SIAM J. MATH. ANAL. (© 2003 Society for Industrial and Applied Mathematics
Vol. 35, No. 2, pp. 304-317

UNIQUE CONTINUATION FOR AN ELASTICITY SYSTEM WITH
RESIDUAL STRESS AND ITS APPLICATIONS*

GEN NAKAMURA!T AND JENN-NAN WANGH#

Abstract. In this paper we prove the unique continuation property for an elasticity system
with small residual stress. The constitutive equation of this elasticity system differs from that of
the isotropic elasticity system by T 4 (Vu)T, where T is the residual stress tensor. It turns out this
elasticity system becomes anisotropic due to the existence of residual stress 7. The main technique
in the proof is Carleman estimates. Having proved the unique continuation property, we study the
inverse problem of identifying the inclusion or cavity.
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1. Introduction. Let B be an isotropic elastic body with residual stress, and
let the reference configuration of B be 2, a bounded open set in R"™ with smooth
boundary. The residual stress is modeled by a symmetric, smooth, second-rank tensor
T(z) = (tij(x))1<i,j<n satisfying

(1.1) Optiyj =0 mQ, 1<i<n,

and

(1.2) tiju;=0 onodf), 1<i<n,

where v = (v1,...,v,) is the unit outer normal to 9Q. Hereafter, we adopt the

summation convention. Let uw : 8 — R™ be the displacement vector; then the first
Piola—Kirchhoff stress is written as

o=T+ (Vu)T + A(tre)l + 2pue + By (tre) (trT) I + B (trT)e
+ B3 ((tre)T + tr(eT)I) + Ba(eT + Te),

where A, p are the Lamé moduli, 31,... , 34 are material parameters, and
1
e = Sym(Vu) = i(Vu + (Vau)")

is the strain tensor [18]. Moreover, we assume that the Lamé moduli satisfy the strong
ellipticity condition

(1.3) u(x) >6>0, Mz)+2u(z) >6>0 VreQ
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and
B3 = B4 =0,
ie.,
(1.4) o =T+ (Vu)T + A(tre) + 2jie,
where

A=A+ B (trT), g:u+%muﬂ)

With the constitutive equation (1.4), the elasticity system considered here is quite
close to the one studied by Robertson [22]. Hoger [8] also considered an elasticity
system with residual stress where she used the constitutive equation

o=T+ (Vu)T — %(ET + T€) + A(tre) I + 2fie

in her study.
Now the stationary elasticity system is expressed as

(1.5)
(Lu); = (V- 0); + w’p(x)u; = 0045 + w?p(x)u; =0 inQ, 1<i<n, weR,

where p(z) > 0 is the density of the medium. In another setting, if we define the
elasticity tensor C with components

(1.6) Cijkt = Aij6k1 + (i1 + tj0)Sie + ibin;n
and denote
(CE)ij = CijpiEr  for any matrix E,
then (1.5) is equivalent to
(Lu); = (V - CVu); + w’pu; = 9;(Cijmdur) + w’pu; =0 in Q, 1 <i<n.

It is clear to see that (1.5) is an anisotropic elasticity system. In this paper, we will
investigate the (weak) unique continuation property (UCP) for the system (1.5); i.e.,
if u € HZ () is a solution to (1.5) in  and vanishes in a nonempty open subset of
Q, then u vanishes identically in 2.

The UCP for differential equations has a long history. Many deep results about
scalar elliptic equations or elliptic systems have been established. We refer the reader
to [3] and references therein for details. Recently, few attempts have been made at
studying the UCP for systems of equations in mathematical physics such as the Dirac
equations and the Maxwell equations [4], [15], [20], [23], [24]. Here we mention two
interesting articles [24] and [20] in which Vogelsang and Okaji, respectively, proved the
strong UCP for the Maxwell system with anisotropic coefficients. In this paper we pay
attention to the elasticity system. Several results of weak continuation property for
the inhomogeneous isotropic elasticity have been obtained in [1], [5] (stationary) and
[6], [14] (nonstationary). Moreover, a strong UCP was recently proven by Alessandrini
and Morassi [2]. Unlike the isotropic case, the UCP for the inhomogeneous anisotropic
elasticity has not been fully explored.

