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Abstract

In this paper we consider the stationary Navier—Stokes equations in a bounded domain with a variable
viscosity. We prove that one can uniquely determine the viscosity function from the knowledge of boundary
data.
© 2007 Elsevier Inc. All rights reserved.

1. Introduction

In this work we consider the unique determination of the viscosity in an incompressible
fluid described by the stationary Navier—Stokes equations. Let £2 C R? be an open bounded
domain with boundary 92 € C°°. Assume that £2 is filled with an incompressible fluid. Let

u=(u',u® u?)T be the velocity vector field satisfying the stationary Navier—Stokes system

{divo#(u,p)—(u-v)u=0 in §2, (1.1)

divu =0 in £2,

where

ou(u, p) =2uSym(Vu) — pl
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and Sym(A) = (A+ AT)/2 is the symmetric part of the matrix A. Here u(x) > 0 is the viscosity
function. The exact regularity of p will be specified as we go along. Precisely, we can write the
first equation of (1.1) componentwise, i.e.,

(divoy, @, p) — (u - V)u)* =Y 9;(2uSym(Vu)’*) — o p = Y "ulo;ut.
J J

Here and below, all Roman indices are from 1 to 3 unless otherwise indicated. The second equa-
tion of (1.1) is the well-known incompressibility condition.

We are interested in the inverse problem in this paper. We first define the meaning of boundary
measurements. Mathematically, the boundary measurements are encoded in the Cauchy data of
all solutions satisfying (1.1). Precisely, we define

Su={(ulse,0u(u, p)nlae)},

where (u, p) solves (1.1) with well-defined boundary traces u|y and o, (1, p)n|ye, nis the unit
outer normal of the 0£2, and u|y,; satisfies the compatibility condition

/mm nds =0. (1.2)

082

We want to remark that a solution (u, p) satisfies (1.1) with nonhomogeneous Dirichlet condition
ulpg is not necessarily unique (see [23]). In the physical sense, o, (u, p)n|s represents the
Cauchy force acting on 2. The inverse problem now is to determine x from the knowledge of
Su-

To study our inverse problem, we will not consider the general Dirichlet data u|y = ¢. In-
stead, we shall take

b=cy (1.3)

with |¢| sufficiently small and ¥ € H>/?(9£2) satisfying the compatibility condition (1.2). For
such a choice of Dirichlet data, we can show that there exists a solution (u, p) to (1.1) with
ulpe = ey and the boundary trace o, (u, p)nlse € H'2(3£2). Thus the Cauchy data Sﬂ is
meaningful in this case. When |¢| is sufficiently small, we even know that the solution (u, p) to
(1.1) is unique (p is unique up to a constant), but we do not need it. The main result of this paper
is the following global uniqueness theorem of the inverse problem.

Theorem 1. Assume that pi(x) and p(x) are two viscosity functions satisfying 1, 12 €
C"0(82) for ng > 8 and

%u1(x) =0%u2(x) Vx €982, o< 1. (1.4)

Let Sy, and S,,, be the Cauchy data associated with | and i3, respectively. If S, = S, then
1= .

When the boundary 92 is convex and has nonvanishing Gauss curvature, we can remove the
assumption (1.4) from Theorem 1.
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Theorem 2. Let 952 be convex with nonvanishing Gauss curvature. Assume that 1 (x) and o (x)
are two viscosity functions satisfying i1, 12 € C"(82) for ny > 8. IfSMl = Suz then () = .

