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Abstract

We counsider two kinds of profits of the manufacturer with tax in the fuzzy sense.
The first case is that both the price and the cost are in the fuzzy sense but not the
demand. The second case is that the demand is in the fuzzy sense but not the rest.
In both case we all obtain the fuzzy profit with tax for the manufacturer. Also we
can get the membership functions of the fuzzy profits and the conditions that the

manufcturer applied to calculate his fuzzy profit.
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1. Introduction

In [3, 5], we considered the consumer surplus and producer surplus in the fuzzy sense.
[n [4, 6. we considered the best price of two or three mutually complementary
merchandises n the fuzzy sense. 2| considered the optimal revenue in the fuzzy

sense. [7] considered ecnomic principle on profit in the fuzzy sense.In this paper ,

we consider the profit of the manufacturer with tax in the fuzzy sense.

Let the demand function be p = @ — bz, 0 < = < 2. And the cost function be
Clzy = s+ gz +rz®,z > 0. In the monopolist market, the total revenue of the
manufacturer is R{z) = ax — bz®. And let $t be the tax paid for each unit sold.

Hence the profit is
mz) = Riz) - Clz) — tx

| &

=—s+{a—qg-tix—(h+7riz*, 0<z<

1

)

The maximum profit can be found by Property 2. But in the perfect competitive

market, we shall consider the foilowing two cases.

In section 2, we consider the case that both the price and the cost are in the fuzzy

sense. i.e.,

F=G- bz

Clz) =35+ gz + rz°

where a, b, 8, ¢, v are fuzzy numbers. Then we have the fuzzy profit
7(r) = =5+ 2@ — 2§ — tr — z%h — °F.
Thus, we have Property 3.

In section 3, we consider the case that the demand z is in the fuzzy sense. Then we
get the fuzzy profit

Ta)=—s+{a—qg—8)F—(b+ )T
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By using the o -cut method, we can get the membership function p~(z) of T and its
centrod, which is used as the estimated value of the profit in the fuzzy sense. By

using this value, we can calculate the profit of the manufacturer in the fuzzy sense.

[n section 4, we give some examples. Section 5 is the discussion.

2. The profit of the manufacturer with tax in the fuzzy sense for fuzzy

price, fuzzy cost and crisp demand.

From [1], [8] we have the followings: Let U = (up,ug, Uzl iy < up < uz be a

rriangular fuzzy number (abbreviated as fuzzy number) with membership function

2w uy < gy < 69
ey Sus
pe(u) =4 2250, up Su<ug (1)
0, elsewhere
and the centroid is
>C
j;x- u-u“'(u)du 1
My = —= L', = _(ul +us + u3)

f_x po{u)du 3

p

By [1] and [8],

Property 1. Let U = {1, g, ug), Vo= (v1,v.v3) be two fuzzy numbers. By

transformation y = ki1u + kv + k3 we have y = B U + EoV + k3
1. I (& > 0) A (ks >0) or (k) >0) A {kz > 0), then
7 = (kjuy + kawy + k3, kpug + kave + Ky, k1ua + kavz + k3)
2 If (k) > 0) A (ke < 0) or (ky > 0) A (kg <0), then
i = (kyus + kavg + ks, kyug + kaug + kg, ks + kovy + k3
30 I (ky <0) A (k> 0) or (A <0) A (ke > 0), then
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If = {Lrl-u;; + .'{JQ‘L’1 + ,ff31 kl‘ttg + kg Ua + 1[3, J'-c.l-u,l + LTL'!J(; + kg :I
4T [y < 0) A fka < 0} ot [k < 0) A (ky < 0}, then
U= (Brug +Rovg + k3, kius — koo + ka. Kqug + ko + k_gjl

Now we consider the demand function

p=a— bz, Ug;rﬁ% (2]

where z is demand and p is price and the cost function is
Clzi=s4+qz+rz?, 0<z (3)
where a, b, s, g, v are positive known and satisfy 0 < a -g— ¢ < g—a—‘%i& t o tax

paid per unit sold. By {2), we have the total revenue is R(z) = zp = ax — bz?. So
we have the profit of the manufacturer

m(z) = Riz}) — C{z) —ta
(4)

=-s+{a—g-tlz—(b+rjz?, 0<z<

o) &

In the monopolistic markes, we can find the sale price p, sales amount z, which makes
the maximum profic reached. Since 7'(z) =a —g—1t — 2(b+ r)z, set 7'{z) = 0, we
have z = g—[—’f_—;—f (= dy). Then p = a — bd, is the corresponding price such that
maximum profit is reached. It is obvious that d, = [0, §].