Our study of the UCP for the inhomogeneous anisotropic elasticity is motivated
by its application to inverse problems. It was first recognized by Lax [17] that the
Runge approximation property is a consequence of the weak UCP. The Runge ap-
proximation property is shown to be a useful technique in dealing with some inverse
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problems, especially the inverse problem of recovering inclusions or cavities (see [13],
[9], [10], [11], [12], [16], and references therein). It should be noted that the Runge ap-
proximation property with constraint for the anisotropic elasticity were proved in [11]
and [12]. However, the elasticity tensor there is assumed to be either homogeneous
or real-analytic. The weak UCP is an obvious fact in these two situations.

To prove the UCP for the general inhomogeneous anisotropic elasticity is very
challenging and difficult. Here we want to consider the system (1.5) which has the
simplest form of anisotropy. It turns out we are able to establish the UCP for (1.5),
provided the residual stress is sufficiently small. Our main idea comes from Weck’s
recent article [25], where he proved the UCP for the isotropic elasticity system with
zeroth or first order perturbations which contains the results previous obtained by
[1], [5]. Weck actually proved something more, namely, he established the UCP for
a rather general system of second order differential inequalities with the Laplacian
principal part. Like much of the literature on the UCP, the key step in [25] is to
prove appropriate Carleman estimates. Here we will adopt Weck’s approach to (1.5)
with small residual stress, but we have to work a little harder to derive the desired
Carleman estimates because we need to deal with variable coefficients second order
principal parts due to the presence of residual stress. As indicated previously, having
established the UCP, we can prove the Runge approximation property for (1.5) with
constraints on Dirichlet data. With this tool at hand, we can solve the inverse problem
of identifying inclusions or cavities inside an elastic body with small residual stress
by the localized Dirichlet-to-Neumann map using the methods in [11] and [12].

This paper is organized as follows. In section 2, we state and prove the UCP for
(1.5) with small residual stress based on suitable Carleman estimates. The derivation
of these Carleman estimates is given in section 3. In section 4, we will discuss the
application of UCP for (1.5) to the aforementioned inverse problem. In the paper, C
stands for a generic constant, and its value may vary from line to line.

2. Unique continuation. To begin, let us denote v; = u; for 1 < 7 < n and
Upt1 = O;u;. Then, it follows from (1.5) that

0= (Lu);
= (BA + t1;0;06)v; + (A + 1)0;vn11 + (9jtr;)Opvi + (DiX)vn i1
+(9;) (9505 + 0jvi) + w?pu;
= (AA + t3;0;00)v; + B (01, ... vy vns) InQ, 1<i<n,

where Rz(-l) ’s are some first order differential operators. Next, by taking the divergence
of (1.5), we obtain that

(2.2)

= (A + 2/) A + t1,;0;08)vn 1 + 2(0i 1) Av; + (Ditr;)D;0kvi + 200N + 1) Divns1
+ (8jtkj)3kvn+1 + (8,-8jtkj)6kvi + (AS\)’Un_i_l + (818311)(321)] + 6jvi)
+w?(9ip)v; + Wrpvp i1

= ((5\ + 2/1)A + tkjﬁj(‘?k)vnﬂ + R® (1)1, - ,Un) + RS}H(’Ul, R 7’Un+1>,
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where R(?) is a pure second order differential operator and RS+)1 is a first order
differential operator, respectively. It should be mentioned that R(®) acts only on
V1,.-. 0. In view of (1.3), we can see that if

(2.3) H}%X”tijLOO(Q) <e

with ¢ < 1, then
L>6>0 and A+2a>6 >0 Ve

With (2.1) and (2.2) in mind, motivated by Weck’s paper [25], we will prove the
UCP for the following system of differential inequalities:

‘Al(xu 8)u1| < CQ(ul’ u2)1/27

2.4
20 | Az (@, 9)u?| < C{Zla‘@ju}el + Q(ul,u2)1/2}7

ijk

where u' : Q@ — R™,m; € Zy(positive integers) and A;(z,d) = al;0;0; with real
symmetric matrix (al;), I = 1,2, and Q(u',u?) = Y., (18;uj, | + [u}[?).

