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Abstract

We establish a sub-hydrodynamic
scaling super-exponential estimate, which is
then applied to derive the occupation time
large  deviations of two-dimensional
symmetric simple exclusion process (SEP).
Furthermore, we take the initiative in
studying the large deviations of occupation
time difference of SEP.

Keywords: symmetric simple exclusion
process, occupation time (difference), large

deviations  estimate, super-exponential
estimate
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Consider  the  nearest  neighbor

symmetric simple exclusion process (SEP)
on two-dimensional lattice Z’. The
configurations of this process are denoted by
the Greek letter 7 so that 7 (x) is equal to 1

or 0 if site x in Z* is occupied or not for 7.

For each «in [0,1], denote by v (a)
the Bermoulli product measure on the
configuration space (2 with marginals given
by

via) n, n(x)=1}=a
for x in Z°. A simple computation shows that
{v(a) 0= a =1} is a one-parameter
family of reversible invariant measures. In
this project we study SEP accelerated by T
starting from the reversible measure v (@)
fora fixed a in (0,1).

Consider the occupation time of the
origin:

V.=(§ Jnoas) /t.

It has been shown that V, converges in
probability to aast — oo and that c(t)(V -
@ ) converges in distribution to a non-
degenerate mean zero Gaussian varable,
where c(t) is equal to the square root of
t/log t ([3]). Landim ([4]) proved a large
deviations principle for V, in dimension d #2
and that in dimension 2 the correct order is
t/log t. To solve the case when d=2 we
establish a sub-hydrodynamic scaling super-
exponential estimate ([1]).

Furthermore, we make an initial
investigation on the large deviations of
occupation time difference of SEP ([5]).



The results stated in this report are taken
from joint works [1] and [5] with C. Landim
and T.Y. Lee.

Given T > 0, on the configuration space
Q = {0,1}%, consider the accelerated sym-
metric simple exclusion process (SEP) gen-
erated by Lt given by

T

(Lrf)(m) = =

5 D e ) = fm).

z,y€Z?

lz—yl=1
where the summation is carried over all
nearest neighbor sites z,y, |z — y| = 1, of
Z* In this formula, f is a local function
and o®¥n is the configuration obtained from
n by exchanging the occupation variables

n(z) and n(y):

n(z) ifz#z,y,
(c®¥n)(z) = < nlz) ifz=y,
n(y) ifz==zx.

For each 0 < a < 1, denote by v,
the Bernoulli product measure on 2 with
marginals given by

va{n, n(z) =1} =

for ¢ € Z® Clearly, {vo, 0 < a < 1}
is a one-parameter family of reversible in-
variant measures. For 0 < a < 1, de-
note by P, = Pr, the probability on the
path space D(R,, 2) corresponding to SEP
starting from v,.

Define the occupation time of the origin:

/Olns(o) ds .

The ultimate goal is to establish the large
deviation principle of Or under P, = Pr,
as T — oo, which has been done par-
tially in the project of last year (NSC-89-
2115-M-002-022). It turns out that one
needs to study the polar empirical measure

T = utT(n) on Ry defined for any given
configuration n by

27 logT Z

Or =

ph

l ’) UT(I )

where or(z) = log |z|/ log T, ¢, is the Dirac
measure concentrated on r and Z? = Z? —
{0}. The strategy is to on the one hand
derive the large deviations estimate of pubT,
and on the other hand show that Or and
the time average of u'7 —measure of the in-
terval [0, ] are super-exponentially close in
the scale T'/log T':

Lemma 3.1 Forany é > 0 andt > 0,

log T
lim sup lim sup 08
e—0 T—oo T

t
logIP’a[ dsW(ns, T, 5)) > 5J = —00,
0

where

Now it is clear that through a contraction
argument we may yield the large deviations
estimate of Or.

However, the proof of the large deviations
principle for the polar empirical measure re-
lies on a super-exponential estimate, simi-
lar to Lemma 3.1, which permits to replace
(average of) local functions by functions of
the polar empirical density. To state this
result, we need some notation.