Property 2. In crisp case, {2) is the demand function and (3] is the cost function.

When sales amount is z = d., price is p = a — bd., then the maximum profit, is

(a-g—t)°

Tl = =S

[n a perfect competitive market, corresponding to the same demand x, price may

not always equal to p{= a — bx). [t varies a little. Same thing happens to C{x). It
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varies too. Therefore we fuzzify a, b, s, g, v and have

n =g — Wy, A, n + i), b: I’b — Wa ‘b\ |r') + w -11
\ 1 ¥ 22

a

w38, st wga), g = (g war. .9+ waa), (2}

5=

oy

= {r—iws,, "+ wsal

it

where 0 < wip < 2,0 < wop < 0,0 < wyp < 5,0 < wyy < 9.0 < wyyp <7
0 < wpo,b =1,2,3,4,5; and wy,t = 1,2,3,4.5;7 = 1,2 are determined by the
decision maker.

The centroids of @, b, 5, ¢, 7 are M, = o + é(wlg — wq;), which is the estimated
value of @ in the fuzzy sense, and when wi; = wie, My = a. Similarly, My =
b+ %I wan — o1}, which is the estimated value of b in the fuzzy sense, and when

oy = Wo ,ﬂwfb = § ﬂf.‘fs = s+ %(‘wgg - '&'31), and when wal = 'u.'gg,ﬂ‘fs = &.

pl

k.

.'l-qu =g+ %(-w@ - ‘?.U_-;l:), and when W] = Wys, ﬂ-’[q =dq. M. =71+ %I:'ULBQ —ws1 ), and

when ws; = wsa, M, = r. So that the fuzzy price is 7 = @ — bx and the fuzzy cost is

Cilz) = 5§40z +722. By (4), the fuzzy profit is 7(z) = —§+azr —gr — iz —bz? -t
| d ¥olE] 4

Since x > 0, by Property 1, we have the following fuzzy numbers:
7=(a—wy —(b+wn)z,a—br.at+wa—(b- wa1)T)
Clx) =(s — wa ~ (g — wa)T + [T — w11z, s + g + rI’,

s+ wy + g+ wygz +(r+ 1L’_5-2)CE2)

x) =[5, 52, 53) where

S = (s4+wp)+{a—wn)r—(g+wp)z—ir— (h wan)z? — (1 + wso )"
Sq =—5+a;r-«q$—t'x—bx2fm:2 = w{z)
Sy =—{s—wyn)+la+twpelz—(g-wylr—tz—(b-— EL-‘Q]_)IQ —{r - wsr )z

The centroids of 5, C(x), F(x) are

(VAN
=
A
o e

. 1
Mylz)=a— bz + g[wlg — iy — {wee — war)x], O

on



N 1 , . ; .
Me(y) =s gz + rr 4 g['[ﬂgg —wg + {wyn — War J& 4 (ws2 — -w__r,l];r,:z], 0<w

()
1 .
ﬁfﬁlk.‘l‘) :E\_Sl -+ Sg + 53]
A o ;
=7mir) + E[L'waz — i) + (Wi — wy — Wag + war )T (8)
; . 9 [
—iway — wa + wsy —wsy)r], 0<r< 5

That is M- {z) = My(z)z — Mc(z) — tz. Here M,(z) is the estimated value of the
price of the manufacturer in the fuzzy sense when demand is . 1.e. the demand func-
tion in the fuzzy sense; M- {x) is the estimated value of the cost of the manufacturer
in the fuzzy sense. M, {x) is the estimated value of the profit of the manufacturer in
the fuzzy sense when demand is z, i.e. the profit function in the fuzzy sense. When
wip = wig, i = 1,2,3,4,5; My(z) = p. Me(z) = Clz), M. {z) =(z), that is, in the
fuzzy sense is the same as in crisp case. When wy; =0, ¥ =1,2,3,4,5,7 = 1,2 in

fuzzy case turns to be in crisp case.

| 1 \
— M. (z)=a—qg—t+ Z{wp — wn — waa +wyy)
dx 3

1
—2b+r+ §('U_722 — way + wsa — wsy )|z

- _ 3a—g—titwis—wy1—wazrwg . . . .
Let d” = e ST ———————_ then we have the following property.

Property 3 lfp=2a — bz, Clz) =5+ gz +72% and 0 < d* < £, then the profit

reaches its maximum M (d™) at sales amount z = d* and price M,(d").

