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Abstract

Investigate the possibility of
defining finite type 3 manifold invari-
ants with the Vassiliev's topological
approach.
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ants.
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Far the last 10 wyears, Witten's
topological-guantum-field-theoretic
approach of 3 manifolds + links
(knot) invariants dominate the field
of 3 manifold invariants and knot
invariants[W]. The perturbative ver-
sion of Witten's invariants made one
of the most important progress in
a’s, and is now called the Vas-
siliev invariants or finite tvpe in-
variants[BI/BL]{V]. The perturba-
tive 3 manifolds invariants doesn’t
appear unzil Ohtsuki’s seminar
work on finite type invariants de-
fired over Z or Q) homology sphere
in 95" [0O]{Ohtsuld’s invariants is
proved to be perturbative by Rozan-
sky[R]). Based on the experience
of Vassiliev theory, Garoufalidis,
Levine, Ohtsuki etc.  have made
clear the structure of the theory
[G][GL1YGL2}GCI)IGO2][L][GLin].
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And finally the universal perturba-
tive 3 manifold invariant, defined by
Le, Murakami and Ohtsuki put in
the last puzzle which play the role
of Kontsevich integral in Vassiliev
theory of knots[Ko][LMO .

The major concern of our project
is to fill in the gap of a Vassiliev's
(topological) approach of finite type
3 manifolds invariants. Also we want
to discuss the interplay between the
finite type knot invariants and 3
manifold invariants.
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1. Topological approach to the
3 manifold invariants

We only consider close 3 manifolds.

The criginal approach of knot invari-
ants by Vassiliev is topological[V].
He consider the ‘moduli, K, of all
knots: smooth embeded & into 53
And consider the knot invariants as
the certain good element in F9(X).
Actually he utilize the infinitely di-
mensional Alaxander duality to de-
coded the topology information of
knot space into the topology of its
complement (the singular knot space
or diseriminant). So in particular
the top dimensional homology of the
discriminant {the so-called weignt
system) produce a new type knot in-
variants called Vassiliev invariants or
Hnite tvpe invariants. The lower di-
mensional homology of the discrimi-
nant, thercfore determine higher di-



mensicnal invariants of X, which is
the basic works of SW Yang and the
author[OY1]I0Y2][OY3].

In order to apply the Vas
siliev approach to the finite {ype 3-
manifold invariants, we face some
difficulties. Firstly, knots are home-
omorphic to each other, but 3-
manifolds are not. So it s a problem
to put all 3 manifolds into a grand
maoduli and then consider the wall
crossing. The author tried to use
Gromov’s distance to give this mod-
uli, A, a metric structure and dis-
cussed the wall among the 3 man-
ifolds. The discriminant of A1 is
rather awkward. But the top dimen-
sional portion of the wall is clear.

» Principal wall of £ consists
of the 3 manifolds with one
normal singular point.

Here the normal singular point is
modeled as the quadratic:
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Or put it more topologically, the two
manifolds which share the wall are
different by one surgery. And just as
Vassiliev,

» Manifolds with finite normal
singular points contribute to
the top dimensional topolegy
of the discriminant.

What make the Vassiliev in-
variants important is that it is
computable. That 15 because
he could decode the top dimen-
sional homology of discriminant into
an algebraic-combinatorial structure
called "diagrams® (which is proved

to be equivalent to the Feymann di-
agrams used by Bar Nartan in dis-
cussing the perturbative Chern Si-
mon functional, the equivalence of
the Vassiliev theory|[B]). Actually
the whole study of the finite type
knot invariants is based on various
kind of "good™ diagrams. Again
we faced the difficulty that knots is
homeomorphic to each other, but 3
manifolds are not. The very best,
if not the unique, choice is the S%+
framed links description of the 3
manifolds. And

¢ The wall crossing produce
an algebraic and combinato-
rial object: multipie diagram.

