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AN INVERSE PROBLEM FOR A DYNAMICAL LAME SYSTEM
WITH RESIDUAL STRESS*
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Abstract. In this paper we prove Holder and Lipschitz stability estimates for determining all
coefficients of a dynamical Lamé system with residual stress, including the density, Lamé parameters,
and the residual stress, by three pairs of observations from the whole boundary or from a part of
it. These estimates imply first uniqueness results for determination of all parameters in the residual
stress systems from few boundary measurements. Our essential assumptions are that the Lamé
system possesses a suitable pseudoconvex function, residual stress is small, and three sets of the
initial data satisfy some independence condition.
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1. Introduction. We consider an elasticity system with residual stress. This
system is anisotropic; i.e., it exhibits elastic properties with different values when
measured in various directions. The assumption about isotropy is too restrictive
in most important applications, although it allows deeper mathematical analysis of
direct, and especially inverse, problems. While the theory of the unique solvability
of direct problems in a quite general anisotropic case is relatively well developed [3],
almost nothing is known about determination of anisotropic elastic parameters from
additional boundary value data (i.e., about inverse problems).

We handle the simplest anisotropy, known as the Lamé system with residual
stress, which is a small perturbation of the classical isotropic Lamé system, by a
scalar anisotropic second order operator. Smallness of perturbation is motivated by
applications to material science [14]. Assuming that speeds of propagation of shear
and compression waves in an unperturbed system satisfy some pseudoconvexity-type
conditions (which exclude trapped elastic rays) and that three sets of initial con-
ditions are in a certain sense independent, we obtain first uniqueness and stability
results about identification of all nine elastic parameters of an isotropic medium with
residual stress from lateral boundary observations. When observation time and the
observed part of the boundary are arbitrary, we explicitly describe a domain where
coeflicients are guaranteed to be unique, and we give a Holder stability estimate.
When observation time is sufficiently large and observation is from the whole lateral
boundary, we derive Lipschitz stability estimates. These estimates indicate the possi-
bility of a numerical solution of an inverse problem with high resolution and therefore
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AN INVERSE PROBLEM FOR A DYNAMICAL LAME SYSTEM 1329

a substantial applied potential.

While our assumptions exclude zero initial data (most natural in many appli-
cations), recent progress in generating wave fields by interior sources in geophysics,
material sciences, and medicine, and also by a substantial amount of historical seis-
mic data from earthquakes (which are interior sources), make our assumptions more
realistic.

Let Q be an open bounded domain in R? with boundary 0Q € C®. The residual
stress is modeled by a symmetric second-rank tensor R(x) = (rjk(x))§?7k:1 € C"(Q)
which is divergence free

(1.1) divR=0 in Q
and satisfies the boundary condition
(1.2) Rv=0 on 09,

where divR is a vector-valued function with components given by

3

(divR); = > Oprje, 1<j<3.
k=1

In this paper, z = (21, 22,23) € R® and v = (v1,v2,153)" is the unit outer normal
vector to 0f2. Here and below, differential operators V and A, without subscripts,
are with respect to x variables. Let Q = Q x (=T, T) and u = (uy,uz,u3)" : Q — R?
be the displacement vector in Q. We note that e(u) = (Vu+ Vu')/2 is the strain
tensor. We consider the initial boundary value problem

(1.3)

Apu = pdfu—pAu—(A+p)V(div u) — (VA)div u—2¢(u)Vu—div((Vu)R) = 0 in Q,

(1.4) u=ug, Jdu=u; on Qx{0}

(1.5) u=g on N x (-T,T),

where p is density and A and p are Lamé parameters depending only on x and satis-
fying inequalities

(1.6) e <, e1<p, €e1<A+pu on £

for some positive constant 1. Hereafter, we use £ to represent the set of elastic
coefficients in (1.3), ie., E = (p,A\, i1, R). We will assume that p € C°(Q) and
A, i € C7(Q). The system (1.3) can be written as

p 02u — div o(u) = 0,

where o(u) = A(tr €)] +2ue+ R+ (Vu)R is a stress tensor. Note that the term div R
does not appear in (1.3) due to (1.1). Also, due to the same condition, we can see
that

3
(div(Vu)R)); = > rjd;opus, 1<i<3.
k=1
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1330 VICTOR ISAKOV, JENN-NAN WANG, AND MASAHIRO YAMAMOTO

To make sure that problem (1.3) with (1.4) and (1.5) is well-posed, it suffices to
assume that

(1.7) |1 Rllc1 ) < €0

for some (small) constant ey > 0. Assumption (1.7) is also motivated by mate-
rial science applications [14]. Indeed, residual stress of interest to engineers is due
to past thermal changes in steel production which do not significantly change the
elastic properties of steel. It is not hard to see that if ¢ is sufficiently small, then
the boundary value problem (1.3)—(1.5) is hyperbolic, and hence for any initial data
(ug,u;) € HY(Q) x L?(Q) and lateral Dirichlet data g € CH([-T,T]; HY(Q)), ugp = g
on 99 x {0}, there exists a unique solution u(-; E;ug,u1,g) € C([-T,T]; H(Q)) to
(1.3)—(1.5).

