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Abstract

Let R be a prime ring with no nonzero nil one-sided ideals, 4 a
nonzero derivation on R, and f(X,,--X,)a multilinear polynomial not
central-valued on R. Suppose that d(f(x,,--x,)) is either invertible or
nilpotent for all x,--,x, in some nonzero ideal of R. We prove that R
is either a division ring or the ring of 2x2 matrices over a division ring .
This theorem is a simultaneous generalization of a number of results
proved earlier.

Let R be a noncommutative prime ring and 4 a nonzero derivation
on R . A classical theorem of Posner asserts that the subset

{[x?.x]|xeR } is not contained in the center of R. Under the additional

assumption that char R=2 and d° =0, we prove that the additive
subgroup of R generated by the subset {[x? x]|xeR }contains a
noncentral Lie ideal of R.

Let R be a prime ring of characteristic not 2 or 3, L a noncentral
Lie ideal of R, and 4 a nonzero derivation on R We prove that the
additive subgroup of R generated by the subset { [x?,x]|xe L }contains

a noncentral Lie ideal of R.

Key Words * Prime ring, nil, derivation, multilinear polynomial,
central-valued, invertible, nilpotent, division ring, Posner,
noncentral Lie ideal, characteristic.
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Abstract. Let R be a prime ring with no non-zero nil one-sided ideals, d a non-

zero derivation on R, and f(Xi,...,X:) a multilinear polynomial not central-
valued on R. Suppose d(f(z1,...,:)) is either invertible or nilpotent for all
z1i,...,2¢ in some non-zero ideal of R. Then it is proved that R is either a

division ring or the ring of 2x2 matrices over a division ring. This theorem is a
simultaneous generalization of a number of results proved earlier.

1991 Mathematics Subject Classification: primary 16 W25, secondary 16R50,
16N60, 16U80

Keywords: derivation, prime ring, multilinear polynomial, Lie ideal

This paper continues a line of investigation in the literature concerning
derivations having values satisfying certain properties. Bergen, Herstein,
and Lanski [3] classified those semiprime rings R possessing a non-zero
derivation d such that d(z) is either O or invertible for all z € R. They
proved that R is either a division ring or the ring of 2X2 matrices over a
division ring. Later, Bergen and Carini [2] obtained the same conclusion
assuming that d(z) is 0 or invertible merely for all  in some non-central
Lie ideal of R. Recently, T.K. Lee [8] extended this result by studying
the more general situation when d(f(z1,...,z;)) is either O or invertible
for all z1,...,z; in R, where f(X3,..., X:) is a multilinear polynomial not
central-valued on R.

As to derivations having nilpotent values, Felzenszwalb and Lanski [6]
proved that, if R is a prime ring with no non-zero nil one-sided ideals and d
is a derivation such that d(z) is nilpotent for all  in some non-zero ideal of

*Current address: Department of Applied Mathematics, National Chung Shan
University, Kaohsiung, Taiwan.
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R, then d = 0. The extensions of this theorem to Lie ideals were obtained by
Carini and Giambruno [4] in the case of char R # 2, and by Lanski [7] in the
case of arbitrary characteristic. In a recent paper [10], a full generalization
in this vein was proved by the second-named author. She showed that, if

d(f(z1,...,z¢)) is nilpotent for all zy,...,z; in some non-zero ideal of R,
where f(X,,...,X;) is a multilinear polynomial not central-valued on R,
then d = 0.

On the other hand, Bergen (1] proved a result concerning a derivation
with invertible or nilpotent values. It was shown that, if R is a ring with
no non-zero nil one-sided ideals and d is a non-zero derivation on R such
that d(z) is invertible or nilpotent for all z in R, then R is a division ring or
‘the ring of 2x2 matrices over a division ring. In the present paper, we will
consider the situation when d(f(z1,...,z¢)) is invertible or nilpotent for all
Z1,...,Z; in some non-zero ideal of a prime ring R, where f(X;,...,X;) is
a multilinear polynomial not central-valued on R. More precisely, we will
prove the following:

Theorem. Let K be a commutative ring with unity and R a unital prime
K -algebra with no non-zero nil one-sided ideals. Let f(Xi,...,X;:) be a
multilinear polynomial over K with some coefficients invertible in K that is
not central-valued on R. Suppose d is a non-zero derivation on R such that
d(f(z1,...,z¢)) s invertible or nilpotent for all z1,...,x; in some non-zero
wdeal I of R. Then R is a division ring or the ring of 2 X 2 matrices over
a division ring.

