C; is a positive constant. Recall that R = y ~2s~!. We therefore deduce
from (3.12) that

/ (VP + |VV P )dx
[x|<R/2

6
<4Cy T RCQF TR [ N |G dx
|x|>R k=1

< CROQ ¥k,

where C < 24C,y 4|V ||i2(Bl). In other words, we have

/ (V> +|VV|*dx < Cexp(—BR™") (3.13)
[x|<R/2

for some constant B > 0.

It should be noted that (3.13) is valid fors € N+1 and R = y ~2s~ . Therefore,
if we choose s € {j +4 : j € N}, then (3.13) only holds for R; = y 2(j + 1)~
Nevertheless, we can see that

Rii1<R;j<2R;y; and R; — 0Oasj— oco.
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Thus, we can conclude that

/ (V) 4+ |VV|®)dx < Cexp(—BR™"),
|x|<R

for all sufficiently small R > 0 with B = B/2. O

4. Carleman estimates with more singular weights

In view of Proposition 3.1, we derive two Carleman estimates with weights ¢, =
exp((log |x])**), which will be used to complete the proof of (SUCP).

Lemma 4.1. There exist a sufficiently large number so > 0 such that for all
veU,with) <ry< el s >sp ando € R satisfying 0 = O(|s|), we have
that

s? / ¢; (log x> 72 |x| ?|v|*dx < / (log |x* @7 LsvlPdx,  (4.1)
where U,y = {v € CZ(R? \ {0}) : supp(v) C By, }-

Proof. We will prove (4.1) only for L. The proof of (4.1) for L_ is similar.
Denote ¥ (|x]) = (log |x[)?* + log[(—log |x[)°] for |x| < 1 and set v = e Vw.
Then we can find that

fe2W|L+v|2dx = / 101w — i Yyw + idhw — 3 Yyw|>dx

= / 1Byw — idyw|* + |idyw — 8w
+2Re((dyw — idyyw) - ((dow — dYw))dx

> 2Ref(81w —idyw) - (hw — dYw)dx
= 2Re/(i82¢w —ojw) - ((dw + 1 Yyw)dx
=2Re/i82ww811//i)dx —2Re/i81w8212)dx
—2Re/81w811/fu_)dx —2Re/82¢w8211)dx. “4.2)
It is readily seen that

2Re/i821/fw811/fu")dx - 2Re/i821/f8111f|w|2dx = 0. 4.3)
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Performing the integration by parts yields

/81w8217)dx :/81w8211)dx
and thus
2Re/ idjwdwdx = 0. (4.4)

We now deal with the last two terms in (4.2). Using the integration by parts,
we get that

—2Re [djwdywdx = — [ 0190 |w>dx = [ 3}y |w|*dx. 4.5)

Similarly, we can find that

—2Re/82ww821])dx = —/azwaz|w|2dx =/8221p|w|2dx. (4.6)

Combining (4.2), (4.3), (4.4), (4.5) and (4.6) gives

f(afw + 039 |wlPdx < /e2‘”|L+v|2dx. (4.7)
Through direct computations, we obtain that for j = 1,2

;9 = 2s(log [x)* ' |x|7%x; + o (log [x[) ' |x| ~%x;,
03y = 2s(2s — 1)(log |x[)*~?|x|~*x7 — 4s(log [x[)* ' x| ~*x3
+2s(log |x[)* x| > — o (log |x ) ~* x| ~*x7

~20 (log x) ™' x| ™*x} + o (log )~ x| 72
and therefore

Y + 3¢ = 25(2s — D(log |x[)* ?|x|7* — o (log |x|) *|x| >
—20 (log |x )" |x|7% + 20 (log [x|) " |x| 2.
In other words, 8121p + 822w dominates s>(log |x[)*~?|x|~2in |x| < e~! when s is

sufficiently large. Consequently, by taking s large enough, we can get from (4.7)
that

/sz(log|x|)25—2|x|_2|w|2dx < /(afx/f + 82y |w|?dx < fez'/f|L+v|2dx
(4.8)
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forv,w € U,, withry < e~!. Substituting w = e¥v and ¥ = (log |x|)* +
log[(—log |x])?] into (4.8), we immediately obtain that

s? / (log |x)*7 > 2 |x| ?¢7|v|*dx
= 5 / (log [x ) 2| 2e> [ufdx
=5’ f (log |x)** ~?|x|*|w|*dx
§/ez¢’|L+v|2dx
- / (log || $2|L , vdx

for v € Uy,. The proof is complete. O

As before, to handle the possible non-zero off-diagonal block K in (2.13), we
need another Carleman estimate.