THEOREM 2.1. Let aﬁj € Whe°(Q) and (u*,u?) € HE () x HE .(Q) satisfy (2.4).
Then there exists an € > 0 such that if

(2.5) max|lai; (@) = 8isll e o) <&

then (ut,u?) vanishes identically in S if it vanishes in a nonempty open subset of §).
Theorem 2.1 immediately implies the UCP for (1.5) with small residual stress.
COROLLARY 2.2. Let coefficients A, i, b1, B2, ti; belong to W>(Q), and let p be
in Wh°(Q). Then there exists an € > 0 such that if (2.3) is satisfied with this e,
then the system (1.5) possesses the UCP.
The proof of Theorem 2.1 relies on the following Carleman estimates.
PROPOSITION 2.3. Assume that the differential operators Ay and As satisfy the
assumptions in Theorem 2.1. Let 1o < 1 and U,, = {u € C§°(R™\ {0}) : supp(u) C
B}, where B, is the ball centered at the origin with radius ro. Then there exist
positive constants By and o such that if (2.5) is satisfied with € < gq, then for all
8 > By and u € U,, we have that

(2.6) /T_U¢2Z|8i8ju|2dx < C/T_Uw2(ﬁ2r_25_2|Vu|2 + [Aul?)dx
i

and

(2.7) 52/f“ﬁ*1¢2(|vu|2 +uf?)de < C/r’“¢2|Alu\2da:

for1=1,2, where r = |z|, ¥ = exp(r=?), and o = 0¢ + ¢ with og,c € R.

The proof of Proposition 2.3 is postponed until the next section. Here we want
to prove Theorem 2.1 based on this proposition.

Proof of Theorem 2.1. It suffices to prove the theorem for the case m; = mgy = 1.
Let (u',u?) vanish in a neighborhood of zg € 2. Without loss of generality, we assume
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xo = 0. We set 7 = min{1/2,dist(0,99Q)}. Now let x € C§°(R™) be a cut-off function
satisfying 0 < x < 1, x|p,,, = 1, and supp(x) C B;. Denote v; = xul, 1 =1,2. From
(2.4) we have that

|Ayv1| < Cle(vr) + e(v2))/2 + f1,

(2.8)

| Agva| < C| D [0:0501] + (e(v1) + e(v2)) '/

j

+ fo,

where e(v) = |Vo|*> + |[v|* and f; is supported in By \ B; 5 for [ = 1,2. It follows from
(2.8) that

(2.9)
I ::7/T7ﬁ¢2|A1U1|2d1'+/T1/12‘A21)2‘2d$ < C<F+G+/T¢QZ|3i3j012dz>,
ij
where
F= y/r_ﬁz/ﬂffdx—i—/m/}gfgdx,
G = /(r + yr_ﬁ)qf(e(vl) + e(ve))dz.

Here v is a large positive parameter which will be chosen later on. By the standard
approximation argument, we can see that vy and vy satisfy estimates (2.6) and (2.7).
Taking 0 = —1 in the estimate (2.6) for | = 1 and substituting it into (2.9) yield

(2.10) I<c (F +G+ /r1/12|A11)1|2dx + 52/r2ﬁ1¢2w1|2dx> :

Replacing the last term of (2.10) with the help of (2.7) for o = 5 and I = 1, we obtain
that

(2.11) I<cC (F +G+ /r—%2|A1v1|2dx) :
Now taking v sufficiently large, we can absorb the last term of (2.11) and get

(2.12) I <C(F+G).

From now on we fix the parameter .
Next using o = f in (2.7) for [ =1 and 0 = —1 in (2.7) for | = 2, we find that

H:= 62/riQﬁ*lwze(vl)dx—i—ﬂQ/r*Bl/)?e(vg)dx
<C </ P2 | Aoy [Pdx + /7”(/)21421}22d$> .

Combining (2.12) and (2.13) gives

(2.13)

(2.14) HLCF+@G)<C <F + /(7" +yr )% (e(vy) + e(vz))dx> .
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Now observing that r < 7% < gr=% < Br=26=1 when r < 7 and 8 > 1, we obtain
from (2.14) that

(2.15) H<C (F + ﬂ/r’Q'B’lee(vl)da: + ﬂ/rﬁ¢2e(u2)dx) .
Taking (3 sufficiently large in (2.15), we get that

