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UNIQUE CONTINUATION FOR THE TWO-DIMENSIONAL
ANISOTROPIC ELASTICITY SYSTEM AND ITS
APPLICATIONS TO INVERSE PROBLEMS

GEN NAKAMURA AND JENN-NAN WANG

ABSTRACT. Under some generic assumptions we prove the unique continu-
ation property for the two-dimensional inhomogeneous anisotropic elasticity
system. Having established the unique continuation property, we then inves-
tigate the inverse problem of reconstructing the inclusion or cavity embedded
in a plane elastic body with inhomogeneous anisotropic medium by infinitely
many localized boundary measurements.

1. INTRODUCTION

Assume that B is an anisotropic elastic body and the reference configuration of
B is ©, a bounded open connected set in R%. Let C(x) = (Cijii(z)) be the elastic
tensor. Here and below, all Latin indices are set to be from 1 to 2. We assume that
the elastic tensor C satisfies the full symmetric properties

(1.1) Cijkt = Cjirt = Criiy; Vi, 5,k L
The displacement equation of equilibrium when there is no body force is given by
(1.2) Locu=V-(C(z)Vu)=0in Q,

where (Vu)y = Qug and (V- G); = 3_; 9;9;5 for any matrix function G' = (gi;).
Also, we have used the convention notation

(CH)ij =Y Cijrhn,
kl
where H = (h;;) is a 2 X 2 matrix. Here u = *[uy, us] is the displacement vector.
In this paper we are concerned with the unique continuation property (UCP) for
([T2). Precisely, we want to know whether u vanishes identically in €2 whenever it
vanishes in some nonempty open subset of 2.

The unique continuation property for differential equations has a long history.
There exists a vast number of literature in this field, especially for scalar differential
equations. We will not try to give a full account of its development here. Instead,
we only mention some related results on the elasticity system. When the medium
is isotropic, the UCP has been established in [I], [4] and [2I]. Moreover, a strong
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unique continuation property for the isotropic system was recently proven in [2]
and in [I5]. Unlike the isotropic case, the unique continuation property for the
inhomogeneous anisotropic elasticity has not been fully explored. In this direction,
the authors of this paper have proved the UCP for an elasticity system with residual
stress [I8]. Tt is known that this system is no longer isotropic due to the existence of
residual stress. A strong unique continuation for the elasticity system with residual
stress was recently proved in [I4].

In this paper we want to investigate the UCP for (2] when the elastic tensor
is anisotropic with finite smoothness. To the authors’ knowledge, this problem has
not been studied before. For our UCP result in this paper, we assume that the
elastic tensor is merely a locally Lipschitz function in 2. One of the key ideas in our
proof is that under suitable conditions the original elasticity system (L2]) can be
transformed into a first order elliptic system locally (see (2.11])). Therefore, proving
the UCP for (I2)) is now reduced to proving the UCP for ([2I1)). There were several
results on the UCP for first order elliptic systems; see, for example, [3], [5] and [8].
However, in those papers, the matrix function N in ([ZIT) is assumed to be either
(locally) diagonalizable ([3], [5]) by a C*! invertible matrix or normal (|8]). In this
work we are not assuming that N is normal. Instead, we will suppose that near
every point xp € Q the quadratic pencil Aj1p? + Ajop + Ago (see (ZIZ)) has at
least one eigenvalue 6(x) with associated eigenvector z(x), and both are Lipschitz,
such that the matrix function [z, Z] is nonsingular. Under this assumption, we
can show that the diagonal blocks of N are Lipschitz diagonalizable. From now
on, we say that a matrix function is Lipschitz diagonalizable if it can be similarly
transformed to a diagonal matrix with Lipschitz entries by a Lipschitz invertible
matrix. Nevertheless, it should be emphasized that the whole matrix N is not
necessarily Lipschitz diagonalizable. There are two obstructions preventing it from
having this property. On one hand, the two diagonal blocks may have common
eigenvalues. On the other hand, the lower left block of N, i.e. the (2,1) block of
N, is only L°°. In view of these two points, it is, in general, not possible to find
a Lipschitz invertible matrix to diagonalize N. In other words, we have to treat a
lower triangular matrix function. Our proof of the UCP for (L2) via (2.I1]) relies
on some delicate Carleman estimates. To deal with the lower triangular matrix
function N, we will borrow some ideas from [2I] (or [18]). The proof of the UCP
is given in Section 2.

Also in Section 2, we give an example to show that the assumption on one
eigenpair of the quadratic pencil A11p? + Ajap + Aso is not too restrictive. This
condition is in fact generic. Moreover, it is easy to verify that this assumption holds
true when the elastic tensor is isotropic. Therefore, as a by-product of our UCP
result, we prove that the UCP holds for the two-dimensional isotropic elasticity
system with locally Lipschitz Lamé coefficients, which is an improvement of previous
UCP results for the same system in two dimensions. We remark that for the UCP
result obtained in [I] or [21], the Lamé coefficients are required to be at least C2,
while for the strong UCP proved in [2], one needs C'! coefficients.