In this paper we are interested in the following inverse problem: Let I' be an
open subset of Q with T € C'. Determine density p, Lamé parameters A, u, and
the residual stress R (a total of nine functions) from Cauchy-type data (u, o(u)r) on
I x (=T,T), where u = u(-; E;ug,uy, g), given for a finite number of pairs of initial
data (ug,uy).

We will address uniqueness and stability issues. Our main focus is on stability,
since stability implies uniqueness. This work is a sequel to our recent paper [11], where
we demonstrated uniqueness of only R assuming known constant p, A, u. Our method
is based on Carleman estimates techniques initiated by Bukhgeim and Klibanov [2].
For works on Carleman estimates and related inverse problems for scalar equations,
we refer to books [1] and [12] for further details and references. The method of [2] was
modified for scalar equations in the paper of Imanuvilov and Yamamoto [6]. It was
found by Imanuvilov, Isakov, and Yamamoto [8] that this modification allows one to
obtain uniqueness and stability for coefficients of systems of equations; in particular,
in [8] there is a first uniqueness result for all three elastic parameters p, A, p of isotropic
elasticity. For further results on identification of the isotropic Lamé system we refer
to [7]. For Carleman estimates and uniqueness of the continuation for the residual
stress system (1.3) and for identification of the source term and R with given constant
Py A, i, we refer to [10], [11], [13]. In the case of many boundary measurements and
zero initial data, there are only partial results on identification of residual stress [5],
[15]. In the present work we will show that we can determine all nine parameters in
(1.3)—(1.5) by three pairs of Cauchy data. We will derive a Hélder stability estimate
in the convex hull of the observation surface I' and a Lipschitz stability estimate for
(py A, i1y, R) in Q when T' = 92 and observation time T is large.

We are now ready to state our main results. Let d = inf || and D = sup |z| over
x € Q. We will assume that

(1.8) 0<d.

Let 6 be a positive number. For a function ¢ € C1(Q) we introduce the condition

(1.9) 0> <c and 60%c+ DO\/c|Vc|+ %c z-Ve<c® on Q.

Let €9 > 0 be given as in (1.7), M > 0 be arbitrarily fixed, and &, a be the class
of functions (elastic parameters) defined by
Eeomt = {(p: A1, R) = pllcsmy + Ml or @) +)\||MH207(§) + Rl sy < M
P, A, u satisfy (1.6) and ¢ = H, c= +em satisfy (1.9),
p

R is symmetric and satisfies (1.1), (1.2), and (1.7)}.
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AN INVERSE PROBLEM FOR A DYNAMICAL LAME SYSTEM 1331

To study the inverse problem, we need not only the well-posedness of (1.3)—(1.5)
but also some extra regularity of the solution u. To achieve the latter property,
the initial and Dirichlet data (ug,u;, g) are required to satisfy some smoothness and
compatibility conditions. More precisely, we will assume that ug € H?(Q),u; €
H3(Q), and g € C¥([-T,T]; H(0)) N C5([-T,T); H*(952)) and that they satisfy
standard compatibility conditions of order 8 at 92 x {0}. By using energy estimates
[3] and Sobolev embedding theorems as in [8], one can show that

(1.10) 105071l o) < C

for o] < 2 and 0 < 8 < 5. We will use three sets of initial data (uo(-;7),u1(-;7)),
j =1,2,3. To guarantee uniqueness in the inverse problem, we impose some nonde-
generacy condition on the initial data. Namely, let M denote the 18 x 13 matrix

pAug(51) + (A +p)V(divug(;1))  divue(;1)Is  2€(uo(+;1)) R(uo(+51))
pAu(51) + A+ p)V(divay (1)) divui (5113 2e(ui(51)) R(ui(51))
nAug(52) + (A + p)V(divug(;2)) divug(;2)I3  2e(up(;2)) R(ug(2))
pAug(52) + A+ p)V(divua (52)) divag(52)I3 2e(ui(52)) R(ui(52)) |
pAug(+3) + (A + p)V(divue(+;3)) divug(;3)I5  2e(uo(;3)) R(ug(+;3))
pAur(53)+ A+ p)V(divui(+;3)) divui(3)I5 2¢(ui(33)) R(ui(+;3))
where I3 is the 3 x 3 identity matrix, and where R(v) is a 3 x 6 matrix defined by

(111) R(V) = (8%v 28182v 26183V 822V 28283V (932’\’) .
We will assume that

there exists a 13 x 13 minor of M such that the absolute value of

1.12 . . . o
( ) its determinant is greater than some constant e5 > 0 on ).