Forr > 0,6 in [0,2r),0 < e <randa
configuration 7, let

1 7+ T¢
l"f‘ = L"‘(E) T’ T) = loo_ T log Tr !
=]
1 T
i = o_(e,r,T) = g T log T
and denote by \Ifz : Ry x[0,27) — Ry the
function defined by
1{|¢' — 0] < q(e)}

@:,0 7‘/,9, —
1) = S Oale)
X r— <7 <r+.u}.

Denote, furthermore, by 1\/[}:@(77) the av-
erage number of particles in the polar cube



[r—t_r+e] x [0 —qle), 8 +q(e)):

MP(n) =< UG 1T >

_ ! n(z)
T 2(es +12)q(e) log T, Z |2

TTE<|2| KT +T¢
8—q()<O(2)<O+q(e)
In the previous formula, the sum is carried
over all sites z in Z? satisfying 77 — T¢ <
2] STT+T%, 60— q(e) < O(z) <0+ q(e).
Notice that (14 + ¢—)logT = log{T™ +
T:/T" — T*} so that the previous sum is
an average up to smaller order terms.
Denote by {ey, e} the canonical basis of
R?. Fix a continuous function H: R, — R
with compact support in (0,1/2),1 <7 <
2, ¢ >0 and let

WL = 3 D
1<|z|<T1/2
x . . 2
X {'n(r)n(r + ej)(—laej—)

/ ha x x 2

Lemma 3.2 (super-exponential es-

timate) For any § > 0, j = 1, 2 and
t>0,
. , logT
lim sup lim sup
e—0 T—oo T
t
log Pa | / ds WH, (1.)] > 6] = o0,
0

Proof: The same proof of Lemma 3.1 gives
that for any 0 < a < 1/4,

. . logT
lim sup lim sup sup
z—0 T—oo Ta<g|r|<T1l/2-a T

t
/ d'S Y(T/Safﬁ’ T,E)
0

log]P’a[ >5] =00,

where
Y(ny 2. T.2) = ny(z) = Mgt @D, .

Introducing intermediary terms, as in
Lemma 3.2 of [4], we may deduce the state-
ment of the lemma from this result. O

Remark 3.3 zbfgz(z)'@(z)('n) is not an av-
erage over a macroscopic polar cube. This
lemma 1s thus not replacing local functions
by empirical density over macroscopic re-
gions and must be interpreted as a super-
exponential one-block estimate. However.
we will see that almost no technical tools
are needed in the proof of the lower bound
and that a convezity argument for simple
exclusion processes permits to go from mi-
croscopic boxes to macroscopic boxes in the
proof of the upper bound.

Let V be a local function on 2 satisfying
va[V(n) | 7] = 0, where v, | 7] represents
the v,—expectation conditioned on the av-
erage number of particles 7. Typical exam-
ples are 7(0) — n(e1) and nle1) + n(—e1) +
n(e2) +n(—ez2) — 4n(0).

Denote the occupation time difference Vr
associated with V by

ve = VisT( [ Vinas) ex.

The large deviations principle of the joint
distribution (O, Vr) can be proved, ba-
sically, by the methed similar to the one
given in [1] with some natural modifica-
tions. Moreover, with some heuristic argu-
ment, we believe that under P, the occupa-
tion time Or and its difference Vr obey a
large deviations principle with rate function

d?

Lafe,d) = 32¢(1 —¢)

+ T.(c).
where T, is the rate function of Or ([1])
given by

2

YTale) = g [sin_l(‘Zc— 1) —sin™!(20 — 1)} ,

which is oo when ¢ < 0, or ¢ > 1. Of
course, a rigorous treatment remains to be
done and this will be the main concern of
the project of next year.
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The large deviations results obtained Iin

this project are summarized in [1] and [5]. 1]
has been submitted, and [5] remains to be
completed.
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