Our study of the UCP for the inhomogeneous two-dimensional anisotropic elas-
ticity system (L2) is motivated by its application to inverse problems. Having
proved the UCP for (I.2), in Section 3 we will establish reconstruction algorithms
for identifying the inclusion or cavity embedded inside a plane anisotropic elastic
body by infinitely many localized boundary measurements with the help of Runge’s
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approximation property. For the inclusion identification in the conductive medium,
we refer to the pioneer work by Isakov [13]. It is well known that Runge’s ap-
proximation property is an easy consequence of the UCP. Here the reconstruction
algorithms of determining the inclusion or cavity are based the probe method de-
veloped by Tkehata in [9] (see [10] and references therein for related results). It
should be noted that Runge’s approximation theorem for the anisotropic elasticity
was proved in [II] and [I2]. However, the elasticity tensor there was assumed to
be either homogeneous or real-analytic. The UCP is an obvious fact in these two
situations. For other interesting inverse boundary value problems, we refer readers
to a nice survey article [20].

2. UNIQUE CONTINUATION PROPERTY

This section is devoted to the proof of the UCP for (L.2]) when the elastic tensor
C(z) is locally Lipschitz. We will first transform the system (L2) into a first
order elliptic system with appropriate matrix coefficients. Next we will derive some
useful Carleman estimates. The proof of the UCP for (I2) is carried out with
the help of those Carleman estimates. Throughout this section, in addition to the
symmetric properties ([LI), we assume that the elastic tensor satisfies the strong
ellipticity condition, i.e. there exists § > 0 so that for any vectors a = [ay, az] and
b = t[by, ba] we have that

(2.1) Cijri(z)aibjayb; > 8lal?|b]?
for all x € Q.

2.1. First order elliptic system. Our goal here is to transform (2)) into a first
order elliptic system. To this end, we would like to express (I.2]) in a more detailed
form, namely,

(22) Lou= AH@fu 4+ A120109u + Aggagu + R(u) =0 a.e. in ,
where
Ai1 = (Citk1), Moo = (Ciog2), Az = @ + '@ with ® = (Cjax1)

and

R(u) = Z(@-Cijkl)@luk.

jkl

Since C(x) is locally Lipschitz, it is well known that 0;C;jxi(x) is locally bounded
for all 4,4,k,l. In other words, R is a first order differential operator with locally
bounded coefficients. From the strong ellipticity condition (2I), we can see that
A1y and Agg are invertible (in fact, positive definite). Let zp € Q and w,, C 2 be
a small open neighborhood of xo. We now define W = [w, wa] = *[u, O1u + Tu]
for x € wy,, where T'= T'(z) is a Lipschitz invertible matrix (in wy,) which will be
chosen later. Thus, we can compute that
(2 3) Ohwy = O1u = (81u + T@gu) — TOu = —TOrwy + wa,
' OLwy = 8%u + T0109u + 01T 0wy
Here and below, to simplify expressions, all equations are interpreted in the sense
of a.e. in wy, unless otherwise indicated. It follows from (2.2]) that

(2.4) Oiu = —A[H(A120102u + Ao202u + R(u)).
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Using the definition of ws, we immediately see that
Oawg = 0102u + T@%u + 02T Osw1,
which implies
(25) 8182u = —T&‘%u - 82T(92w1 + 8211)2.
Plugging (1)) into (Z4]) yields
(26) 812u = —A1_11A12(—T8§u — 09T w1 + 8211)2) — Al_llAggﬁgu — Al_llR(u)
Now substituting (23] and (2.6) into the second equation of (2.3) we have that
(2.7)
(91102 = {—AfllAlg(—T(‘?%u — 82T82w1 + (921112) — AfllAggc‘?%u — AﬁlR(u)}
+T(—T8§u — 09T Orw1 + 82102) + 01T 0w
= 7(T2 — A1_11A12T + Al_llAgg)agu + (A1_11A1282T —TO,T + 81T)82w1
+(T — A;llAlg)agwg — AfllR(U,)

By the relations 01u = d1w; and Gou = =T 101w1 + T~ 'ws, we can see that R
is a first order linear operator containing only z; derivative acting on wi. More
precisely, we can derive
(2.8)
R(u) = 01A1101u + 011 ®Ou + 02 PO u + O3 Aa20u
= (01A11 + 02®)01wy + (a2 + 011 ®) (=T 101wy + T~ wy)
= (61/\11 + 070 — T_182A22 - T‘l(‘?lth))@lwl + (82A22 + altq))T_l’wg.

Replacing R(u) in (Z70) by (Z8)) and choosing T such that
(2.9) T2 — A AT + A A =0 V2 € wy,
or equivalently
A (=T)? + Ao (~=T) + Ao =0V & € wy,,

we get from (2.3) that

01wy + Towy —wa =0,

AT (01A11 + 2@ — T7105A90 — T710,1®) 01wy

01wy — (A A120oT — TOT + 01 T)doun

+(A71 A1z — T)Oows + Ay (O2A9o + 011@) T~ 1wy = 0.
Equivalently, in the matrix form, we have that
(2.10) AW + BO,W + FW =0,

where
A= I 0
B Afll (81/\11 + 070 — T_182A22 — T—laltq)) Tl

B= r 0
T (A AT —TOHT +00T) AfAw—T|°
and
r_ 0 -1
T |0 AL (OeAge + 01 TO)T |

The matrix A is obviously invertible. We at once deduce the following first elliptic

system from (Z.I0):
(2.11) OW + NOW + MW =0
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with
T 0

— A-1lp
N=A B_|:Tl Al_llAlg—T

} and M= A"'F,

where
n=—A(01A11 4+ 02® — T '02A0p — T 10" ®)T — (A A1202T — TOT + i T).
It should be noted that n(z) is in L*°(w,,) and so is M.