The parameter determination problem by boundary measurements is a rather well-studied
field. Since Calder6n’s pioneer contribution [1], a key method has been the construction of com-
plex geometrical optics solutions with a large parameter which was introduced by Sylvester and
Uhlmann [22] and has become a standard method. We also refer the readers to Uhlmann’s survey
article [24]. The inverse problem for incompressible fluid governed by the Stokes equations was
studied by Heck, Li and Wang [7]. They proved a global identifiability of the viscosity para-
meter by boundary measurements using the method introduced by Eskin and Ralston [3-5] and
also related work [16,17]. To study the Navier—Stokes equations we shall apply the linearization
method. This method was first introduced by Isakov [9] in a semilinear parabolic inverse prob-
lem. This technique allows for the reduction of the semilinear inverse boundary value problem to
the corresponding linear one. The linearization strategy has been used by many authors to treat
the inverse problem for nonlinear equations, see for example [8,10—15,18-21].

The difficulty in implementing the linearization technique to our problem lies in the existence
of particular solutions to (1.1) which possess some controlled asymptotic properties. This is why
we introduce the Dirichlet condition with small parameter ¢ as in (1.3). The key step in the proofs
of Theorems 1 and 2 is to show that there exists a solution (u,, p¢) to (1.1) with boundary con-
dition (1.3) and (¢~ 'u,, 8_1[78) converges to (v, go) in suitable Sobolev spaces, where (vg, go)
satisfies the Stokes equations. Subsequently, one can determine the Cauchy data associated with
the Stokes equations from S‘,L. Then the inverse problem for the Navier—Stokes equations (1.1) is
reduced to the same problem for the Stokes equations. We would like to mention that Theorems 1
and 2 for Navier—Stokes equations are counterparts of Theorem 1.1 and Corollary 1.4 in [7] for
Stokes equations.

This paper is organized as follows. In Section 2, we will prove the existence of the boundary
value problem for (1.1). In Section 3, we linearize the Cauchy data SM and prove Theorems 1
and 2. In Appendix A we provide the existence, uniqueness and regularity results of the solution
of the Stokes equations which we use in Section 2.

2. Direct problem
In this section we aim to prove the existence of the boundary value problem

div(au(u, p)) —(w-VYu=0 1in£2,
divu =0 in £2, 2.1
u=¢ec HY2(2) on 382

with the compatibility condition (1.2). When p is a constant, this problem has been well docu-
mented in the literature, see for example [6,23]. Here we study the case where p is a function
and the boundary value contains a small parameter.

As mentioned in the introduction, we choose ¢ = ey with ¥ € H3/2(352) and look for
(ue, pe) = (evg, £q.) satisfies (2.1). The problem (2.1) is reduced to

div(0, (e, gs)) — €(vs - VIve =0 in £2,
divv, =0 in £2, 2.2)
Ve =Y on ds2.
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We will solve for (2.2) with the form v, = vg + €v and g, = qo + ¢, where (vo, qo) satisfies the
Stokes equations

div(au (vo, qo)) =0 in £,
divyg =0 in £2, (2.3)
vo =1y on 052,

and (v, q) satisfies

—diV(GM(U, q)) +e(wy-VIv+e@-Vvg+e2(v-Viv= f in £2,
divv=0 in £2, (2.4)
v=0 on 052

with f = —(vg - V)vp.

For (2.3), we know (see Theorem 11 in Appendix A) that for each ¥ € H>/?(92) there exists
a unique (vo, o) € H>(2) x H'(£2) (qo is unique up to a constant) satisfying (2.3) and the
estimate

llvoll z2¢2y + g0l g2y < ClIY T g322), (2.5)

where [qoll g1 (@)/r = infeer lIg0 + cllg1(p). In view of the Sobolev imbedding theorem
H2(£2) — C°(£2), we have that

1£ 112y = [@o - Vw0 11 @) < Cllvoll o) < CIV 32050 (2.6)
Now we need to solve (2.4). We first prove an existence theorem.

Theorem 3. There exists a positive number g depending on  such that for any |e| < &,
(2.4) has at least one weak solution (v, q) € H(} (2) x L3(£2).

Proof. As outlined in [23] for the standard Navier—Stokes equations, we solve (2.4) by the
Galerkin method. Let us denote

V ={ve Hy(£): divo=0}.