One can check that ug(+;1) = (z122,0,0) T, uy(-;1) = (0,0,0) ", ug(-;2) = (21, 2, 23) ",
u;(2) = (0,22, 23), up(+;3) = (22,23,22) 7, and uy(+;3) = (z2w3, 2173, T172) " sat-
isfy (1.12). Here, 13 row vectors from rows 2 and 7-18 are linearly independent on
Q. In fact, the direct calculations yield that the absolute value of the determinant
of 13 x 13 minor is 2'°(\(z) + u(z)), and we can choose g2 = 2% in (1.12), where
g1 > 0 is given in (1.6).

Condition (1.12) does not hold physically, but for the identification of the residual
stress, the density, and the Lamé coefficients we have to set up the system by choosing
initial values artificially, e.g., in a laboratory. The above example of such initial values
suggests that there may be many choices for it.

We will use the following notation.

C,~ are generic constants depending only on Q, T, 6, e9,€1,€2, M, ug(+;5), u1(;4),
J = 1,2,3 (any other dependence will be indicated). |- [|(x)(Q) is the norm in the
Sobolev space H*(Q). Q(e) = QN {e < |z|> — 0% — d?} and Q) = QN {e <
|z|2 — d2}, where di > d. Let u(;1;7) and u(;2;5) be solutions of (1.3), (1.4) with
initial data (up(;7),u1(;7)), for j = 1,2, 3, corresponding to sets of coefficients F, =
(p1, A1, 1, R1) and Ey = (p2, A2, pi2, Ra), respectively. We will consider the Dirichlet
data (displacements) as measurements (observations). We introduce the norm of the
differences of the data as

3 4
F=Y % (18/(a(:2:5) = u 1)l 5T x (-T.T))

j=18=2
107 o (u(:2:5) —u; 1:9))vll s (T x (=T, 7))).
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This data norm includes the fourth order time derivatives and is technically necessary
for our proof of the Lipschitz stability in the inverse problem. Because we have to
obtain a suitable number of equations in 13 unknown functions p, A, p, 75 (1 < j <
k < 3) in terms of data, we will use also du( ;k;5), j = 1,2,3 at t = 0 (see (3.9)).
For that, we need L2-estimates of d}u in (x,t) in the Carleman estimate, which yield
estimates of d7u( ;k;j) at t =0 (see (3.12)).

We first state the Holder-type estimate for determining coefficients in Q(¢).

THEOREM 1.1. Assume that the domain Q satisfies (1.8) and for some dy (> d),

(1.13) |z|? — d3 < 0 whenx € (02\T) and D* — 6*T? — d3 < 0.

Let the initial data (uo(;7),w1(55)), J=1,2,3, satisfy (1.12) with A = Ay, u = py.
Then there exist €9 and constants C,~y € (0,1) such that for Ey, Eg € .y pm with

(1.14) AM=X and p;=ps on T,

one has

(1.15)
[l p1=p2l(0) () + A1 =2l (0) ()l 121 = pr2l 0) (2(e)) +[| R1 = Ra | 0y ((e)) < CF7.

Remark 1.2. If dy < D, then the second condition in (1.13) implies that

D? — d3
ez
In other words, the observation time T needs to be sufficiently large. In this case, we
can determine elastic parameters in the domain (¢). The domain Q(e) is discussed
in [9, section 3.4].
If T is the whole lateral boundary and T is sufficiently large, then a much stronger
(and in a certain sense the best possible) Lipschitz stability estimate holds.
THEOREM 1.3. Let di = d. Assume that
D2 _ d2 ) d2
Let the initial data (up(;7),u1(;7)), 7 = 1,2,3, satisfy (1.12) with A = A, u = 1,
and T' = 0N).
Then there exists €9 in (1.7) and C such that for Ev,Ey € &, m satisfying the
conditions

< T2

(1.16)

(1.17)  p1 =p2, R = Ry, %N\ = 0%Ng,and 0%py = 0%us on T when |a| < 1,
one has
(1.18) [[p1 — p2ll0)(2) + A1 = Aall(0) () + [lpt1 — 2l (0)(2) + | Ry — Rall(0)(Q2) < CF.

Remark 1.4. Condition (1.16) is needed for pseudoconvexity of weight function
o in Carleman estimates in the next sections and generally cannot be removed. Exis-
tence of T is guaranteed by the condition D? < 2d?. Under the additional assumption
e-Ve(z) <0,z € Q for some direction e, the condition D? < 2d? can be achieved by
using translation z = y + Le with large L.