Now we are at a position to discuss the solvability of (23] and the Lipschitz
diagonalizabilities of T and A7}'Ay — T

Proposition 2.1. Let w,, C Q2 be a sufficiently small open neighborhood of xo and
let (0(x),z(x)) be a local eigenpair of the quadratic pencil

(2.12) Aq1p” + Arop + Ao,
i.e.
(A116% + A12f + Apo)z2=0 Ve Wiy -
Assume that 0(x), z(x) are Lipschitz and the matriz function [z, Z] is nonsingular
for all x € wy,. Then by choosing
(2.13) —T = [z, z]diag(8, 0) [z, 2]+

we have that T(x) satisfies 29)) and is Lipschitz diagonalizable. Moreover, by
possibly shrinking the neighborhood w,,, there exist a Lipschitz invertible matriz
Q(z) and a Lipschitz diagonal matriz diag(p, p) such that

Q(z) YA A2 — T)Q(2) = diag(p(x), p(z)) ¥V = € wy,.

Proof. By the strong ellipticity condition (ZI)) and the fact that Ajq, Aja, Ago are
real, we can see that the eigenvalues of the quadratic pencil A11p% + Ajap + Ao
are all genuine complex values (with nonvanishing imaginary parts) and appear in
conjugate pairs. Therefore, if (6, z) is an eigenpair of the quadratic pencil, then so
is (0, 2), i.e.
(A116‘2 + A126 + Agyz)z = 0.

Clearly 6(z) and z(z) are all Lipschitz. Let T be defined by ([ZI3); then we have
that

(A1 (=T)2+A12(—T)+A2) [z, 2| = [(A110> +A120+Ao2) 2, (A110%+A120-+Ag2) 2] =0,

which implies ([2.9).
Having found T satisfying (Z9]), we observe that

det(T — AT Ayo — pI) det(=T — pI)

= det((T — A1_11A12 —pl)(-T - pI))
(2.14) = det(p] + A Arap + A AT — T7)
= det (p2I + AfllAmp + AfllAgg)

= det(A}) det(A1p? + Ajap + Ago).

It is easily seen from (ZI4)) that if {#,0, —p, —p} are eigenvalues of the quadratic
pencil A11p? + Ajap + Ago, then {p, p} are eigenvalues of AfllAlg — T. Note that
p(x) is a genuine complex function and, hence, p(x) and p(x) are distinct. In other
words, p(x) and p(z) are simple eigenvalues of the matrix Aj;' A2 — T. Note that
the matrix A;;'Aj2 — T is not continuously differentiable. So we cannot use the
classical implicit function theorem to conclude that p(z) is Lipschitz. However,
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since p(z) and p(z) are simple roots of a polynomial with Lipschitz coefficients,
we can apply a generalized version of the implicit function theorem proved by
Hildebrandt and Graves [7] (or see [22], Theorem 4.B]) to get that p(x) and p(x) are
indeed Lipschitz in a possibly smaller w,,. Now let ¢; be a constant vector so that
(A Ava — T) (o) — pwo) ]Gy # O; then g1 (z) = [(Ay}' Az — T)(2) — p(x)[]G1 # 0
and [(AT}' A e —T)(x) —p(2)I)q1 (x) = 0 for all z € w,, (possibly smaller). Note that
q1(z) is as smooth as AT!Ajo — T and p. Repeating the same argument for g, we
can construct gz(z), which is an eigenvector associated with p(z). Since p(z) and
p(z) are distinct in wy,, Q(z) = [q1, ¢2](x) must be nonsingular there (see similar
arguments in [g]). O

Now we provide an example showing that the assumptions given in Proposi-
tion 1] are in fact generic.

Example 1. Consider the two-dimensional orthotropic medium where the associ-
ated matrices A1, Ao, and Aoy are defined as

Ay — C11 0 Ay — 0 012+066
U710 Ces|” 7 [Cra+ Ces 0 ’
and
- Cse 0
A22 - |: 0 022:| .

Note that Cy1, Cya, Cgg are all positive. The related quadratic pencil is now written
as

Ci1p* 4+ Cs6  (Ci2 + Cos)p

(C12+ Cee)p  Cop® + Caa |~
We can show that if all C’s are locally Lipschitz functions and satisfy the relation
(2.15)
(011022 — 0122 — 2012066)2 — 40110220626 =:A>0and Cia + 066 75 0 Vxe Q,

or
(2.16) A <0, Cia + Cgg 75 0, and \/C11C2 — Cgg 75 0 VzeQ,

then the assumptions in Proposition 2] hold true. To verify this, we first observe
that if A # 0, then

C11p* 4+ Ces (Cr2 + Ces)p
(Ci2+ Ces)p  Coep® + Cao

= C11Cep” + [(C11Ca2 + Cgg) — (Crz + Cep)*Jp* + C22Cg6 = 0

gives rise to four distinct roots, which are locally Lipschitz. If A > 0, then all roots

are purely imaginary (p? is real-valued). Now let #(x) be any root (eigenvalue) and
choose the associated eigenvector

det

z(x) =

(C12+Ce6)0

1
_ (C116%+Ce) | -

Then it is easy to see that [z, Z] is nonsingular because the second component of z
has a nonvanishing imaginary part. Thus, we have verified condition (215)).