H < CF,
ie.,

62/T_2ﬁ_1w26(v1)dx +52/T_ﬁ¢26(02)d$ <C (/ rPy? fide + /erfQQda:> ,

from which we immediately have

(2.16) BZ/ r Py (v? +vd)dr < C r PR (fE + f3)d.
By Bi\Bj/2
Since 7~#4? is a strictly decreasing function, (2.16) implies that
@[ etedae<c [ (4B
B2 Bi\Bj/2

and therefore (vy,v2) = 0 on By, if we choose 3 sufficiently large. Clearly, (ul,u?)
must be zero throughout 2. a

3. Proof of Carleman estimates. This section is devoted to the proof of
Proposition 2.3. It suffices to prove (2.6) and (2.7) for A;. Therefore, we denote

a;; = a;; and Ay = A. To prove (2.6), we first recall the following estimate in [25]:

/T_”w22|6i8ju|2dx < C/r—w?(ﬁ%—?ﬂ—QWuP + |Au|?)dz
ij

(see [25, Lemma 2]), from which we have that
/7‘_‘7¢22|8i8ju|2dx < C’/r_”wz(ﬂQT_m_2|Vu\2 + |Au|* + |Au — Aul?)dz

ij

< C’/r“’w2 <ﬂ2r_25_2Vu|2 + |Aul* + EQZ&BJMP) dx.
j

Thus, choosing ¢ small enough immediately implies the estimate (2.6).

The proof of (2.7) is lengthy. Here we will adopt some techniques from [21], [25],
and [26]. Let ¢ =¢~! and u = r7/2¢z. Then

=0 20p Au = r= 2 A(rT/2¢2)
=1 2[rT 2P Az + 2a,;0;20;(r7%¢) + zA(r™/?¢)].
By virtue of the inequality (a + b+ ¢)? > 2ab + 2be, we have that
/r“’z/JQ\AuFdx > 4/r‘”1/)2aij8izaj (r™2¢)r/ 2 p Azdx

(3.1)
+4 / r=0%a;;0;20;(r"?¢) 2 A(r™/ 2 ¢)da.
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With the choice of 7 = o + 3 + 2, we can compute
I:= /r‘”@anijaizaj(r7/2¢)r7/2¢Azdm
= ﬁ/aijaizxjAzdx+T/2/rﬂaij8izxjAzd:r.

It is readily seen that the leading term (for large 3) of I is 3 [ a;;0;22; Azdx. Repeated
integration by parts shows that

Z/aijﬁizxjAzdx = 2/aij8¢za:jak58k81zdx
(3.2) = —/8iz81(aklaijxj)8kzdm—|—/8kz8i(aklaijxj)8lzdx
—/8lzak(aklaijmj)8izda:.
Using (3.2), we obtain that

| <CB

/ aizal(aklaijwj)c?kzdx
< CB|IVz|?

< CBUIV (= Pe)ul)? + |77/ 2 Vul?)
<C <ﬂ3/r‘73ﬁ41/12|u2dx + B/r062¢2|Vu|2dm> .
Next we observe that
J = /r_"d)Qaijaizaj(TT/Q(b)zA(rT/Q@dx
:ﬁ/r‘”+7/2_ﬁ_2¢aijBizszA(rT/qu)d:E
+T/2/r*"+T/2*2¢aij8izxjzA(rT/2¢)dx.
Straightforward calculations show that
0:0;¢ = (B wiwyr 207 4 B6ir 072 = B(B+ 2)miw;r P
and
0;0;77% = (1/2)(r/2 — 2)r*ww; + (1/2)r™/* 25y,
So the leading term of J is
53/r72ﬁ74a1j8¢zxjaklxkzlzdz.

Note that we have chosen 7 = ¢ + 3+ 2. Performing the integration by parts, we can
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see that

63/T72574aij8izxjakl:ck:clzdx
_13/3,—26—4,,, d

= —2ﬂ 20;(r ;i TjaR TR )2de

> (1—o(B))3* /r_2ﬁ_6aijxixjaklxkxl\z|2dx
> (1= o(8)B'(1L - 0) [ 122 sPde

> (1= o(9)FH(1 - 0()) [ 779 02 s,

where 0 < 0o(8) — 0 as § — oo and O(e) is a positive constant bounded by Ce. In
other words, we have that

(3.4) T2 (1= o(@)5' (1= 0) [ 1o ¥ tyRufd.