As mentioned previously, the proofs of these theorems rely on Carleman estimates.
We briefly describe the needed Carleman estimates in section 2. Using this estimate
we will prove in section 3 the Holder stability estimate (1.15). In section 4, we derive
the Lipschitz stability estimate for our inverse problem.
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2. Carleman estimate. In this section we will collect Carleman estimates
needed to solve our inverse problem. Their proofs can be found in [10] and [11].
Let ¢(z,t) = |z]? — 6%t — df and ¢(z,t) = exp(Z¢(z,t)). Due to conditions (1.9)
and (1.13) and known sufficient conditions of pseudoconvexity [9, Theorem 3.4.1], we
can fix (large) n > 0 so that the phase function ¢ is strongly pseudoconvex on Q(0)
with respect to

P o2 P 2
=07 — A, ——0; — A.
I t )\ 4 2‘u t
Similarly, (1.9) and the second inequality in (1.16) guarantee strong pseudoconvexity
of ¢ on Q.
THEOREM 2.1. There are constants €y and C such that under the conditions of
Theorem 1.3 for E € &, w1,

(2.1)
(7|Veul? + 7|V divul? + 7|V, scurlul? + 72 |u)? + 73|div u)? + 73|curlul?)e?7#

Q
< C Jo(|Apuf® + [V(Agu)[?)e??

for allu € H3(Q), and under the conditions of Theorem 1.1,
(2.2) / (7%u)? + |divu|?® + |eurlu]® + 771 Vu|?)e*™¥ < C/ |A pu|?e®™¢
Q(0) Q(0)

for all u € H3(Q(0)).

The Carleman estimates of Theorem 2.1 form our basic tool for treating the
inverse problem. The basic idea in proving Theorem 2.1 is to reduce (1.3) to an
extended system of dimension 7 for (u, div u, curlu). The resulting new system is not
principally diagonalized. However, when the residual stress R is small, the second
derivatives of u can be bounded by first derivatives of divu and curlu. We refer to
[10] and [11] for detailed computations. For the case considered here, we need only
verify the strong pseudoconvexity of ¢ on Q or on Q. Under conditions (1.9), (1.13)
or (1.16) one can check that ¢ satisfies the required property when gq is small and 7
is large (see [9] or [10]). An estimate similar to (2.2) was also derived in [8].

In order to use (2.1), it is required that the Cauchy data of the solution and the
source term vanish on the lateral boundary. To handle nonvanishing Cauchy data,
the following lemma is useful.

LEMMA 2.2. For any pair of (g0, g1) € H?(0Q x (=T, T)) x H2(9Q x (=T, T)),
we can find a vector-valued function u* € H3(Q) such that

u =gy, our=g;, Agu*=0 on A x(-T,T),
and
(2.3) [u"[l3)(Q) < Cllgoll () (0 x (=T,7)) + [g1ll(z) (02 x (=T, T)))

for some C' > 0, provided €q in (1.7) is sufficiently small.

Proof. By standard extension theorems for any go € H %(BQ x (=T,T)) we can
find u** € H3(Q) so that

utt = g0, O'(U.**)V = g1, aEU** =82 On 08 x (_Tu T)
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1334 VICTOR ISAKOV, JENN-NAN WANG, AND MASAHIRO YAMAMOTO

and
[u™|[3)(Q) < C(llg2l(1)(0 x (=T, T)) + |[&1ll(2)(02 x (=T, T))
+ llgoll(2)(092 x (=T, T))).

Since 02 x (=T, T') is noncharacteristic with respect to A provided (1.6) holds and
go is small, the condition A gu** = 0 on 90 x (=T, T) is equivalent to the fact that g
can be written as a linear combination (with C! coefficients) of §7gy and tangential
derivatives of go (up to second order) and of g; (up to first order) along 9. In
particular,

182111y (0 x (=T, 1)) < C(llg1ll(2)(092 x (=T, T)) + llgoll(3)(02 x (=T, T))).

Choosing g2 as this linear combination, we obtain (2.3). 0

To handle VA and Vi in (1.3), we need other Carleman estimates. We first derive
the estimate needed in the proof of Theorem 1.1. Let d; be given as in Theorem 1.1.
Then we can see that 9Q(¢) = (DU {|z|?> = &% +}) N Q.