3. The profit of the manufacturer in the fuzzy sense for fuzzy demand.

As in section 2, when the demand function is (2): p = a—bz, 0 < r < ¢ and

the cost function is (3): Ciz) = s + gz +rz®, 0 < z; we restrict our condition

0<a-q—t< 2 je d = 324t € (0,%). Then by Property 2, the

l,’a—g—t‘rz

maximum profit is w{d.) = —s — T



[ a porfect competitive marker, for the same price p, the demand wvaries around

(=2 alittle. So we have fuzzy mumber T = {r—A:, 2, 2-29),0 <A <3, 0 <

Ay Ay As are determined by the decision maker, and the membership function of

T s
y— 2+ Ay . ;
Al 1 I — "l“] S u S T
pply) =4 T892 p <y <zt (9)
(, elsewhere

From (4}, we have the fuzzy profit

F=-s5+(a—g-t)F—(b+r)F" {10)
We proceed to find out the membership function of m by the a- cut methed as the
following.

Let the a-cut of T be z{e) = {ylpz(y) > a} = [zr{a), zv ()], where zr(a), zo(a]
are the left, right hand side point of this a-cut respectively.

From (9), we have

rrlal=({r—A)+ 4 a>0

o) =(z+A2) —Apor =2+ (1 — )2 >0

Hence by Property 1, the a-cut of 2% is [vp{a)® zy{a)?]. Since 0 < a—qg -t <
%"—1 so by (10} and Property 1, for each a € [0, 1], the a-cut of 7 is [z (@), 7wy (o))

and

mla)=—s+(a—g—tzrle) — (b+r)zyia)’

=—s+(a—g—thx—~(b+r)’
{11}
—[(a— g —t)AL + 200+ 7)d0z](1 — )

—{h+ A1l —a)?
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o) = — s+ {a—q—Hapla) — (b+r)zpia)?
=—s+la—g-—t)z—{b- i
+la—g -t + 200+ riA (1 — )

— b+ AL - a)?

Remark 1: [n section 3, after fuzzify the demand into . the tax in the left hand
point of the a-cut of the fuzzy profit 7 is t{z ~ Ay), and the tax in the right hand

point of the o-cut of ¥ is t(z + Az}, 3[t{z — Ay) +t{z +~ Ag)] =tz + (An — A7) is

the estimate of tax in the fuzzy sense, which is different from the tax tx in the crisp

case. In section 2, the tax in the profit M,(z) in the fuzzy sense (8) is ¢z which is

same as in the cnsp case,

Insert Fig. 1 here here.

Let Alz)=(e—¢-8)AL +2(b+ridr {>0)
B={(b+rAl (>0
Diz)=(a—g—t]ds L 206+ 1)z (> 0)

E=(b+rA] (>0
Then, for each o € 0,11, {11}, (12} becomes

mr(e) = w(x) — Alz)(1 —a) — Bl — a)? (13)

rila) = alz) + Diz)(1 - o) - E(1-a) (14)
For each o £ [0, 1], let wr(a) =y, then {13) becomes

Bll—a)Y¥ +A(z)l~-a)+y—=(z)=0

Solve for 1 — @ Then either

—A{z) — JA(z)? - 4By — 7(x)) o A(z)? + 4B=(x)
5 <0, ify< "

l—a=



which can not happen since 1 — o > 0. or

—Alx) 4/ A(z)? + 487 () - 4By. [y < Alz)? + 4B=(z) (15}
2B ' - 47

- =

. —Alxi S Az ed Br(x)—48 .
Since 1 — o € [0, 1], therefore 0 < 2y l\m'jB 18T i By < 1 Thus y 15 in the

region Afay < Azt +4Bw{z) 4By < Alz) - 2B and y < 442- + iz Le.

. _ , Alz)? .
mrl-Alzl-B<y<a{z) and y< Alz)® + 7 (x)
4B ‘
le. w{z)—Alz)—- B <y <a(z) (16)
Let =p(a) =y, then (14} becimes
E (1—a) -Dl-a)+y—7(z) =0
Solve for (1 — o), then 1 — @ = 2V EEEAPWTT) oy
Diz)—y/Diz)? -4y —=lz)} . D{z)* +4Ex(x)
l—a= T it oy < 1B :
. D{z) — \/Dix)?> — 4By - =(z}] 17
(177, It 1 - a = E (17}
(zh—a/D{z)2 —aBiy—miz)) . ,
since 0 < 1—na<1,1e. 0Z Dz VD&I,’;E ozl < 1, then % is in the reglon
v D{z)? — 4Ey + 4E=(z) < D{z), {18)

Dix)?

and Diz) —2E < /Diz)? +4En(z) —4Ey, and y< +xiz) (19)

Dir) > 0, from (18), =(z) < y. Since D(z)-2E£ = (a—g—t}Aa+2(b4+7) A [z -A) >

Diz)?