Combining Korn’s inequality and Poincaré’s inequality, HOl (£2) is a separable Hilbert space with
respect to the inner product

(u,w):/S(u)-S(II})dx. 2.7)

2

Note that V is a closed subspace of H(} (£2), which is also separable. Let wi, wa, ... be elements
of V which form a complete orthonormal system of V, where

Vi={w e C§°(£2): divw =0}.
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Let
n
vy = Zéj,nwj with éj,n eC
j=1
satisfy
[V, W) + b (vo, Up, w ) + eb(Vy, 0, W) + £2b(V, Uy, w;) = (f, w))
for j =1,...,n, where
b(u,v,w):/(u-V)v-u_)dx
2
and

(f,w):/f~11)dx.
2

2.8)

2.9)

Arguing as in [23, Lemma 1.3, Chapter II], one can easily prove two properties of b(u, v, w):

b(u,v,v)=0 forallueV, ve H}(2)
and
b(u, v, w) = —b(u,w,v) forallueV, v,we Hy(£2).

Moreover, using the imbedding H 2(2) < CY(£2), we can see that

2

|b(v, v, vo)‘ = ‘/(v -V)v-vgdx
Q

Next we recall a technical lemma proved in [23].

(2.10)

@2.11)

2.12)

Lemma 4. (See [23, Lemma 1.4, Chapter I1].) Let X be a finite-dimensional Hilbert space with
inner product [-,-] and norm || - || and let P be a continuous map from X to itself such that

[P().¢]>0 for|¢ll=k>0.

Then there exists ¢ € X with ||¢|| < k so that P(¢) =0.

(2.13)

In applying Lemma 4, we take X = the space spanned by wy, ..., w, and the inner product
[,-] is induced by that of V, namely, (-,-) given in (2.7). Here the norm || - | = || - | g1 (). We

now define P = P, by
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[Pa(v), w] =(P,(v), w)
= u(v, w) + eb(vy, v, w) + eb(v, vo, w) + szb(v, v, w)— (f, w)

for v, w € X. The continuity of P, is obvious. To verify (2.13), we can see with the help of (2.10),
(2.11), and (2.12) that

[P,, (v), v] = u(v, v) + eb(vg, v, v) + eb(v, vo, V) + szb(v, v,v) — (f,v)
> Cllvliyi g, — leb@, v, vo)| = | (f.v)]
> Cllvligi g, = 161C" ol 2@y 1011 ) = I ll-12) 10l 111 2)
> [0l g1y {(C = 1e1C Tvoll 2y 10 g1y = 1 =12y}

where C and C’ are positive numbers. Therefore, if we choose a small ¢, depending on ¥, such
that

C — lelC"lvoll g2y > 0 Vel < eo,
then [P, (v), v] > 0 for [[v]| g1 (o) =k with

1/ -1

; for |e| < &.
C —elC"lvoll g2y

Hence, Lemma 4 guarantees the existence of v, satisfying (2.8) and (2.9).
Now we want to pass the limit of v,. Multiplying (2.9) by £; ,, and summing the corresponding
equalities from 1 to n gives
14(Un, V) + 86 (00, U, Un) + 86 (0, V0, V) + &bV, V. Va) = (f, 0p).
Using (2.10), (2.11), and (2.12) again, we obtain that
lvnll g2y < Coll Fllg-1(2)s

where Co > 0 is uniformly in ¢ provided || < &g. Therefore, there exist v in V and a subsequence
{v,} such that

v,y — v weaklyin V. (2.14)
By the Rellich theorem, we have that
vy — v strongly in L?(£2). (2.15)
With the help of (2.14) and (2.15), we can derive that