Now we look at condition (ZI6]). Let 6(z) and z(z) be chosen as above. In this
case, 62 is a complex-valued function (with nonvanishing real and imaginary parts)

(C116%+C66) has

and so is 0. To see that [z, Z] is nonsingular, it suffices to show that (Cra1Coo)0
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a nonvanishing imaginary part. We prove this by contradictory arguments. Assume

2
that % becomes real-valued at some point xy. Then we must have that

(C1160% + Ces) _ (C116% + 066) ot
(Cra+ Ce)0 (Ci2 + Cgs)0 0

which leads to
011|0|2 = 066 at Zo-
Note that |0]? = ,/g—ff. Therefore, we have that /C11Ca = Cge at xg, which is a
contradiction. [l
In next example we consider the isotropic case. It turns out that the assumptions

in Proposition [2.1] hold without further restriction on the Lamé coefficients other
than the usual strong ellipticity condition.

Example 2. Let the medium be isotropic; then we have that
011 = 022 = /\—|—2,u,C’12 = )\7066 =M

in Example 1, where A(z) and p(x) are locally Lipschitz functions in €. Assume
that p(xz) > 0and A(x)+2u(x) > 0for all x € Q. Then the eigenvalues of the related
quadratic pencil are +i (repeated) with associated eigenvectors *[1, Fi]. Therefore,
if we choose 6 = i and 2z = ¢[1, —i], then the assumption of Proposition R1lis clearly
satisfied. Furthermore, we can compute that

[y
0 A2u
A2 0 :
©w

A AL —T =

So when we take

1 1
Q = |:_ )\+2[LZ' A2u Z:| y
2 h
we get that

Q (A Az — T)Q = diag(i, —i). O

Now, in view of Proposition 2., we define a Lipschitz invertible matrix

Pr) = [[z,z] 0]

0 @
and set W = PV in w,,. Then from (2I1]) we obtain that
(2.17) NV + NV + MV =0 (ae. in wy,),
where
N [diag(—u, —a) 0 ]
n diag(p, p)
and

M =P '9,P+ P 'NO,P+ P 'MP € L™(w,,).

As we have mentioned in the Introduction, N is not necessarily Lipschitz diagonal-
izable since —u(z) and p(z) may coincide at some points in w,,, and n(z) is merely
essentially bounded. Now, to prove the UCP for ([L2]), it suffices to prove that for
@I10). To do this, we will derive some Carleman estimates, which will be carried
out in the following section.
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2.2. Carleman estimates. Let Lyv = 01v+ A(z)02v be a first order scalar elliptic
operator, where A\(z) = a(x) +i0(z) is a locally Lipschitz function and 3(x) never
vanishes in R?. Given 0 < ry < 1, define U = {v € C§°(R?\ {0}) : supp(v) C By, },
where B, is the disk centered at the origin with radius rg. From now on, we use ¢
or ¢ to denote general positive constants whose values may vary from line to line.

Theorem 2.2. There exist a constant ¢ > 0 and a sufficiently large number sy > 0
such that for allv € U and s > sg we have that

(2.18) 52/7‘_‘7_8_2¢§|v|2dx < c/r_”¢§\LAv|2dm,

where r = |z|, ¢s = exp(r—°) and 0 = 05 = ¢ + 018 with 0,01 € R.

Proof. The proof of the theorem is motivated by Hile and Protter’s paper [§] in
which they considered the system of equations without the parameter . As in
[8], we will work on a slightly different operator instead of Ly. For simplicity, we
denote L := L). Define the scalar function

n(z) = 1 08 023

o(Tg titef+ag)
and consider the operator
Lv = Lv + nuv = d1v + Adsv + nu.
It is easily seen that there exists a constant ¢ > 0 such that
(2.19) |Lv| < |Lo| + clv].

Now we set ¢(r) = r7° — $ logr and denote w = e¥v. Then we can find that
(2.20) /ew@v\gdx = / |01w + Aow — 01w — Adarbw + nw|*da.

Following the notations in [8] we set

a1 = 01w, as = adsw, az = 0w, ay = —(1Yw + adpw),

. o . )
as = —if0xpw, ag = %17571), a7 = %zagﬂw, ag = %(a%ﬁw).

Now from (220) we can write
(2.21)
[e2¥|Lv|?dx = [| Z§=1 aj*dz
= f{|a1 + as + as + ag +CL8‘2 +2Re((a1 +as + as +ag + ag) - (as + aq +a7))
+|ag + a4 + a7|*}dz
> 2Re [(a1 + az + as + ag + ag) - (as + aq + ay)dz.

It is readily seen that Re(asas) = Re(asas) = Re(agar) = Re(asar) = 0 and
2Re(aza7 + agas) = Re(—iadxf(wdaw + wdrw)) = 0.
We at once deduce that

2Re/a2&3dm = 2Re/a5&4dm = 2Re/agd7dm = 2Re/agd7dx

= QRe/(aﬂw + agfl3)d1‘ =0.
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Next, note that
Re(82 (zﬁw@lw) + 01 (—Zﬁ’wazlf))) = Re(2i682w81w + i@gﬂwaﬂb — z@lﬁwagw)
= 2Re(a1t_13 +ajar + aﬁdg).

Therefore, performing the integration by parts leads to
2Re /(aldg +ajar + agag)dl' =0.

Thus, there are five terms left on the right side of ([221]) needed to be estimated,
namely,

(222) 2Re/(a1€z4 + asay + (15(@3 + a7) + agay + a8a4)dm.