Notice that we need to keep track of the leading constant here in order to obtain the
desired estimate. Combining (3.1), (3.3), and (3.4) gives

/r*"z/)2|Au|2dx+C ([33/7'”3B4w2|u|2dx+,6’/r”ﬁ2¢2|Vu|2d:c)
> 4(1 — o(8))B*(1 - O(c)) / P2 P,

from which we can derive that

/r*”¢2|Au\2dz+Cﬁ/rig*ﬁ*QwQ\Vu\de

(3.5)
> 4(1 — o(8))34(1 — 0(e)) / P =3=dy2 120

By the ellipticity condition and performing the integration by parts, we can get
that

(1-0(e)) / r=T=A=22 Ty da
< /r_”_ﬂ_szaij@uajudq;

(3.6) < ‘/u@i(r”ﬁQwQ)aijajudx

+ ’/r”ﬁ2w2u8i(aij)8judx

+ ‘/TUﬂquQuaijaiajud:c
=K+ Ky + Ks.
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Using the relation |ab| < (a? + b?)/2, we can estimate

K, = ‘/u@i(r_a_ﬁ_2w2)aij8judx

= /(2 +0(8))Br= 2 P uay 4,05 ulda
< 2+ 0(8)F(1+0()) / T
+(1+ O(e))/2/T_”_5_2w2|Vu|2dx.

Likewise, for Ky and K3, we have that

(3.8) K, <C (rg /r7073B74¢2|u\2da: + 7‘5“ /r"ﬁ2¢2Vu2dz>
and

(3.9) K;<C (rgﬁg/r_”_3ﬁ_4¢2|u|2dx +p72 /r“’w2|Au|2d$> .

Plugging (3.7), (3.8), and (3.9) into (3.6) and multiplying the new inequality by 32,
we obtain that

(3.10)
F(1-0(e)) / B2 Vul de

< (24 0(8)B 1+ 0(e) / r==30-42 200 1 B2(1 4 O(e))/2 /r_”_ﬂ_2w2|Vu\2dm
+C (Tgﬁz/r03ﬁ41/)2|u|2dx+7“€+262/rUﬁ2¢2Vu|2dx>
+C <r€ﬂ4/r”3ﬁ4w2|u|2dx+ /T”¢2|Au|2daj> .

Adding (3.10) to (3.5) and taking g sufficiently large and e small enough, we conclude
that

54/r7”73674¢2|u\2da:+62/r707ﬁ72w2\VU\2dz < C’/ring\AuFd:c,

which immediately implies (2.7).

4. Applications to inverse problems. In this section we will discuss the ap-
plication of the UCP for (1.5) to the inverse problem of identifying inclusions or
cavities by boundary measurements. To begin, assume that D is an open subset of 2
with Lipschitz boundary such that Q\ D is connected. The domain D stands forthe
region of the inclusion or cavity embedded in €. Let the reference elasticity tensor
C(z) with components Cjjxi(x) be defined by (1.6), i.e.,

Cijit = N6 + (fidj1 + tj1)8in, + 1630,

where A = A+ 61 (trT) and i = p + (1/2)B2(trT). Here we require that the Lamé
moduli satisfy the strong convexity condition

(4.1) p(x) >8>0 and nA(z)+2u(x)>6>0 Vel
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and T satisfies
ET-E > (¢/2)|E|%,
which is equivalent to
(4.2) C(z)E - E > kE;j;Eij = |E|*, k() >0, Vz e

for all matrices E, provided that € in (2.3) is sufficiently small. It is obvious that (4.1)

implies (1.3). Next we assume that C is some fourth-rank tensor such that C + xpC
satisfies the strong convexity condition (4.2), where xp denotes the characteristic
function of D. Moreover, suppose that C satisfies the jump condition

(4.3)
Vo edD, 3C, >0, 36, >0such that C(y)E-E > C,|E|? or C(y)E - E < —C,|E|?

for almost all y € Bs,(x) N D and all real matrices E. Let all components of C(x)
and C(z) be in L*>(€2). Then it is easy to show that there exists a unique solution
u € HY(Q) to

V- ((C+xpC)Vu) =0 in Q,
u=f on 0

for any f € H'/?(9%). In this case, the domain D is an inclusion. So we can define the
Dirichlet-to-Neumann (displacement-to-traction) map Ay : H'/2(9Q) — H~'/2(0Q)
by

Asr(f) = (CVu)vla.