The 4-T relation which is the
most fundamental relation among
Vassiliev diagrams. is not clear here,
We are pretty sure part of them
should come from the first order de-
generation of the singularity. But it
tock lots of time to make clear what
it means in the multiple diagrams.
In spite of the 4-T relations in the
multiple diagrams, we still cannot
get rid of other combinatorial possi-
bility. And we are not so sure about
that they are the only possible de-
generation. One way out of this dif-
ficulty is going back to algebraic for-
malism. But we would like to know
more about the singularities at this
morent.

Besides, we atill have several dif-
ficulties that are only partially stud-
led:

(1) Unless we give an "absalute™ co-
ordinate of X (ie. trace all
surgery from the very begin-
ning standard 5%, we carnat
get a consistent theory of the
multiple diagrams.



(2} The correspondence bhetween
the components of X 1o the set
of 3 manifolds is not one to
one. Actually it is highly de-
pend on the topology of the
diffecmaorphism group of the
manifolds.

{3) The surgery diagram (i.e. the
framed links} is not good
enough to make the situation
in (2) clear.

That means if one want to make
this approach work, a subtier Kirby
move criterion is needed. And we
have to quotient those equivalence
in order to get a meaningful 3 man-
ifolds invariant. This explains why
the approach of general finite 3 man-
ifcld invariants are more in a com-
binatorial flavor than in a topologi-
cal one. The typical example is the
universal LM invariants[] which is
defined in the combinatorial level
and is quotient by the two Kirby
moves|K]|. Under such “strong” re-
striction, the LMO invariant behaves
very poorly when the first Betti
number of the manifold is targe (0
when b (1) > 3) .

Recently there is another ap-
proach of finite type invariants de-
fined by Cochran and Melvin[CM]
which is topological and very simi-
lar with us (they use the coberdism
as the wall). Since they trickily re-
lax the restriction of the wall condi-
tion but still capture the complexity
discussed above, their invariants are
good: it is still *finite t¥pe” in their
sense; it covers the Ohtsuki’s invari-
ants in homological sphere; and it
s more complicated when the first
Betti number is larger. But the CM
invariants are not easy to caleulate

and are lack a clear algebraic struc-
ture. Actually it doesn’t fit in some
theories peneralize the original Obt-
suki's definition.

So as a candidate of Vassiliev’s
topological, the CK invariants is
somewhat still in the middle point of
its progress. We would like to study
more about it in the future.

2. Others

(1} As described in our annual
report[On], all our work on
constructing a good descrip-
tion of the image of the fi-
nite type 3 manifold invari-
ants intc Vassiliev invariants
have been averpassed by the
work by Kricker[Kr]. Spence
and Aitchison KSA].

Our computation & completed
although tedious. But the
problem is that the Vassiliev
diagram is somewhat not that
natural as Feymann diagram.
Their description as a poly-
nomial algebra generated by
the even "wheel” in the Chi-
nese character algebra is in-
deed provide deeper insight.

But the problem why it is the
Alexander-Conway polynomi-
als is still mysterious.

{2) We have studied the "Kontse-
vich” integral for our or CM in-
variants for a while but get in
vein. The difficulty lies in that
even in the knot thecry situ-
ation it is still not very clear
why Kontsevich integral works
from purely tepological wall
crossing point of view. Actu-
ally this is the most trouble-
some problem when Vassiliev



theory appeared. The resolu-
tion depend on a good descrip-
tion of the algebraic structure
cf the diagram algebra. But
from this approach, the most
natural one is the LM invari-
ant. As we mentioned above,
it cannot be the correct "in-
tegral” in the topological ap-
proach of the finite tvpe 3 man-
ifold invariants.

. FTREREF

Qur goal is roughly done in the
sense that we make clear what a
topological approach of the finite
type 3 manifold invariants should be.
But combinaterial difficulties are al-
ways around. Besides, the Cochran-
Melvin invariants, which is slightly
different fram ours, provide a good
topological theory already.
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