LEMMA 2.3. Let f € CY(Q) satisfy flr = 0. Then

(2.4) T / |f(x)|?e2m¢@0dr < ¢ / |V f ()220 gy,
() ()

Proof. Denote po(x) = p(x,0). Let g = €70 f; then e™°Vf = Vg — 7Vg.
Note that g|r = 0. We observe that Vo (z) = nzpe(z), and thus on 9Q2(e) \ T’ with
the unit outer normal v(= —z/|z|),

(2.5) Ovpo(x) = Vo - v = —nlx|po(x).
Using integration by parts and (2.5), we have that

/ Vg — 7Vpog|?
)

=/ IVgl|? +72/ [Veog|? — 27/ Vg - Veog
Q(e) Q(e) Q(e)

= -7 / Ovpog® +7 | Apog®
9Q(e)\I Q(e)
. / nlzlpo(z)g? (2)dT(x) + 7 / (30 + 12|22 pog? (x)de
80(e\T

Q(e)
> C/ 9
Q(e)

which implies (2.4). |
The following estimate is useful in proving Theorem 1.3 (see also [8, Lemma 3.6]).
COROLLARY 2.4. Let f € C*(Q) and f =0 on 9. Then we have

T/ [f(w) e 0 dz < C / V(@) O dg.
@ Q
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3. Holder stability for the determination of coefficients. In this section
we prove the first main result of the paper, Theorem 1.1. Let us denote u(;j) =
11(72,_7) - ll(;]_;j) for ] = 112a37 a‘nd F = (flvaa"'?anR)Tv Where fl = p1 — P2,
fo=X = Xa, f3 =1 — p2, (fas f5,f6) " = Vo, (fr, fs, fo) T = V f3, and

11 1,11 — 7211
T12 T1,12 — 72,12
RT _ 13 _ 1,13 — 72,13
22 1,22 — 7222
723 71,23 — 72,23
733 71,33 — 72,33

Subtracting equations (1.3) for u(; 1; j) from the equations for u(;2; j) yields

(3.1) Ap,u(;j) = A(u(; 1;j))F on @,
where
AWVF = —£10?v + (fo + fg)V(di;/v) + fsAv +divv(fy, f5, fo) T
+26(V)(fr, f fo) T+ D 1ir0i0kv
k=1
and
(3.2) u(;j)=0m(;5) =0 on Qx{0}.

Differentiating (3.1) in ¢ and using the time-independence of the coefficients of the
system, we get

(3.3) AgU(j) = AUGLH)F on Q,
where
d?u(; j) o%u(;1;5)
UGj) = |02uGy) |, UGLH) = |du(17) |,
dtu(; j) dtu(;1;5)
and
A(0fu(; 1; 7))
A(U(1;5)) = | AGPu(; 154))
A(dtua(; 1; 7))

By extension theorems for Sobolev spaces, there exists U*(; j) € H2(Q) such that
(3.4) U*(j) =U(g), (U Gh)y =0o(UGh))y on I'x(=T.7T)

and

(3.5)
TGl (@) < CUUGH )T x (=T, 1)) + [lo(U)G; j)vll1)(I' x (=T,T))) < CF

for all j = 1,2,3 due to the definitions of u(;j),U(;j), and F. We now introduce
V(;j) =U(j) = U*(;j). Then

(3.6) Ap,V(;j) =AUGLH)F - A, U(;j) on Q
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1336 VICTOR ISAKOV, JENN-NAN WANG, AND MASAHIRO YAMAMOTO

and
(3.7 V(i) =c(V)(;j)v=0 on T x(=T,T).

To use the Carleman estimate (2.2), we introduce a cut-off function xy € C?(R*)
such that 0 < x <1, x =1 on Q(5), and x = 0 on @\ Q(0). By the Leibniz formula,

Agp,(xV(j) = xAE,(V(j)) + A1V(;j) = xAF — xAg,U"(;j) + A1V (;j)

due to (3.6). Here (and below) A; denotes a first order matrix differential operator
with coefficients uniformly bounded by C(e). By the choice of x, A1 V(;4) = 0 on
Q(5). It is not hard to see that (3.7) implies that V(;j) = 9, V(;j) = 0on I'x(=T,T).
Hence due to the first condition of (1.13), the function YV (;j) € HZ(Q(0)) (see, for
example [4, Corollary 1.5.1.6, p. 39]). Observe, that y = 0 is zero near the non-C%-
smooth part of dQ(0), and therefore we can use results for C®-smooth domains by
slightly extending Q(0). So we can apply to xV(;j) the Carleman estimate (2.2) to
get

/ IV ) 227
Q

= C/ (IF* + |Ap, (U () [*)e* ™ + C [ALV(;5)[Pe*™
Q Q\Q(5)