Equivalently, A; can be defined by the formula
Ai(1).9) = [ (€ 4+ oDV Vods,
Q

where v € H'(Q) with v|pq = g. We are interested in the following inverse problem:
IP.A. Reconstruct the inclusion D from the knowledge of A;(f)r, for infinitely many
f € HY?(09Q) with supp(f) C Ty, where Ty is a nonempty subset of 0.
Likewise, in the extreme case, if the tensor C becomes —C, then the domain D
corresponds to a cavity. In the same way, we can prove that there exists a unique
solution u € H*(2\ D) to the boundary value problem

V- (CVu)=0 inQ\ D,
(CVuw)r=0 ondD, (CVu)yv=g on I

for any g € H/ 2(0Q). Therefore, we can define the Dirichlet-to-Neumann map
Ac = HY?(0Q) — H=1/2(0Q) by

Ac(g) = (Cvu)l/|ag.

Similarly, we will consider the following inverse problem:
IP.B. Reconstruct the cavity D from the knowledge of Ac(g)|r, for infinitely many
g with supp(g) C T'y.
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Note that uniqueness theorems of determining the inclusion or cavity embedded
in an elastic body have been established in [11] and [12], where the reference medium
is assumed to be either inhomogeneous isotropic or anisotropic with homogeneous
or analytic elasticity tensors. Besides, a reconstruction algorithm for recovering the
cavity is given in [12]. A similar algorithm can be developed for the inclusion case.
Here we want to extend their results to the elasticity system with residual stress (1.5).
To this end, we will need the Runge approximation property with constraint for (1.5),
which is a consequence of the UCP (see Corollary 2.2). Its proof can be found in [12].

PROPOSITION 4.1. Assume that all coefficients of C are in W2°°(2) and the
residual stress satisfies (2.3) with e given in Corollary 2.2. Let U and Q be two open
bounded domains with Lipschitz and C? boundaries, respectively, such that U C (.
Denote Ty a subset of the boundary 0. Let u € HY(U) satisfy

V- (CVu)=0 in U.

Then for any compact subset K C U such that Q\ K is connected and any & > 0 there
exists w € H*(Q) satisfying

V- (CVw)=0 in Q
with supp(w|aq) C Ty such that
||w - u||H1(K) < E.

Remark. The reason for using C? boundary on  is that we want to extend all
coefficients of C into a larger domain € and the newly extended coefficients have the
same regularity W2 in Q.

Having the Runge approximation property Proposition 4.1 at hand, we now can
apply the methods in [11] and [12] to solve IP.A and IP.B. It should be pointed out that
the reference elasticity tensor in [11] and [12] satisfies the full symmetry properties,
ie.,

Cijit = Criij = Cjint-

Nevertheless, it is not hard to check that the proofs in [11] and [12] are still valid if
we only assume Cjj; = Clis5, which is the case for the elasticity system with residual
stress (1.5). For IP.A, we prove the following theorem (see [11]).

THEOREM 4.2 (identification of inclusion). Let the domain Q have C? boundary.
Assume that the elasticity tensor C given by (1.6) possesses W2°°(Q) coefficients
satisfying (4.1). Furthermore, the residual stress tensor T in C satisfies the smallness
condition described in Corollary 2.2. Let (D1, (@1) and (Da, @2) be two inclusions such
that C + Xqu,Ci and C; satisfy (4.2) and (4.3), respectively, and Q\ D; is connected,
i=1,2. If

A (f) = An(f) on To
for all f € HY?(9Q) with supp(f) C I, then
Dy = D».

The proof of Theorem 4.2 is based on integral inequalities

(4.4) /D {C' — (C+ C) 1}CVw - CVwdz < (A7 — Ao)f, f) < /D CVw - Vwdz,



UNIQUE CONTINUATION FOR A RESIDUAL STRESS SYSTEM 315

where w € H'(Q) solves
(4.5) {V~(CVw):0 in Q,

wlaq = f.