b(vo, vy, w) = b(vo, v, w), (2.16)
b(vy, vo, w) — b(v, vo, w), (2.17)
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and
b(vy, vy, w) — b(v, v, w) (2.18)
for all w € V. The proof of (2.18) was already given in [23, Lemma 1.5, Chapter II]. As for (2.16)
and (2.17), they are easy consequences of (2.15). Therefore, passing the limit in v,/, we obtain
that
v, w;) + eb(vo, v, w;) + eb(v, vo, wj) + &2b(v, v, w;) = (f, wj)
for j =1,2,....Since wy, wo, ... is a complete orthonormal system of V, we conclude that
(v, w) + b (vo, v, w) + £b(v, vo, w) + £°b(v, v, w) = (f, w)
for all w € V. Thus, there exists g € L2(£2) (and v € V) such that
—div(au(v, q)) +e(vg-VIv+e- -V)vy + 82(1) -Viv=f

in the weak sense. O

Now we have the existence of weak solution (v, g) to (2.4). To indicate the dependence of
(v,q) on &, we denote v = v, and g = g.. Our next task is to derive the regularity of (vg, g¢).
The aim is to show that (v,, g.) are uniformly bounded in & with respect to some Sobolev norms.
This enables us to consider the limiting behavior of (¢~ 'v,, ™! p,). The proof of regularity for
(Vg, g ) relies on the regularity result for the Stokes equations and the “bootstrapping” technique.

Some arguments used here are inspired by [23].

Theorem 5. Let (v, §e) be a weak solution of (2.4) for |e| < g9. We may choose gy < 1. Then
(Ug, Ge) € H*(2) x H'(2) and satisfies

16
1961l 22y + 1ell i 2y < € D 1V 1320, (2.19)
j=2

where C is independent of ¢.

Proof. To simply the notations in the proof, we reuse v = v, and ¢ = g.. We now write the first
equation of (2.4) in the form of Stokes equations

div(o,t(v, q)) =g, divi=0
with
g=¢e(o - VIv+e- - V)vg+ 82(1) Vv — f.

From the proof of the existence, we see that v € HO1 (£2) and

Wl @) < Clf 12y < C 5040,
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Hereafter, C, C’, C”, and C represent constants independent of €. Their exact values are not
important. In view of the Sobolev imbedding, we have v € L(£2). Subsequently, we get that
(v-V)v e L32(£2) and

- vy <Clvl3,

” L322) X )X <Clyl; H32(382)"

Similarly, we have that
|| (U : V)UO “ L3/2(.Q) g C||v||L6(_Q) “UO”HI(.Q) < C”I//”‘]‘.IS/Z(E)_Q)
and

[wo- Vv Cllwo- Vo] 2

||L%/2(_Q) 2) C||W||H3/2(99)

Therefore, from (2.6) we have g € L3/%($2) and

gl 32y < CleollV 0, + 1V 155200))-

From now on, we choose gy < 1 and hence

”g”Lz/z(Q) (”1//”1_13/2(39) + ||W||i13/z(39))

The regularity theorem for the Stokes equations (Theorem 11 in Appendix A) implies
lollw2s2 2y + lallwisngm < Clglisrgy < CUV IGpnpe, T 1V 1500)- (2200

The estimate (2.20) is not exactly what we want. We need to improve L3/2-base Sobolev
norms to L2-base ones on the left-hand side of (2.20). This can be achieved by the “bootstrap-
ping” argument. In view of Sobolev imbedding, W23/2(£2) < L"(£2) for any 1 < r < 0o, we
thus obtain that v ® v € L® for any s € (1, o) and

|- Vvl w-ls(2) = [Vwe | w-ls(2)
< Clvllpr@ylivlierz o)
<l
<C" (Wm0 + 1V 100, (2.21)
where s~ = rfl + r{l and C” = C"(82,r1, rp). In the first equality of (2.21), we have used
divv = 0. On the other hand, vy € H2(£2) = W22(2) — W23/2(82). Likewise, we have that
[ - Vv0]l 1) SENV 320, + 1V 135200):

[ o= V0]l 1) SEWY 320y + 1V 132 50))- (2.22)

1 w152y = @0 - V)00 ]l -1 ) S CIV 3325 0
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where s™! ="' + 7, and € = C(£2,r, r2). Combining (2.21) and (2.22) leads to

8

lgllw-ts2) SC DWW 000
j=2

Thus from Theorem 10 in Appendix A we have

8

ol + gl < C DI g0
j=2

for any s € (1, 00).