(38) <C (/ |F|2627'tp +F262T‘I> + 0(8)62761> ;
Q

where ® = sup @ over @ and 1 = et . To get the last inequality, we used the bounds
(3.5) and (1.10).
On the other hand, from (1.3), (3.1), (3.2) we have

p207u(; j) = A(u(; 1;4))F,

p207u(; j) = A(Opu(; 1; 7))F

on Q x {0}. We now want to rearrange the formulas above. Let ay; = —92*u(0;1; 5),
bkj = V(dIV uk(;j)), Crj = Auk(;j)—i-Vdivuk(;j), Bkj = divuk(;j), ij = 26(uk(;j)),
and Ry; = R(ug(;)) (see the definition of Rin (1.11)), where k = 0,1 and j = 1,2, 3.
Using that u(;1;5) = uo(;4),0:u(;1;4) = ui(;4) on Q x {0}, we have

fi
apr Boilz Co1 Ror Ja d%u(,0;1) bo1  co1
a;; Bulz Cii Ry : d3u(,0;1) b1 ci
(3.9) |2 Bo2Is Co2 Rz fo | = p 7u(,0;2) | | boz coz | (f
' a;2 Bials Cio2 R 1 d3u(,0;2) bis ci2 f3
ag3 Boszls Cos Ros . 97u(,0;3) bz co3
a;3 Bizlz Ci3 Ris : dPu(,0;3) bz ci3

33
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on . From the system (1.3) at ¢ = 0 and from this system differentiated in ¢ and
taken at ¢t = 0, we obtain

. AL+ . . . VA
ay = —LAw(j) - LV (diva( ) - divag( i)
P1 P1 P1
V1 > .
—QG(Uk(;J))T = ) rLemOeOmu(; )
(3.10) " ! N iﬂ;l:l -
= ——Auk(, ) — 7V(dlv le( )) Bkj
P1 5 P1 P1
\Y% .
—Cy - > 11 emOeOmu(; )
P Lm=1

when £ =0,1and j =1,2,3.

We now consider the matrix on the left-hand side of (3.9). Using (3.10), one
can add to the first column the remaining columns multiplied by suitable factors such
that —divug(;5) Vp?l, —2¢(ug(; ]))vp“1 and — Zz me1 T1,emO0r0muy(; j) are eliminated
from the first column of this matrix. Then we multlply the first column of the new
matrix by —p;. We end up with the matrix M defined in section 1. Obviously,
determinants of corresponding minors of the matrix on the left side of (3.9) and of
the matrix M are the same. It follows from condition (1.12) and bounds (1.10) that

3 3
(3.11) F2<C (DD 1070 5)P + Ll +1f:7 | on @

j=1p3=2

Since x(-,T) =0,

/ X0 u(; )2 (x,0)e27?#0) dg = —/ Oy (/ IO u(; )2 (z, t)e2e® t)dm) dt

S/Q2X2(I3f+1 u(; )10 aG; ) H+710kel 107 u(; )] )62”+2/Q\ o 107 u(; 7)1 X|0ix|€*T?,

where 8 = 2,3. The right side does not exceed

c( / TUGI)PE + Cfe) / U<;j>|2eW>
Q QA\Q(%5)

<0< / V)P + C(e) / UG )2 4 7 / |U*<;j>|2e2w>
Q QA\Q(%5) Q

because U(;j) = V(;4) +U*(;4). Using that x = 1 on Q(5), ¢ < &1 on Q \ Q(5),
and ¢ < ® on @ from these inequalities, from ( 8), (3.5), and (1.10) we set

(3.12) / |atﬁ“(0%j)\2627@(’0) <C </ |F|2e*™% + C(g)e* ™ + 7627¢F2>
Q(3) Q

for = 2,3 and j = 1,2,3. Using that x = 1 on Q(
obtain

), from (3.11) and (3.12) we

£
2
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1338 VICTOR ISAKOV, JENN-NAN WANG, AND MASAHIRO YAMAMOTO
(3.13) / F[2627000) < c( / F2627% 4+ 7™ F2 4 O(e)e?e
o) )

+ / (If2> + |f3|2)€2w<’0)>,

Q(5)

where we also split @ in the right side of (3.12) into Q(5) and its complement and
used that |F| < C and ¢ < &1 on the complement.
To eliminate the first integral in the right side of (3.13), we observe that

/ |F|? (2)e?™? @) dzdt < /
Q(%5) Q(

Due to our choice of function ¢, we have ¢(x,t) — ¢(x,0) < 0 when ¢ # 0. Hence by
the Lebesgue theorem the inner integral (with respect to t) converges to 0 as T goes
to infinity. By reasons of continuity of ¢, this convergence is uniform with respect to
r € Q. Choosing 7 > C we therefore can absorb the integral over Q(5) in the right
side of (3.13) by the left side and arrive at the inequality

T
IF2(z)e2r(=0) < / esz(x,t)so(x’o»dt) dr.
) -T

£
2

(3.14) / F?e?7¢(0) < ¢ <Te2T‘I>F2 +C(e)e’™ + / (If2* + | f3|2)62“"(’0)> :
(5)

Q(3)

On the other hand, to eliminate the last integral on the right side of (3.14), we use
Lemma 2.3 with condition (1.14) to get