We begin with the first term of ([222]). Using the integration by parts, we get
that
2Re [ajasdz = —2Re [ dyw(01¢pw + adaypw)dx
= — f(81w81|w|2 + a82¢81|w|2)dx
{(02¢ + 201029 |w|? + B1adaip|w|* }dz

(2.23) y
> [(03¢ + 2d,020) |lw|Pdx — ¢ [ |029)]|w|*dx.

Similarly, we can find that

2.24
( Q)I{efa2&4dx = —2Re [ adow(019w + adrpw)dx
= — [(a01¢0a|w|* + a?021p 0| w|?)dx
= f{(aalaz’qb + a28§w)\w|2 + (8201611# + 820(2821#)‘1142}6[1‘
> [(@01029 + a*03¢)|w|*dx — ¢ [(|029] 4 |019|) [w|*dz
and
2Re [asazdr = —2Re [ 3202¢pwdswdx
(225) = —fﬁgag¢82‘w|2dx

= [ B23¢|w|*dx + [ 0232020 |w|*dx
> [ B203¢|w]dx — c [ |029||w]*da.

Furthermore, we can estimate
2Re [ azardz > —c [ |029||w|*dz,
(2.26) 2Re [ agasdz > —c [(|019] + |O21])|w|?de,
2Re [agas > —c [(|01¢] + |021)])|w|?d.
Combining [223), (Z24)), 225) and ([Z26]) yields

2Re f(a1@4 + asay + as(as + 67) + agay + a8@4)dx
> [(979¢ + 2001029 + (o + 3?)03¢) |w|*dx — ¢ [(|919] + 929])|w|*dx.

Through direct computations, we obtain that
00 = — sr* 2z — (0/2)r *xy,

2 _ —5—4_2 —5—2 4.2 -2
;¢ =s(s+2)r x; —sr +or "tz —(a/2)r7 %, j=1,2,

(2.27)

and
01020 = s(s + 2)7"7874.%11'2 + or Yz,
Therefore, by taking s sufficiently large, we can get from ([227) that

2Re f(a1[_14 + agsa4 + 05(?13 + 67) + agayg + a8&4)d:v

(228) > 52 [r57 42} + 20z 22 + (0 4 B2)23)|w|?dx — cs [ r—* 2 |w|?d.
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Note that
(2.29) 22+ 20x120 + (2 4 B33 = |z1 + Aao |2
By easy computations, we have the following identity:
(L4 AP a1 + Axo|? = B%(aF + 23) + (21 + awe)® + (a1 + oPwy + %23)?,
which leads to

527,2
2.30 Apgl2 > —2
( ) |z1 4+ Az2|” > 1+ sup| A2
B

70

Ve B,

In view of the assumption on the imaginary part of A\, we immediately get that
(2.31) |B(z)|>d >0 VzeB,.

Substituting (2:29), (Z30), (Z31) into (228)) and taking s large enough, we conclude
that

2Re/(a1(l4 + asay + as(as + ar) + agdy + agdy)dr > cs2/r_s_2|w\2dx
and, hence,
/e2w\zv|2d:p: /r*”¢§|iv|2dfc > cs2/r7572r2w|v|2dx
= cs2/r*"7872¢3|v|2dm.
Finally, in view of (2I9]), we obtain the estimate (21T]). O

To handle the possible nonzero off-diagonal block in N , we need another Carle-
man estimate.

Theorem 2.3. There exist a constant ¢ > 0 and a sufficiently large number so > 0
such that for allv € U and s > sg we have the following estimate:

(2.32) /r*”¢§\8gv|2dx < c/r*“¢§(|L)\v|2 + 827272 |w)?) da.

Proof. To begin with, we set v = vg + tvy and Ly = L. Now we can compute
(2.33)
Jro¢?|Lo|*dx
= [r=7¢2{|01v]> + |A|?|02v|? + 2Re(D1vAD2v) }dx
= [r77¢2(|01v]? + (a® + %)|02v|?)dz + 2 [ 177 p2a(D1vRrDavR + O1v1Oavr)dx
=2 [r79¢2B(D1vrOrvr — O1v1O2vR)dx.

Using the inequality
(2.34) lab| < (ea® + 7 'b?)/2 for any & >0,

we have that
(2.35)
| [177¢2a(B1vRrDavr + O1v1 001 )d|
L [0 (Bron)? + @ro)? )z + § [ 706207 (Oavr)? + (Bavr)?}d
G [ro@2|owPde + 5ot [ ¢2a?|0yv|2da,

A
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where €; > 0 will be chosen later. On the other hand, from the integration by
parts, one can easily derive that