We need one more iteration. Due to the imbedding theorem, i.e., W5 (£2) < C°(£2) for
s > 3, we can see that (v- V)v € L*(£2) for any s € (1, 00) since §2 is bounded. In particular, we
have (v - V)v € L?(£2) and

16
H (v- V)UHLZ(Q) <C Z ||¢||;13/2(3_Q)'
=4

We already knew that vy € W22(2) — C%$2). So we immediately have

9
[ @ Vw0 120y SC DIV 15200
j=3
9

[@o-V)v] 2y SC DI 1250
j=3

£ 2@2) S Cl gm0
In other words, we get

16

lgl22) S C D1V 100
j=2

and therefore Theorem 11 in Appendix A implies

16

Wl + Iallm @y SC D1 lsnp0; O
j=2

Remark 6. Even though we will not need the uniqueness result of direct problem (2.1) in our
inverse problem, the solution (u,, p.) of (2.1) with boundary condition ¢ = ¢ is indeed unique
(pe 1s unique up to constants) when |¢| is sufficiently small. This fact can be proved by modifying
arguments in [23, Theorem 1.6, Chapter II].
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3. Inverse problem

We already proved the existence of the solution to the system (1.1) with the boundary data
e in Section 2. More importantly, we derived the asymptotic behavior of solutions as ¢ — 0. In
this section we linearize the Cauchy data S,, and prove Theorems 1 and 2.

Given any ¥ € H>?(982), let (v, go) € H*>(£2) x H'(£2) be the unique solution (go is unique
up to a constant) of the Stokes equations

{ div(o(v0, g0)) =0 in £2, 3.1)

divvg =0 in 2

with boundary data vgly; = ¥ (see Theorem 11 in Appendix A). As proved in the previous
section, there exists (u, p.) with the form

ue =evo +&°0e,  pe=eqo+&°Ge

satisfying (1.1) with boundary data u.|yp = ey for all |e¢] < g9, where g9 depends on
1V 1| g3/2(52)- Moreover, U, and g, satisfy (2.19). We immediately see that

e ue —vo | 22y = el 22y = O,
|67 pe = q0l 11y = Nedell 1y = O,

and therefore

le " uelae — volag|| wrpe) 0 (3.2)
||87]0‘M(u87 p€)n|39 - JM(UO» 4]0)“|8(2 HHl/Z(ag) - O (33)
provided
/pgdx=[qodx=0.
2 2

As in [7], we define the Cauchy data associated to (3.1)
Si={(volag- 0 (v0. qo)mlae)} € HY*(382) x H'/*(32), (3:4)
where (vg, go) satisfies (3.1). Now combining (3.2) and (3.3) leads to the following result:

Theorem 7. The Cauchy data S,, of the Stokes equations can be uniquely determined from the
Cauchy data § . of the Navier—Stokes equations.

In other words, let w1 and w, be two viscosities, then §m = S’M implies S, = §,,,. So we
reduce the uniqueness question of the inverse problem for the Navier—Stokes equations to that
for the Stokes equations. Therefore, Theorems 1 and 2 follow from Theorem 7 and the unique
determination of viscosity for the Stokes equations proved in [7].
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Theorem 8. (See [7, Thegrem 1.1].) Assume that jv1(x) and py(x) are two viscosity functions
satisfying (1, uy € C"(82) for ng > 8 and

1 (x) =0%u2(x) Vx €082, |o| <1

Let Sy, and S, be the Cauchy data associated with (v and i, respectively. If S;,, = S, then
1= .