0, by {19, y < Diz)+7{z)— £. Since D(2) +7(x) - & < 55 +{z), so we have

=)<y < Dx)+ mix) - F (20}

 Dix)+ \/D(z)? +4Er(z) - 4Ey
B 2E

(2°1.If 1-a
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since 1 — o € [0.1), fe. 0 < DI DEEHETIAE o
EN ] - Fo. D[’ : P
VDR 4B ) - 4By <28 - Diz) and y < ) + 42} (21)

Since D{2) — 2E > 0, so (21) cannot hold. From {15), (16}, (17) and {20), we have

( Az Al s 2 +4 Brix)— . } .
] - ZAEVA 5;48 (x)=2By if m1(x) — A{x) — B <y < 7iz)
e — (x)— .."’ TV —d Ew{x)—- . . ;o ;o
Pyl =941 - Dizi—~ DL '2E4E (z) 4Ey, if wiz) <y < Diz)+7iz) - £
L (. elsewhere
122]
When ={z} — A(zx) - B <y < n(z)
d ;o 1 dg 258
opsy) = >0, fsups(y) = >0
dyﬂf(w [_.4.:;1)24-43«(“7;)_43‘9;% @ HTY @4[:)24-43«(:)—435;]%
When w(z) <y < U{z),
d : -1 d® ¢ —2F
= )~ = < D, =5 L =
“y +) [D(SS}QT‘CLE?TI:I)—LIEy]é Tyt b=y) [D(m)2+4Ew(r}—4Ey]%
Hence we have Fig. 2.
Insert Fig. 2 here.
., T 2. . 3
Let Wilp,q;a.b) = / va— bydy = S—b[{a —bp)? —{a - bg) %)
; :
(23)
. T 20 i, .3
Walp.giab) = | yva—bydy = o5lla—bp)? —lo— ba) 2
p (24)
2 ]

+ z5lla—bg)® - (= bp)*]

From (22), (24), (25) use centroid to defuzzify, we have

/| -
’ 2K

WD(z) -~ E)




1
———Hhﬂ'lgl-— Alr) — "’{.}:) 4(.}:\' + 483wz}, 48]

,B
+ —En Vil D{z) = w{x) — E; D) +4En{z), 4E) (25}
() = / yuzlyidy
1 Alzy, o . . \
= 3[1 + R i) = (wiz) — Alz) — B
1 Dz}, 2 a2
| 51\1— 2 HD(z) +7(z) — BV — wiz)*]
- ﬁm( r(z) — Alz) — B, w(x); A(x)? + 4Bw(z), 48}
1 - : . 3 ) i
+ wE‘LI o(mwiz), Dz} + w{z) — E; D(x)* + 4Ew(z), 4E) {26)
That is the centroid of p~{y} ( in (22}). From (25), (26} we have
== M_(z) (say) (27}

M. (x) is the profic function in the fuzzy sense. Thus we have

Property 4. Let the demand function be p(z} = a—bz. 0 < z < ¢; the cost function
be C{x) = s+qz+rzx?, x > 0; and the profit function be m(z) = R(z) - C{x) -tz =
—s+{a—q—t)x—(b+rz®,0 <z < ¢ If we fuzzify the "2” (in (4)) into (9), then
we have
(1¢). The fuzey profit 7 is
T=—s+la—qg—-t)T ~(b+r)T
{in (10}]

(2?1, The membership function of 7 is

—Alz)++/ A{z)2 +a8n{z)—4By

1- ¥ if w{x) — Alx) - B <y < wl{x)
prly) = 1 - DBV OEP BB if (e <y < Di) + 7 (s) -
U, elsewhere

[ in (22))
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(3°). The estimate of the profit function in the fuzzy sense is

M) = 7 { i i23))

where P and ¢ are of the form {235), {26) respectively.