|f7’_0¢§ﬂ(81’l}382’l}] — 81v182vR)dx\
== [0 (r= 7 $%B)drvrvndz + [ Da(r=7¢3B)drvrvnde|
< | [{(=or=772 = 251777 * )21 fDavrvR + 1777 301 BavrvR Y|
+| [{(=or=772 = 257775 2) @25 801 vvR + 177 p2 02301 vrvR Y|
<|[(=o)r—o~ 2021 BOyvrvpdr| + | [(—2s)r—o5~ 221 B0rvrvRd|
+| [(—o)r=72¢222 801 vrvpde| + | [( 28 0720205 B0y v vRdT|
+| fr‘”cﬁgalﬁ@ngRdﬂ + |f7“ U¢282ﬁ81’l}]1)1{d1‘|
(2.36) < 282 [r70¢2B%(0vr)2dx + Lo|?e5 ! [rmo P22t vRda
+3 ngr_"¢2ﬁ2(8gvj)2dx+25 EQIfT_" 25— 4(;521:1de$
+1 52 [ 17792 (Orvr)2da + 1|U\252 1fr"’ o223 3203,
+3 ngr 792 (Oyvr)2da + 2s%e5 ! [ o252y ﬂ%%dm
+%EQ [ r=o¢232(dovr)?dx + %E;l fr"’ng(alTﬁ)zv%dx
+3eo [r79¢2(O1vr)da + Syt [ro¢2(018)%vhda
< 352 r=7¢2{(01vr)? + B%(Dovr)?}da + csey ! [ o727 2920% da
where g9 > 0 Wlll be determined below. In deriving ([2:36), we once again used the
inequality (2:34)). Combining (Z33), (238), 236) and choosing 3cs = 1 — &1 with
0 < &1 < 1, we obtain that
(2.37)
Jro¢?|Lo|*dx
> (1 e1 — 323) [ @R0nofde + [ 176202 + B — o7 0 - 3ey8)|OgofPda
—2ce5's? [r7o 727242 v 2w
> [r77¢2((1 — e71)a? +£18%)|020|?dx — 6c(1 — e1) 8% [ r= 7257202 |v|?da.

Since |B(x)] > 6 > 0 for all z € B,,, we can find an e; sufficiently close to 1 such

T0?

that
(2.38) (1—e;YNa?+682>0>0 VzeB,.
Now the Carleman estimate ([2.32) follows from (237)) and (2.38)). O

2.3. Proof of the UCP. Here we will prove a weaker version of UCP for (2.
Namely, we would like to show that a solution w of (2] that vanishes at one
point in € of any exponential order must vanish in €2 provided that the assumption
of Proposition 2] holds near every point in . It is clear that the UCP follows
from this version of continuation property. We say that u vanishes at zg of any
exponential order if
lim exp(Jx — 20| %)u(z) =0 Vs>0.
|z—x0|—0

Theorem 2.4. Assume that the assumptions of Proposition 2] are satisfied near
every point in Q. Let u vanish at some xo € Q of any exponential order; then u =0
in Q.

Proof. Without loss of generality, we assume zg = 0. Let the assumptions of
Proposition 2] hold in wy C 2, where wqg is a small neighborhood of 0. Then
we can convert ([2) into (ZI7) in wp. Define 1o = min{1/2,dist(0, dwy)}. Now
let x € C$°(R?) be a cut-off function satisfying 0 < yx < 1, X|Br0/2 =1 and

supp (x) C By,. Define V = (%4, 0, 73, 74) = xV. Then from (ZI7), we get that
(2.39) NV +NOV =—MV + G,
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where G = '(g1, g2, 93, 94) € L*(Q) is supported in By, \ By, /2. Denote Ay = Ay =
—0 and A3 = Ay = p. We set

H = [r7°¢2(| L, 01]? + [ Loy 02]?)dz + [ 62(|La, 3| + | La,04]?)de,

K =75 [r72¢ (|01 + [02]*)da + [ ¢3(18s]* + |0a]*)da,

J = [r7¢ (o1 ® + |g2)dz + [ ¢%(lgsl* + |ga]*)de,
where v > 0 will be chosen later. It follows from ([2.39]) that

(2.40) H<c(K+J+ /¢§(|32731|2 + 10y [2)da).

By the standard approximation argument, we can see that v; satisfies estimates

2I8) and 232)) for all 1 < j < 4. Now replacing the last term of ([2Z40) by the
estimate (232) for Ly, and Ly, with o = 0, we have that

(241)f{gcu(+J+/}ﬁQLM@H?HLM@ﬂ%dx+§{/r*%*%ﬁQﬁﬂ?Hﬁﬂ%dx)

Substituting the estimate (ZI8) for Ly, and Ly, with 0 = —s into the last term of

[2410) leads to
(2.42) H<clK+J+ /r‘sq§§(|L,\161\2 Ly, 5 [2)dz).

In deriving (242]), we also use the obvious inequality r—° > 1 for any 0 < r < 1
and s > 0. Taking v > 1, we can absorb the last term of (2.42)) and get

(2.43) H<c(K+J).

From now on we fix the parameter ~.
Next repeatedly using o = s in (ZI8)) for Ly,, Ly, and o = 0 in 2ZI8) for L,,,
Ly,, we find that

s? [r 2202 (|0n | + |02 )da + 52 [ 172 02(10s|* + |04]?)d

(244)  <c([ro¢3(|Ln 01 + | La, 02*)dz + [ ¢3(|LagUs]* + [ L, 04 de)
<cH < c(K +J).

In view of the inequalities 1 < r=% < r=572 < r=2572 for 0 < r < 1, by taking
s> 1, we get from (Z44]) that

52 fr_s_2q§§|‘7|2dx

< 82 [ 220 ([01]? + |02]?)d + 8% [ 1™ 72 G2(|03]7 + [0a)*)d

<c(Jrooi(j0]? + (02 de + [ ¢2(|0s]? + [0a]*)da)

+e( [roeZ(g1? + lgaP)da + [ ¢2(|gs]? + |ga|*)da)
<c[ro2Q2VPde + ¢ [ r57292|G)?dx
<é[re72¢3|G P de,

which leads to

(2.45) #L

Since r~*72¢? is a strictly decreasing function, (2.45) implies that

3
B

r*5*2¢§|‘7|2dfc < c/ T7572¢§|G‘2d1'.

ro/2 Bry\Br /2

degc/ |G2dx < o0
B"O\BTO/2

ro/2
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and thus V =V = 0,ie. u =0, on B,/ if we choose s sufficiently large. Now the
standard arguments imply that the set {x € Q : w = 0} is open and closed in €.
Since 2 is connected, we must have v = 0 in Q. O

In view of Example 2, we know that the assumption of Proposition 2] holds
automatically for the isotropic elastic tensor. So from Theorem 2.4 we immedi-
ately conclude that the UCP is valid for the isotropic elasticity system with locally
Lipschitz Lamé coefficients.