Theorem 9. (See [7, Corollary 1.4].) Let 92 be convex with nonvanishing Gauss curvature.
Assume that 1 (x) and > (x) are two viscosity functions satisfying i1, o € C™(82) for ng = 8.
If Sy = Sy, then py = po.

The regularity requirement in Theorem 8 is to make sure that Eskin’s method of [3] works
in our case. We do not know whether it is optimal. Also, we want to remark that in [7] we
define the Cauchy data of the Stokes equations as a subset of H'202) x H723%), ie.
S, € H'2(32) x H~'/2(382). Nevertheless, the same proof in [7] still holds true when we
consider S, as given in (3.4).

Acknowledgment

The second author would like to thank Professor Tai-Peng Tsai at UBC for some helpful
discussions.

Appendix A. L® (s > 1) theory for the Stokes equations

In this appendix we will prove the existence, uniqueness, and regularity of the solution to the
Stokes equations in the category of L® when the viscosity is a function. When p is a constant,
this problem has been well documented in the literature, see for example [6,23]. However, we
were not able to find any reference for the case where p is a variable function. For the sake of
completeness, we provide a proof here. As before, let £2 be an open bounded domain in R? with
smooth boundary 92. Consider the Stokes equations

divo,(v,q) =f in£2,
divv=g in £2, (A.1)
v=1 on 052,

where the viscosity w(x) > 0 and the following compatibility condition holds:

/gdx:/w'nds.
82

2

The system (A.1) will not be affected if we add a constant to ¢g. We define the following norm

,5 = lnf +C ,5 N k>_1.
llg Iy« @/R =My g lwks (2 =z
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For a suitable 1 (x), one can prove that
Theorem 10. Suppose i € C11(2). For any
Few b5(R2), gelL(R2), veW'/550R), 1<s<oo,

there exists a unique solution (v, q) € WS (£2) x LS (£2) (q is unique up to a constant) satisfying
(A.1). Moreover this solution obeys the estimate

lvllwis 2y + lglls2)/r
< C(”f”wflvs'((z) +llgllLs2) + ”w”Wl*l/S,S(a_Q)) (A.2)

where C depends on s, $2, min, . n and ||l ¢ (g)-

Theorem 11. Suppose i € C™1(£2) with the integer r = max{m, 1}, m > 0. For any
feW™(2), geW"T (@), yew" > 1 02), 1<s<oo,

there exists a unique solution (v, q) € W™t25(2) x W"15(2) (q is unique up to a constant)
satisfying (A.1). Moreover this solution obeys the estimate

||U||Wm+2,s(g) + ”C] ||W’"+1’S(Q)/R

< C(||f||W'"’S(.Q) + g llwm+1s 2y + ||¢||Wm+2—l/m(39)) (A3)
where C depends onm, s, §2, min, .5 |4 and ||u,||cr,1((2).

Remark 12. In Theorems 10 and 11, the regularity assumptions on w are not necessarily op-
timal. We impose the least smoothness 1 € C!1(£2) due to the consideration of uniqueness in
Lemma 14.

When p is a constant, these results were originally proved by Cattabriga [2], and a nice presen-
tation could be found for example in [6, Theorem IV.6.1 and Ex. IV.6.2]. Here we shall provide
a proof for the variable viscosity following general procedures used in [2,6]. From [6, Theo-
rem II1.3.2], we know there exists at least one vector field w € W"*25(£2) (m > —1) such that

divw=g in£2,
w=1y on d052.

Moreover, this solution satisfies the estimate
||w||Wm+2~S(_Q) < C(m,s, 9)(”g”Wm+1~S(_Q) + ||¢||Wm+271/3-5(352))-

So we can always assume that g and y are zeros in system (A.1). Theorems 10 and 11 will be
proved together. We first show a priori estimates.
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Lemma 13. Let (v, q) € WH¥(22) x L*(2) be a weak solution of (A.1).