Lemma 4.2. Forall s > 0,0 e R, and allv € Cy° (R?\ {0}) we have that
[ ¢aogleivoras
<2 / 7 (log |x)* |Lrv[*dx
+32(0* + 4s7) / ¢2(log |x)27 T4 2| x| 2 |v|*dx. 4.9)

Proof. This lemma will be proved along the lines of the proof for Lemma 3.3. As
in Lemma 3.3, let v = vg + iv; then

ILov|> = |00 £i00|> = |0;v]* F 2(8;vR02v; — 01v;020R) + |B2v]. (4.10)

It suffices to estimate the second term on the very right side of (4.10). Simple
integration by parts implies

| / (log [ 1) §2(31 01 — Byvrdavp)di]
— |- / 31((log [x1)™ §2)vrdpvrdx + / 33((log |x) §?)ved,vsdx|
< f 120 (log |x)** ' ¢Z|x]2x vrdrvs|dx

+ f 120 (log |x)** ' ¢Z|x| " 2x2vRd v/ |dx
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+ f [4s (log [x)* '~ 7 x| x vy dix
+/ |45 (log |x[)*7 T2 | x| 2xavRd1 v/ |dx. @.11)
We will estimate four terms on the right side of (4.11) one by one. The main tool

is the inequality 2|a||b| < ela|®> + e~'|b|*> with 0 < & < 1. We begin with the
first term

f 120 (log |x)** ' ¢Z|x| 2x vrdrvs|dx
_ / | [(og |£1)° by v, 1120 (log [x]) s x| x1velldx

<= / (log |x)** p2(3,v1)dx 42 / (log |x)*"~2¢?|x| " *xTvgdx
4.12)

For other three terms, we have that
/ 120 (log |x])* ' @7 x| 2xa0pd vy |dx

=f| [(log |x]) ¢sd1v/1120 (log |x[)” " s x| xavi]|dx

& 202
<* / (og [x)* 93 (3yvpdx + 22 f (log |x ) 2 x|“x3v3dx,
4.13)

/ s (log |4 )22 62 x| 2, vg v [dx
= f | [(log |x])° psdrv;1[4s (log |x )7 T~ s x| 2x v ]ldx

< £ / (log [ (B0 2dx + oo / (log [x )+ ~2g2 x| x2dx
4.14)

and

f |45 (log |x)2° 22| x| 2xavrd vy dx
= / | [(log |x])° ¢sd1v;1[4s (log |x )7 T~ s x| 2x20g]|dx

/ (log |x)** ¢pZ(d1v;) dx L8 / (log |xN?7 T 22| x| *x3vidx
4.15)
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Using (4.11) to (4.15) we see that
| [ og a1 g2 @rvaann - drvrdzvarax

. (202 + 8s2) ot ds— _
< a/(log )2 82 VulPdx + f/aogmf HI2 82| 1202
(4.16)

Now the estimate (4.9) follows from (4.10) and (4.16) with ¢ = i. O

Remark 4.1. Similar to Remark 3.1, Carleman estimates (4.1) and (4.9) remain
valid if we assume v € WIL’f (R?) with supp (v) C B,,, o < e~!, and satisfies
that D%v for all |«| < 1 vanish of exponential order at 0, i.e., (3.6).

5. Proof of (SUCP)

We will prove the (SUCP) for any solution V of (2.13) arising from V =
P~'(u, dju + T du)". This result immediately implies the (SUCP) for (1.2). Let
V be a solution of (2.13) . We have shown that V € WIL’f (£2) and satisfies (3.6). In
view of Remark 4.1, we can use the Carleman estimates (4.1) and (4.9) provided
that we cut-off V. Solet £ (x) € C§° (R?) be a cut-off function satisfying £ (x) = 1
for |x| < Rand£(x) = Ofor |x| > 2R, R > Ois sufficiently small and 2R < e~!.
As before, we set V = (vy, va, v3, v1)'.