C
(3.15) / (|f2|2 4 |f3|2)62790(>0) < 7/ (|Vf2|2 + |Vf3|2)62ﬂ'0(’0).
Q(5) T Jag)

2

Using (3.15) with large 7 and the inequality 7 < e7, we absorb the last integral in the
right side of (3.14) into the left side and obtain

/ |F|262T<’D(’O) < C(e2T(<I>1+1)F2 + C(€)€2T51).
Q(3)

Letting e = ¢ < ¢ on Q(e) and dividing both parts by 27> yields
(3.16)
/ ‘F|2 < O(T627(¢+1—52)F2 + 6—27—(52—51)) < C(E>(627(¢>+1)F2 + 6—27'(82—81))
Q(e)

since 77272 < C(e). If & < F, then bound (1.15) is obvious because the left side

in (1.15) is less than C. So to prove (1.15) it suffices to assume that F' < &. Then
—logF

3712 > C, and we can use this 7 in (3.16). Due to the choice of T,

T =

ea—e
6—27(52—51) — 627-('1>+1)F2 — F2 FHIFe -

and from (3.16) we obtain (1.15) with v = 327" The proof of Theorem 1.1 is
now complete.
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4. Lipschitz stability for the determination of coefficients. In this section
we will prove Theorem 1.3. The key ingredient is the following Lipschitz stability
estimate for the Cauchy problem for the system Agu = f.

THEOREM 4.1. Suppose that 2 and T satisfy the assumptions of Theorem 1.3.
Let u € (H3(Q))? solve the Cauchy problem

(1) {AEuf in Q,

u=o,(u)=0 on 0Qx(-T,T)

with £ € L2((=T,T); HY()) and f =0 on 0Q x (=T, T). Furthermore, assume that
(1.7) holds for sufficiently small €.
Then there exists a constant C > 0 such that

(4.2) ||11||§11(Q) + HdiVuH%p(Q) + HCUTlu”le(Q) < CHf||2L2((—T,T);H1(Q))'

This estimate was proved in [11].
By virtue of (4.2) and an equivalence of the norms |[ul[()(£2) and of

[[div () (€2) + [[eurlull o) (2) + [lulfl0)(2)

in H}(Q) (e.g., [3, pp- 358-359]), it is not hard to derive the following.
COROLLARY 4.2. Under the conditions of Theorem 4.1,

(4.3) [ull0)(@) + [V rull0) (Q) + 18:Vull0)(Q) < ClIE L2 (121 (02))-

Now we are ready to prove Theorem 1.3. We will use the notations in section 3.
Recall that

Agp,U(;1;5) = AU 1;4))F,
where

AUGLIF = —f07U0GLH) + (f2+ f3)V(divU(159)) + f3sAU(; 15 5)
+d13VU(;]-;j)(f47f57f6)T+26(U(;1;j))(f77f83f9)T

+ Z TjkajakU(; l;j).
=1

So, from (1.17) we have
(4.4) Ap,U(Gj)=0 on 90 x(=T,T).

Furthermore, in view of Lemma 2.2, there exists U*(; j) € H?(Q) such that

(4.5)
U (;7) =U(Gh), o(UGi)v=0cU(GH)r, ApU™(j)=0 on 9Qx (-T,T)

and

(4.6)
10*G)ll5)(Q) < CUUGH 2y (02 (=T, T))+[lo(U); j)vl (2)(0Q2x(=T,T))) < CF

due to the definition of F'. As before, we set V(;j) = U(;5) — U*(;4). Due to (4.4)
and (4.5), we get

(4.7) V(i) =o(V)Giv =0, ApV(j) =0 on 9Q2x(-T,T).
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With (4.7), applying Corollary 4.2 to (3.6), (3.7) and using (4.6) gives

(4.8) IVGAIT0) (@) +1Vae VN7 (@) +10:VV D)) (@) < CUIF 0y () +F2)
for 7 =1,2,3.

On the other hand, as in the proof of Theorem 1.1 we will bound the right side of
(4.8) by V. To use the Carleman estimate (2.1) we need to cut off V(;j) near t =T
and t = —T. We first observe that from the definition,

1 < ¢(z,0), x €,

and from condition (1.16),

o(z,T) =p(x,~T) <1 when z¢€Q.
So there exists a 6 > % such that
(4.9) 1-6<p on Qx(0,0), p<1—=26 on Qx(T-26T).
We now choose a smooth cut-off function 0 < xo(¢) < 1 such that xo(¢) = 1 for
—T+4+25 <t<T-—26and x(t) =0 for |t| > T — 6. As in the argument before
(3.8) (see also Lemma A.1 in [13]), from (4.7) we derive that V(;j) = 3, V(;j) =0
on 00 x (=T,T). Then since 952 x (=T, T) is not characteristic with respect to Ag
the third equation in (4.7) implies that 92V (;j) = 0 on 9Q x (=T, T). Summing up,
V(;5) =0, V(;j) = 02V (;j) = 0 on 9Q x (=T, T). Now from known results about

traces in Sobolev spaces [4], as above we conclude that xoV(;j) € H3(Q). Using the
Leibniz formula