Corollary 2.5. Let C(z) be isotropic, i.e.
Cijri(z) = M2)8ij0k1 + p(2)(dirdji + diudjn).-

Assume that A\, u are locally Lipschitz in Q@ and X+ 2u > 0, > 0 for all z € .
Then (L2) possesses the UCP.

3. APPLICATIONS TO INVERSE PROBLEMS

As mentioned in the Introduction, we would like to investigate some applications
of the UCP proved in the previous section to the object identification problem.
Another application of the UCP to the limiting absorption principle for the same
system was considered by the authors in [I9]. To study our inverse problems here,
the Runge approximation property with Dirichlet constraints for (I2) is a key
ingredient. It has been known that this Runge property is an easy consequence of
the UCP. Its proof can be found, for example, in [11] or [12].

Theorem 3.1. Let O and §2 be two open bounded domains with Lipschitz bound-
aries such that O C Q. Assume that all components of C are uniformly Lipschitz
functions in Q. Moreover, suppose that the quadratic pencil A11p? + Aop+ Ags has
at least one eigenpair (0(x), z(x)) which is uniformly Lipschitz in Q and [z, Z] is

nonsingular for all x € Q. Denote Ty a subset of the boundary 0Q. Let u € H*(O)
satisfy

Locu=0 i O.

Then for any compact subset K C O such that Q\ K is connected and any € > 0,
there exists w € H(Q) satisfying

Low=0 1in £
with supp (w|aq) C Ty such that
||w - u||H1(K) < €.

Remark. Under the assumptions of Theorem B.1l we can extend C, denoted by C,
to a slightly larger domain Q such that the same assumptions are satisfied for C' in
(). Therefore, the UCP holds for (IZ) with C' in .

In this section we consider the inverse problem of identifying inclusions or cavities
embedded in an anisotropic elastic plane region by boundary measurements. To
begin, assume that D is an open subset of  with Lipschitz boundary such that
Q\ D is connected. The domain D stands for the region of the inclusion or cavity
embedded in 2. In the degenerate case where the domain D represents the crack,
the inverse problem of identifying D by near-field measurements was consider in
[16] and [17]. To simply our presentation, we will not discuss this matter here.
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Let the reference elastic tensor C(z) satisfy the conditions given in Theorem [3.11
Here we require that the elastic tensor C(z) satisfies the strong convexity condition,
namely, there exists x > 0 such that for any symmetric matrix £ we have

(3.1) Cx)E-E>rY EijjE;=xsE Vzeq

i
It is obvious that (B]) implies the strong ellipticity condition (ZI]). Next we as-
sume that C (x) is some fourth-rank symmetric tensor with L> components such
that C' + xpC satisfies the strong convexity condition BI), where xp denotes the
characteristic function of D. Then it is easy to show that there exists a unique
solution u € H'(Q) to

V- (C+xpC)Vu) =0 inQ,
u=f on 0f)

for any f € H'/2(99). So we can define the Dirichlet-to-Neumann (displacement-
to-traction) map Ay, : HY/2(02) — H~1/2(0Q) by

Aine(f) = (CVu)v|aq,

where v stands for the unit outer normal of 9 (or D). Equivalently, A;,. can be
defined by the formula

(Ninc(f),9) = /Q(C + XDC')Vu - Voudzx,

where v € H(Q) with v|sq = g. The region D is called an inclusion if the medium
in D is different from the reference medium. To describe it more precisely, we
assume that C' satisfies the following jump condition:

(3.2)

Yx € oD, 3C, >0, 35, > 0such that C(y)E-E > C,|E[*or C(y)E-E < —C,|E|?

for almost all y € Bs, () N D and any symmetric matrix E. We are interested in
the following inverse problem

IP.I Reconstruct the inclusion D from the knowledge of Ajpe(f)|r, for infinitely
many f € H'/?(99Q) with supp (f) C Iy, where Ty is a nonempty subset of 9.

Likewise, in the extreme case, if the tensor C' becomes —C', then the domain D
corresponds to a cavity. In the same way, we can prove that there exists a unique
solution u € H'(Q\ D) to the following boundary value problem:

V- (CVu)=0 inQ\D,
(CVu)yr=0 ondD, (CVu)yr=g on N

for any g € H'/2(99Q). Therefore, we can define the Dirichlet-to-Neumann map
Acay : HY?(0Q) — H=1/2(09) by

Acan(9) = (CVu)v[oq.

Similarly, we will consider the inverse problem

IP.C Reconstruct the cavity D from the knowledge of A,y (g)|r, for infinitely
many ¢ with supp (g) C T.

Note that uniqueness theorems of determining the inclusion or cavity embedded
in an elastic body have been established in [I1] and [I2], where the reference medium
is assumed to be either inhomogeneous isotropic or anisotropic with homogeneous
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or analytic elasticity tensors. Besides, a reconstruction algorithm for recovering the
cavity is given in [12]. A similar algorithm can be developed for the inclusion case.