Now let 0 = 0 in (4.1) for the operators L, and L_ acting on £v; and £v,,
respectively, we obtain from (2.13) that

52 / (log |xN*2¢2|x| 2 (1€ v1|* + |&v2|dx

< / P>(|Ly(Ev)* + |L_(Evy)|P)dx

< / 2Ly + |L_vaP)dx +/ §2|FiPdx
[x[<R R<|x|<2R
<2t [ gAviav+ [ gARpax, 5.1)
[x|<R R<|x|<2R
where F| € L*(Byg \ Bg). Letting 0 = —s in (4.1) for the operators L and

L_ acting on §v3 and & vy, respectively, we have from (2.13) that
s? f (log [x) 7?7 x| 2 (1§ vs]® + [Eval)dx

< / (log |x]) " ¢Z(IL4+ (Ev3)|* + |L_(Eva)[P)dx



SUCP for the Lamé system with Lipschitz coefficients 627

< / (log |x)) 2 @21 vs + |L_vaP)dx
|x|<R
+ / (log |x)"2 62| FyPdx
R<|x|<2R
< 2K |2, f (log [x)~2¢2(Vu1 2 + Vv P)dx
|[x|<R

712
+2||Mlloof

|x|<R

(log |x) "> ¢?|V [*dx + fR N 2Raog X)) @2 F>|*dx,

5.2)
where F3 € LZ(BZR \ BR)

Next choosing 0 = —s in (4.9) for the operators L, L_ and using (2.13), we
get that

/u Qo ) g10r P 4 Vs
< / (log [x)"*¢7(IV(Ev) > + [V (Ev)[*)dx
<2 / (log [x) "¢ (IL 4 (Evn)|* + |L_(§v)[*)dx
+160s> f (log [x > ?¢7 x| > (16w |* + [Eva|P)dx
<4t [ RGOS

+160s> f (log |xN*2¢2|x| 2 (|Ev1|* + |Eva|H)dx

+ / (log |x)" > ¢Z| F3|*dx, (5.3)
R<|x|<2R

where F, € L?(Bag \ Bg).
Let { > 0 be a large number which will be determined later. Combining
¢ x(5.1) and (5.2) leads to

¢s? / (log |xN* 292 x| 2 (1€ v1 |* + |&va]Pdx
452 / (log [x) 22 1x| (v + [Evs[Ddx

< 2;||fv7||io/ P2V 2dx + ¢ @2 Fy|Pdx
|x|<R R<|x|<2R
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+2||M||?,o/

[x]<R R<|x|<2R

+2/K 1%, /| | R(log|x|)—2~?¢3<|w]|2+ Vs |P)dx.
Replacing the very last term of (5.4) by (5.3) implies
(s / (log |20 x| 2wl + [§vaP)dx
+5° / (log |x]) 727 x| (1€ vs|* + |5 valP)dx

< 2;||M||iof G2V Pdx + ¢ @2 |F, |*dx
[x[<R R<|x|<2R

+2||M||io/

lx|<R R<|x|<2R

FSIIMI K I / (log [x)"2 2|V |*dx
|x|<R

+320]| K ||2,5* / (log |xD*2¢2|x| 2 (|Ev1|* + |Eva|H)dx

+2[IK I, / (log |x]) " ¢?| F>|*dx.
R<|x|<2R

We now choose ¢ > 320|| K ||§o and fix it. Observe that if s > O then

(log|x)™* < 1 < |x|~*(log |x|) ™

(log |x) "> ¢Z|V[*dx + / (log |x|) "> ¢7| F3|*dx

(5.4)

(log |x)"*¢Z|V [*dx + / (log |x) "> ¢7| F3|*dx

(5.5)

(5.6)

forall [x| < Ry with sufficiently small Ry > 0. So from now on we fix R = Ry/2.

Taking ¢ as indicated and using (5.6), we get from (5.5) that for s large

3
52/ P2V dx < c/ ¢2 Y |Fldx.
|x|<R R<|x|<2R k=1

5.7

Note that </>52 is a decreasing function of |x| in |x| < 1. Therefore, it follows from

(5.7) that
3

s2/ |V |2dx gcf > IR fdx
|x]<R R<|x|<2R k=1

and thus V = 0 in |x| < R, which implies V = 0 in @ by standard arguments.

This ends the proof.
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