Here C~! (or (C 4 €)™ 1) is called the compliance tensor (see, e.g., [7]). Notice that
we do not assume C; = C, in Theorem 4.2. Also, the regularity of the medium
inside of the inclusions is only assumed to be essentially bounded. Theorem 4.2
provides the uniqueness of determining the inclusion embedded in an elastic body
with small residual stress by the localized Dirichlet-to-Neumann map. For the sake of
completeness, we want to briefly describe a reconstruction algorithm for identifying
the inclusion. Let y € Q and Go(-;y) be the fundamental solution for the operator
V- C(y)V (see, e.g., [19]). One can find e(-;y) such that

V- (C(z)Ve(;y)) =0 in Q\{y}
and
(e(-;y) — Go(- — y;y)b)yen is bounded in H'(Q),

where b is a nonzero constant vector. Note that if y € 9D, then
(1.6 [ 196 - yia) s = oo
DNB;(y)

for any ball B,.(y) centered at y with radius r and nonzero vector b. The symmetric
version of (4.6) has been proved in [11], i.e.,

/ |SymV{Go(z — y; y)b}|*da = oo,
DNB,(y)

which clearly implies (4.6).

A continuous map c: [0,1] — Q is called a needle if it satisfies (i) ¢(0), c(1) € 99;
(i) ¢(t) € Q for 0 < t < 1. In view of Proposition 4.1, we can see that for each
needle and ¢ € (0,1), there exists a sequence {f;} = {f;j(-;c(t))} in HY/?(9Q) with
supp(f;) C I'g such that the solution w; of (4.5) with f = f; satisfies w; — e(;¢(t))
in HL (Q\{c(t'): 0 <t <t}) as j — co. We call {f;} a fundamental sequence with
respect to I'g. For each needle ¢, define

tle) =sup{0<s<1:C(t) € Q\ D (0 <t <s)}

It should be noted that 0 < #(c) < 1, and if t(¢) = 1, then ¢ never touches 9D. On
the other hand, if #(c) < 1, then ¢ touches D at t = t(c) at the first time. Since
Q\ D is connected, we have that

(4.7 0D = {c(t(c)) : ¢ is a needle and t(c) < 1}.

Let Ag be the Dirichlet-to-Neumann map associated with the boundary value problem
(4.5). Denote

Ti(t,e) = lim ((Ar = Do) f; (5 c(2)), f5(5 ¢(t)))

J—00
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and

Ti(c) = {0 <s<1l:ZrexistsV0O<t<sand sup |Z;(t c)| < oo}.
0<t<s

Using (4.3), (4.4), and (4.6) and pursuing the arguments in [11], we can show that
Tr(c) = (0,t(c)), and therefore t(c) = sup 77(c) (see similar arguments in [12]). In
summary, we have a reconstruction algorithm for determining the inclusion as follows.

RECONSTRUCTION ALGORITHM FOR IP.A.

(i) For each needle ¢ and eacht € (0,1), find the fundamental sequence { f;(-; c(t))}
with respect to T'y.

(ii) Compute Tr(c) and set t(c) = sup 71 (c).

(iii) Use the formula (4.7) to reconstruct 0D.

Now for IP.B, we show the following (see [12]).

THEOREM 4.3 (identification of cavity). Let the assumptions in Theorem 4.2 on
Q and C hold. Assume that Dy and Ds are two cavities and €\ Dy and Q \ Dy are
connected. Let

ACI (f) = ACz (f) on T

for all f € HY2(0Q) with supp(f) C T'g. Then Dy = Ds.
As for reconstructing the cavity, we follow the lines of the above algorithm and
define

Ze(t,c) = jli_)n;o<(A0 —Ac)fi(ie®), fi(e(t)))
and

To(c) = {0 <s<1:Z¢ exists VO <t <sand Os;;g Ie(t,c) < oo}.

Note that (Ao — Ag)f,f) > 0 for all f € H'/?(09). Now using (4.6) and the
inequalities

! 2 ; C 2 X
37 || IVetasclnfe < Zett.e) < 01 [ (Veaiet) P

for some constant M > 0, one can prove that 7o(c) = (0,t(c)) and thus t(c) =
sup 7¢(c) (see the arguments in [12]). So a reconstruction algorithm for identifying
the cavity is described as follows.

RECONSTRUCTION ALGORITHM FOR IP.B.

(i) For each needle c and eacht € (0,1), find the fundamental sequence { f;(-;c(t))}
with respect to I'g.

(ii) Compute Te(c) and set t(c) = sup Te(c).

(iii) Use the formula (4.7) to reconstruct OD.
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