4. Example

Let the demand function be p{z) = 100 — 2z, 00 < z < 50, and the cost function be
C{r) =10+ 2z + 0522, 0 < z , and the tax ¢ = 2. Then the revenue is R(z) =
zp{z) = 100z — 2z and the profit is =(z) = R(z) - C(z) - 2z = 10 + 96z — 2.522.

te,a=100,6=2,s =10,¢g=2,r=0.5
{A. In the crisp case of Property 2,

19.2, price P, = 61.6

Tlr)=9%-5r = 0,=d. = —

md) = =(19.2) = 011.6

[B] In the fuzzy case of Property 3,
Let  wiy = 1,we =3, = 0.5, wes = 1, way = 1,w3 =00
wa =2, we0 = Lwsy = 1wz = 1.5
By Property 3,

*

3@ — g — £) 4 wre — W1y — wan + w4y 201
_3la—g-t)rwn vy watwu _ 2712 €050
2036+ 3r +way —wn Fwsz ~wsy) 17

d*_d-x

*

Hence the best price in the fuzzy sense is

1 *
ﬂ-fplzd*} =qg—hi + E[wlg — ] — (e — wgl)d ] = B3.57

M, (d") = P.
%ﬁj;)___ x 100% = 3.20%
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And the maxinuum profit s

d N R 1 ( . '
AL =a(d") + g[{.wm —awge) (e — wyy - wys + wyy d
— (o — w2y + wse — 'LL'SL:'d‘Z]
= 520.37

M{d*) — wid,)
wid.)

x 100% = —10.01%
C] In the fuzzy case of Property 4 for fuzzy demand.
7(z) = —10 + 96z — 2.5z°

From Property 4 M {z) and let r-(z) = Maiz)=nlzl o 100%, we have the fol-

m(z)

lowing results.

Insert Table 1 about here

5. Discussion

~ A In Property 3, if wy; = wyp, 7 = 1,2,3,4, 5 ie, the fuzzy numbers 3,5,3,4,F
in (3) are all isosceles, then ¢ = d.. That 1s, Property 3 turns to be Property

2

[ B] In Property 3, if w;; > wyp for j = 2,4,5 and w3 > w1, then d, < d*. On

the other hand, if wj1 < w; for § =2, 4,5 and wiy < wyy, then d, > d°.

[ C" In Property 3, if wy; > wy for 7 = 2,3,4,85 and wys > wis, then M-(z) >
w(z}). On the other hand , if w < wj for 3 = 2,3,4,5 and wiy < wyy. then

Mo {z) < 7z}
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Table 1. The numerical examples of Property 4.

Ay A .z M, :l\\ ’;T'\I;,I I"W'LL)(%J
1.0 0.5 17.45 601.71 903.94 -0.25
1.0 0.5 18.45 90%.79 910.19 -0.15
1.0 0.3 19.45 910.37 911.44 -0.06
1.0 0.3 20.45 907.95 907.60 0.03
1.5 0.5 17.45 399.47 903.94 -0.49
1.5 0.5 18.45 907.39 910.19 -0.31
1.3 0.5 19.45 910.30 011.4d 0.13
1.5 0.5 20.45 908.22 907.69 -0.06
0.5 1.0 17.45 904,62 903,94 0.07
0.5 1.0 18.45 910.04 910.19 -0.02
0.5 1.0 19.45 910.453 911.44 -0.11
0.5 1.0 20.45 905.87 907.69 -0.20
0.5 1.5 17.45 905.30 903.94 0.i5
0.5 1.5 18.45 909.88 910.19 -0.03
0.5 1.5 19.45 909.46 911.44 L0.22
0.5 1.5 20.45 904.04 907.69 -0.40
1.0 1.5 17.43 903.37 003.94 -0.06
1.0 1.5 18.45 908.79 910.19 -0.15
1.0 1.5 19.45 909.20 911.44 -0.25
1.0 1.5 20.45 904.62 907.69 -0.34
1.5 1.0 17.45 900.46 903.94 -0.39
1.5 1.0 18.45 007.54 910.19 -0.29
1.3 1.0 19.45 910.30 911.44 -0.13
L 1.0 20.45 G0R.22 907.69 0.06
05 3.5 17.45 004,87 903.93 0.10
0.5 3.5 18.45 906.10 910.19 -0.45
0.5 3.5 19.45 002.34 911.44 ~1.00
0.5 3.5 20.45 893.57 907.69 -1.56
3.5 {.5 17.45 887.46 903.94 -1.82
3.5 0.5 18.45 808,69 910.19 -1.26
3.5 0.5 19.45 904.92 911.44 | -0.72
3.3 0.5 20.45 906.15 00769 | -0.17
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