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NOTES ON NADIRASHVILI’'S PROOF
OF CALABI-YAU CONJECTURE

A1-NuNnG WANG

This note is written upon the request of Professor Yi Fang and we thank him for
notifying us the publication of [1]. To fix the notation for Nadirashvili’s labyrinth,
let N > 3 be an integer, r; = 1 — 5. 7 = 0,1,....2N? S, = 8D,, A = D, —

D,_ > and
N
N2_1 NZ2_1
A= U Drz,- - DT‘Q:‘-H A= U DT21’+1 - DT21+2§
N-1 . N-1 ) 2N?
L = Ul'z;'\y NnA L= L’J()Z(Qi-bl,\'l)rmA S = LJ()ST"
=0 1= =

Now we define the labyrinth H = LULN S and Q = A — U{=)(H) with 2N?
connected components, here U[r](H) denotes r-neighborhood of H.
In the following we assume N > 10.

Assertion: Let ds = A|dz| be a metric such that

{Azl on Dq;
A>N* on Q.

then for all paths o from 0 to 8D, [ ds > N.

In fact one does not need to raise N to such a high power, Collin uses N* simply
to avoid changing too much from Nadirashvili’s notations.

Now we define recursively a sequence of minimal immersions Fy = X, F1, ..., Fon

from D; to R® satisfying (¢* = 245):

l6° = ¢' M| < 552 on Dy - wj

((Hi)i1<i<n) ']} > ¥ N35 on w;
o] > EVEY on w

where w; is the union of the line segment l% N A and the N? components of Q
intersecting it, and w] = Ulgzw)(w;) thus D; is divided into 4N + 1 disjoint sets :

2N
Dy - U2 Wy
u_,?/ — Wy. 1= 1, 2]\7;

Joi=1....2N.

W
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9 ALNUNG WANG

Collin adds two more controling parameters: pu = [|X||c2 + 1 and v = infp,||¢||.
The idea behind Nadirashvili’s construction is actually quite simple: using Lépez-
Ros transform, we can deform a minimal surface in the direction perpendicular
to the radial direction. Therefore if we increase the metric by % each time, the
embedding increases at most —7 hence remains bounded.

We further assume that N > 10, 2 NE p+s)) A7), 2

Construction of F;. —~Suppose that Fy, ..., F;_; have been constructed satisfying
Hi.....Hi—1; and Gy : D; — S? denotes the Gauss map of Fr. On wl. ||¢*7}] <
u(since |[¢°]] < p—1 and [|¢"7! = @] < ixf= < < &). Because the diameter
§(w]) < L. we have §(F;—1(w!)) < . On the other hand, by definition of .
§(Go(wi)) < %‘ Since on wi, ||Gi—1 — Gol| < VN(smce l]o""1 — ¢°|| < £). we also
have 6(Gi—1(w])) < % + ,/216\,

There is a g; € S? such that:

(a) If

: / 1

distgs (0, Fi—y(w;)) > Nioh
then the angle _
/ H

(g, Fici(w;)) £ —=:

(b) .
distg: (iQi;Gi-—l(wg)) > ﬁ

In fact, if distgs(0, Fi-1(wj)) < 7, then the condition (a) is empty and the con-
dition (b) can be achieved by at least one g; since

T 2¢ 1
0(Gs- )< = —_— < —

On the other hand, if distgs(0, F;_;(w!)) > \/—%, then F;_;(w!) is in a cone of vertex
angle \;_% whose axis g; satisfies (a). Since 6(G,;-;(w})) < \/Lﬁ, one can modify g;
by an angle ﬁ to make it satisfy (b) too.

Now we fix the coordinate of Rs so that ez = qt. ‘The Weierstrass representation
of F - 1 determines through ¢*~* = (q’fl”l, ¢51, #57) two holomorphic functions
f= —i¢5~ ! and fg = ~¢."! — i¢%™!. The metric is given by

1 .
Ay = e ll6 7= 50151+ 1160,

Let T; > 1 and h = h[T;, D1 — w;,w;. g] be defined by Proposition (4.3) [2]. The
functions f = fh and f g ig— determine a new minimal immersion F; such that

¢ = ¢y’
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It remains to verify that #; hold for sufficiently large T;.

e On D; — wi:
7 : supp, | f] €
_ — — < i <
F-sr=trn- s 2l o
and - ; 2§
o 2l Fa2( supp,|fg €
\f9? = fo* I = 1o () = =7 < 7
thus {|¢* — ¢* || < 552
e On w;:
1 |f9°] 2]g| AF,_,
= = hl 4 > = \p. >

for by (b), % < lg] < @ Therefore, since [|¢"~? — ¢°]| < izfz < % on w], we

N
have y
i-1 s Y
641> 2
and A 7 y
= V2Ap >
H¢ || F, Z 2\/N
» 0w Ar T Ap_ T
1 Fi_144 Fi1414
Mg > =\ FIT: = >
S L O

Therefore, as above, ||¢*|| > ”73\1,- > £ N35 for sufficiently large T;.

The formula (16) in [2] was a mis-print, Nadirashvili actually meant our formula
(a) above.
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