(i) Suppose € C%(2), f, g, and  are as in Theorem 10. We have

lvllwisey + g llLs(2)/r
SC(Ifllw-1s @) + IgllLs@) + 1 lwi-vss g2y + IvlLs@) + lgllw-1s@))-  (A4)

(ii) Suppose € C™1(2) (m >0), f, g, and V¥ are as in Theorem 11. We have

||v||Wm+2,S(_Q) + IIq ”W"’H-S(.Q)/]R

< C(Ifllwms )+ g llwm+is @2y + ¥ lwmea-1755 5.0y + IVILs(2) + llg ||Wfl.~r(9))- (A.5)

Proof. We only need to consider the case when g and i are zeros. The estimate (A.4) can be
proved by freezing the coefficient and the result for the Stokes equations with constant vis-
cosity. One only needs to show (A.4) holds in a ball Bg(x?) and a half ball B} (x(V) :=
Br(xM)N {x3 > 0} which correspond to the interior estimate and the estimate near the boundary,
respectively. Then a finite covering of £2 implies that (A.4) holds. Consider a ball Bog (x@) c £2
and take a cutoff function n € C3°(Bag (x ©y) with n = 1 in Bg(x©). Direct computation shows
that nv and nq satisfy the following constant coefficient Stokes equations

n(x@)AG) —V(ng) = £ in Bag(x?),

divinv) =g in Bog (x©), (A.6)
nv =0 on 3By (x©),
where
f==div[2(e () = u(x?)) Sym(V())] + nf
+div[2(u(x) — u(x@)) Sym(Vy ® v)] +2(1u(x) — 1 (x?)) Vi - Sym(Vv)
+2u(x ) (V- V) v+ (xP)(Amv + ¢ Vn
and § =V -v.

From [6, Theorem IV.6.1 and Ex. IV.6.2], we have

vllwis By @)y + 101 s (B (x0))/r
S CLIF w15 (Bop 0y + 1811 s (Brgx @)

<G osup ) = w () Invllyrsgypaoy
X€Brp(x)

+ C3(||f||wfl-s(32R(x(0))) + ||v||Ls(32R(x<0>)) + ||‘I||Wfl,x(32R(x(O))))~

If the radius 2R of the ball is small, then SUP e B, (x©) [(x) —u(x (O))| will be small too because
of the continuity of u. So the term [[nvlly1.sp,, (), can be absorbed to the left-hand side.

Furthermore, from n =1 in Br(x 0 we conclude
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Ivllwis By + 191 Ls (B (x @) /r

< C(”f”w—l-s(gm(x(f)))) + ||UI|LS(BZR(X(O))) + ||Q||W—lv-v(32R(x(0))))-

A similar argument works for the half ball. Then (A.4) holds by a finite covering of £2.

The estimate (A.5) can be proved by the iteration for m > 0 provided it is true for m = 0. If
(v,q) € W25(£2) x Wh5(£2), then (A.5) holds for m =0 by a similar proof as for (A.4). We
use the difference quotient method to show (v, ¢) € W25 (§2) x WI5(£2). The definition of the
difference quotient of a function w € Wk5(£2) (k > 0) in the direction ej is given by

w(x +hej) —w(x)
h 9

wh(x) = h#0.

A useful estimate is
h
" [ yi-i.e2ry < Clwllyes g (A7)
for any £2’ satisfying 2’ C £ and |h| < dist(£2’, 32).
As before, we consider the case for a ball and a half ball only. Direct computation shows that

(nv)" and (nq)" satisfy the Stokes equations (A.6) with the data fh, g". The first term in f"
will bother us a little bit. We compute

{diV[Z(/L(x) — u(x(o))) Sym(V(nv))]}h
= div{[2(u(x) — 1 (x@)) Sym(V(v))]"}
= div[2(" (x) Sym(V (pv) (x + he)) ] + div[2(p(x) — 1 (x?)) Sym(V (5v)™)].