Having the Runge approximation property Theorem [B.J] at hand, we can now
apply the methods in [I1] and [12] to solve IP.I and IP.C. For IP.I, we prove that
(see [111)

Theorem 3.2 (Identification of inclusion). Let (Dy,Cy) and (D, Ca) be two sets
of inclusion data satisfying all conditions stated in this section. If

Nine, (f) = Nine, (f)  on T
for all f € HY?(99Q) with supp (f) C To, then
Dy = Ds.
The proof of Theorem is based on integral inequalities

(3.3) /D (O~ = (C+ )"} COVw-CVwds < (Ame—Ag)f, f) < /D CVw-Vuwdz,

where w € H'(Q) solves

5.0 {v-(cw>:o in Q,

wlon = f

and Ay is the Dirichlet-to-Neumann map when D is absent, namely, Ay is the
map associated with [B4). Here C~' (also (C + C)~') is called the compliance
tensor (see, e.g., [6]). Note that we do not assume C; = Cy in Theorem
Also, the regularity of the medium inside of the inclusions is only assumed to be
essentially bounded. Theorem provides the uniqueness result in determining
the inclusion embedded in an inhomogeneous anisotropic elastic plane region by
the localized Dirichlet to Neumann map. For the sake of completeness, we want to
briefly describe a reconstruction algorithm for identifying the inclusion. Let y €
and Go(-;y) be the fundamental solution for the operator V- C(y)V. One can find
e(+;y) such that
V- (C(x)Ve(5y)) =0 in Q\{y}
and
(e(;y) — Go(- — y;y)b)yeq is bounded in H'(Q),

where b is a nonzero constant vector. The proof for the existence of e(-;y) is
elementary and therefore we leave it to the reader. It has been proved in [1I] that
if y € 9D, then

(3.5) / SymV{Go(z — y: )b} Pdz = o
DNB,(y)

for any ball B,.(y) centered at y with radius r and nonzero vector b, where Sym(-)
denotes the symmetric part of a matrix.

A continuous map ¢ : [0, 1] — Q is called a needle if it satisfies (i) ¢(0), c(1) € 99;
(ii) c(t) € @ for 0 < t < 1. In view of Theorem Bl we can see that for each
needle and ¢ € (0, 1), there exists a sequence {f;} = {f;(;c(t))} in H'/2(9Q) with
supp (fj) C I'g such that the solution w; of (B4) with f = f; satisfies w; — e(-; ¢(t))
in H- (Q\ {c('): 0 <t <t})as j — oco. We call {f;} a fundamental sequence
with respect to I'g. For each needle ¢, define

tle) =sup{0<s<1:C0(t) € Q\D (0<t<s)}
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It should be noted that 0 < ¢(¢) < 1, and if ¢(¢) = 1, then ¢ never touches 9D. On
the other hand, if t(c) < 1, then ¢ touches 9D at t = t(c) at the first time. Since
Q\ D is connected, we have that

(3.6) 0D = {c(t(c)) : ¢ is a needle and t(c) < 1}.

Denote

Line(t,c) = Hm ((Aine — Ag) f5(5 c(t)), f5(5 c(2)))

Jj—00

and

Tine(c) ={0 < s<1: T exists for all 0 <t < s and sup |[Zine(t,c)| < oo}.
0<t<s

Using (32), B3), B3) and pursuing the arguments in [II], we can show that
Tinc(c) = (0,t(c)) and therefore t(c) = sup Tinc(c) (see similar arguments in [12]).
In summary, we have a reconstruction algorithm for determining the inclusion as
follows.

Reconstruction algorithm for IP.I.

(1) For each needle c and eacht € (0,1), find the fundamental sequence { f;(-;c(t))}
with respect to I'g.

(ii) Compute Tinc(c) and set t(c) = sup Tinc(c).

(iii) Use the formula B0l to reconstruct OD.

Now for IP.C, we show that (see [12])

Theorem 3.3 (Identification of cavity). Assume that Dy and Dy are two cavities
and Q\ Dy and Q\ Dy are connected. Let

Acav, (f) = Acaw, (f) on T
for all f € HY?(99Q) with supp (f) C To; then Dy = Ds.
As for reconstructing the cavity, we follow the lines of the above algorithm and

define
Leav(t,c) = jlir{>10<(Aw = Ncaw) fi (5 ¢(t)), f3 (5 ()

and

Teav(€) = {0 < 8 < 1:Zeqy exists for all 0 < t < s and  sup Zeay(t,¢) < 00}
o<t<s

Note that ((Ag — Acay)f, f) > 0 for all f € HY?(99Q). Now using (B.3) and the
inequalities

%/D |Ve(:c;c(t))|2dx < Tean(t,c) < M/D |Ve(:c;c(t))|2dx

for some constant M > 0, one can prove that 7., (c) = (0,¢(c)) and thus t(c) =
sup Zeav(c) (see the arguments in [12]). So a reconstruction algorithm for identifying
the cavity is described as follows.

Reconstruction algorithm for IP.C.

(1) For each needle c and eacht € (0,1), find the fundamental sequence { f;(-;c(t))}
with respect to I'g.

(ii) Compute Teqr(c) and set t(c) = sup Teqy(C).

(iii) Use the formula B6) to reconstruct 0D.
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