A, (x0V () = XoAU(155))F—x0A 5, U (;.5) +2p2(0:x0) 0V (5 §) +p2(97 x0) V (5 )
and Carleman estimate (2.1) yields
LBV CIE TV
=¢ (/ (IF]? + |VF* +[Ap, U () * + V(AR U G5)*)e* ™
Q

+/ (IVGHIP + Ve VG + |3tVV(;j)2> e27%)
Qx{T—26<|t|<T}

< C </ (|F|2 + |VF|2)€2T<,0 +e2‘r<1>1;12 +€2T(1726)/(|F|2 + |VF|2)> ,
Q Q
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where we let ® = supg ¢ and used (4.6), (4.8), (4.9). Since U(;j) = V(;4) +U*(;j),
from (4.6) we obtain

/Q CEUGCHIE +7[TUG )

T
(4.10) <C <T362T¢F2 +/ (/ eQw(WdHeQT(l%)) (|F? + |VF|2)(1‘)> dz.
Q -T

Utilizing (3.2) and (1.12), similarly to deriving (3.11), we get from (3.9) that

3
(411) [FP+|VEP<C | > 107VRu(0:4)2 + Y (IVERP + Vi £
j= 1ﬁi 31 k=0,1

Therefore, by (4.11) and Corollary 2.4 (with conditions (1.17) for Lamé coeflicients)
we have

/ (F? + [VF[2)e2re(0)
Q

107 VEu(0; 5) 22700 4 / D (VEfl + [V f3]?)e?me00)
J=15=2,3; Qp—0,1
k=0,1

07V a(; §) (@, t)e>? @0 da | di
Jj=1pB=2,3;
k 1

42 [P+ ER)ereo.
T Jo

Choosing 7 large, we eliminate the last term and obtain

R vpR)emeo
Q

3
SC/XZZ (10)V™u(;
Q

INOTIVEG )] + 71010V () ) e
Jj=1p=2 ’ %

0,1

+C/Qx(T—25T X0|atXO|Z Z

07V (s )[PeTe.
j=1B=2,3:k=0,1
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Now as in the proofs of section 3, the right side is less than

C </Q rx%(lU(;j>|2+|VU(;j>|2)e2”+/

Qx(T—26,T)

(UGHI* + |VU(;j)|2)€2””>

<c ( /Q PE(UGHE + [VUGHR)E™ + 02 (B |2, (@) + F%) ,

where we used equality U(;j) = U*(;5) + V(;j) and (4.6), (4.8). From the two
previous bounds and (4.10) we conclude that

(4.12) /(|F|2 + |VF|?)e?m#(0)
Q

T
<C <7362T'I>F2 +/ (/ 627@(,t)dt+627(126)> (|F|2 + |VF|2)> )
Q -T

Due to our choice of ¢, 1 < ¢(,0), ¢(,t) —¢(,0) < 0 when ¢ # 0. Thus by the Lebesgue
theorem as in the proofs of section 3, we have

T
20 (/ 627@(,t)dt+627(1§)> < 627@(,0)

-T

uniformly on €2 when 7 > C'. Hence choosing and fixing such large 7, we eliminate the
second term on the right side of (4.12). The proof of Theorem 1.3 is now complete.

5. Conclusion. While natural in some applications, the assumption about the
smallness of residual stress is restrictive. In our opinion it can be relaxed by using
the methods of papers [8], [11], and this paper. More restrictive and much more diffi-
cult to remove is the condition that the initial data are not zero. At present, even for
scalar isotropic hyperbolic equations, global uniqueness of the speed of propagation or
of the potential from few lateral boundary measurements is an open and outstanding
research problem (see, for example, [9]). Moreover, in the case of zero initial data,
general anisotropic hyperbolic operators (and hence systems) cannot be uniquely de-
termined by all lateral boundary measurements (Dirichlet-to-Neumann map). In fact,
a large gauge transformation group changes equations inside €2 without affecting the
lateral boundary data. Hence (special) nonzero initial data are necessary for the
complete identification of such equations and systems.

Of substantial interest is uniqueness in inverse problems for more general anisotropic
systems, for example, for dynamical elasticity systems with transversal isotropy. For
such systems there are no Carleman estimates or uniqueness of the continuation re-
sults. On the other hand, such systems are quite important for applications to geo-
physics, material science, and medicine, and they are notorious mathematical chal-
lenges.
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