From the estimate (A.4), (A.7), letting R be small as before, we know

C.

H ()" HWI’S(BZR(X(O))) + ” (’7‘1)h| L5 (Byr(x©))/R <
So (v,q) € W2 (Br(x?)) x W (Br(x)).

For a half ball B;g(x(l)) = Br(xM)N {x3 > 0}, using the same argument as for a ball, we
can conclude that the derivatives D; Dyv € LZ(B;(x(l))) for all pairs (j, k) # (3,3),and D; €
L2(B; (x(Dy) for j # 3. Then using this obtained result and the system (A.1) satisfied by (v, q),
we can get D3D3v € LZ(B;g(x(l))) and D3 € L2(B;€r(x“))). The proof is complete. O

We are going to drop the last two terms in (A.4) and in (A.5). We need the following unique-
ness result.

Lemma 14. Suppose that p € C1(2). If (v, ) € WH5(2) x L% (2) is a weak solution of (A.1)
with f =g=01in §2 and Y =0o0n 952, then v=0, g = const a.e. in 2.

Proof. If s = 2, the uniqueness of the solution is proved in Section 2 of [7]. If s > 2, it is also
true due to Wk’s(.Q) C Wk’z(s?), k=0,1.If 1 <s <2, from the second part of Lemma 13 for



38 X. Li, J.-N. Wang / J. Differential Equations 242 (2007) 24-39

m =1, we know (v, q) € W33 (82) x W25(£2). Then the uniqueness result for 1 < s < 2 follows
from the Sobolev imbedding

WHS(2) x WH5(2) c Wh2(2) x L*(22), forany 1 <s <2,
and the uniqueness result fors =2. 0O

Arguing as in [6, Lemma IV.6.1], one can drop the last two terms in (A.4) and in (A.5) by
Lemma 14 and compactness properties of Sobolev spaces. We obtain

Lemma 15. Let (v, g) € WH5(82) x LS (2) be a weak solution of (A.1).

(i) Suppose that u, f, g and  are as in Theorem 10. We have

lvllwis @) + lgllLs2)/r
SC(If llw-rs @y + lglLs@) + 1 lwi-vssa.2))- (A.8)

(ii) Suppose that u, f, g and r are as in Theorem 11. We have

||U||Wm+2,s(_Q) + |Iq||Wm+l,s(_Q)/R

<C(If lwmscey + gllwmsrscay + 1¥ lymiz-1ss p@)- (A9)

To finish the proofs for Theorems 10 and 11, one only needs to show the existence of weak
solution. In view of (A.9), we only need to prove Theorem 10.

Lemma 16. Suppose that i, f, g and  are as in Theorem 10. Then there exists a weak solution
(v, g) € WIS (2) x L(£2) of (A.1).

Proof. Once again, we only consider the case while g and v are zeros. When s = 2, the existence
of weak solution is proved in Section 2 of [7]. For a general s € (1, 00), we argue as follows.
We first prove that the weak solution (v, gq) € WS (£2) x L*(£2) exists when fe wh2(92).
Since f € wh2(2) c W—2(82), we already showed the existence of weak solution (v, g) €
Wl’z(.Q) X Lz(.Q). Moreover, from (A.9) of Lemma 15 with m = 1, s = 2 and an imbedding
theorem, we obtain

(v,q) € WH2(2) x W22(2) c W (2) x L*(£2).

Now we consider the case when f € W19(£2). Let us choose a sequence {fi} cCy C
WL2(£2) such that I fi — fllw-152)y = 0 as j — oo. Then there exist weak solutions
(vj,qj) € WS (2) x L3 (2) corresponding to the data f;. Using (A.8) we get that there ex-
ists (v, q) € WH¥(£2) x L*(£2) such that

vj — v strongly in whs(82), qj —q strongly in L°(§2).

Obviously, (v, ¢g) is a weak solution of (A.1). O
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