Proof. First, we show that R contains units. If d(f(z;,...,7:)) is nilpotent
for all z; in I, by Theorem 3 in [10], f(X3,..., X;) is central-valued on R,
contrary to our hypothesis. Hence, for some ry,...,7; in R, d(f(ry,...,7¢))
is invertible and so R contains units. Next, we show that R is a simple ring.
Let J be a proper ideal of R, ie., J # R. For z(,...,z, € J*NI C I,
d(f(z1,...,x¢)) is invertible or nilpotent. Since each z; is in J2?, we have
f(z1,...,z¢) € J? and so d(f(z1,...,2¢)) € J is not invertible. Hence,
d(f(z1,...,z¢)) is nilpotent for all z1,...,z; in the ideal J2N T of R. Since
f(X1,...,X¢) is not central-valued on R, it follows again from Theorem 3
in [10] that J2NI = 0. Since R is prime and I 3 0, we conclude that J = 0.
Thus, R is a simple ring with unity, and so is a primitive ring. Consequently,
R acts densely as a ring of linear transformations on a vector space pV
over some division ring D. We will assume V is infinite-dimensional over
D and eventually arrive at a contradiction. We proceed through a series of
reductions, almost all of which rely heavily on the Jacobson density theorem.

Since f(Xj,...,X};) is multilinear with some coefficients invertible in K,
we may write

F Xty X)) =aa Xy Xe + Y @eXo) Koy,
o#l

where «; is invertible in K and the sum is taken over all permutations

i ————— o
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o in the symmetric group S; other than the identity permutation 1. Set
f4(X1,...,X;) to be the polynomial obtained from f(X,...,X;) by re-
placing each coefficient a, with d(a, - 1). Suppose v,w € V and r € R
with rankr > ¢t and vr = wr = 0. We consider vd(r) and wd(r). If
vd(r) and wd(r) are D-independent, choose vy,...,v;—; € V such that
vd(r),wd(r),vir,...,v;_17 are D-independent. By the density of R on pV,
there exist sy,...,s; € R such that wd(r)s; = 0 for all ¢, vd(r)s; = vy,
vd(r)s; =0fori=2,...,t,v,_1rs; =v;fori =2,...,t—1,v,_175; = al_lv,
and vj_irs; = 0 for j # 7. Then we have

wd(f(rsy,...,75t))
- w(fd(rsh'"’rst)+Zzzlf(rsl,---,d(’r'si),...,rst))
= wz:=1 f(rsy,...,d(rs;), ... ,Ts¢)
= wzzzl(f(rsl,...,d(r)si,...,rst)+f(rsl,...,rd(si),...,rst))

=0

and
vd(f(rs1,...,rst))

= v (fi(rsy,... ,TSt) + Z:=1 flrsy,...,d(rs;),...,rst))

= Z:zl f(rsy,...,d(rs;),...,T5¢)

= v Z:zl(f(rsl, ey d(r)siy ..o rse) + f(rsy, ..., rd(si), ..., TS¢t))

= v Z:zl f(rsyy...,d(r)ssy ..., T5¢)

= 'Uf(d(r)31, rs$2,... ,TSt)

= v(ayd(r)sirsy---7T5¢)

= v.
Thus, d(f(rs1,...,7s¢)) can be neither invertible nor nilpotent. This con-
tradiction shows that vd(r) and wd(r) must be D-dependent.

Suppose v and w are D-independent and ry,...,7; € R are such that the

rank of f(ry,...,7¢) is bigger than t and vf(ry,...,7¢) = wf(ry,...,rs) = 0.
Then vd(f(ry,...,7:)) and wd(f(ry,...,r:)) are D-dependent, and so for
some «, 3 € D not both zero,

avd(f(ry,...,re)) + Bwd(f(ry,...,m)) = 0.

Thus, (av + pw)d(f(r1,...,7:)) =0, while av + Bw # 0 so d(f(ry,...,7¢))
is not invertible. Therefore, d(f(ry,...,7¢)) is nilpotent.

Let v € V and r € R with rankr > t(t+2) and vr = 0. Suppose vd(r) #
0. We choose vy,...,v;, Wo1y.. W0ty Wily-rr,Witye.n,Wil,... , Wyt € V
such that the t(t 4 2) 4+ 1 vectors vd(r), v;r, w;;r are D-independent. Then
there exist sy,...,s; € R such that vd(r)s; = vq, vd(r)s; = 0 for 7 =
2,...,t,uirsy =0, vrs; =vjp forj =2, ,t—1, vrs, = al_lv, virs; =0

oo rm kb
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for i # j, wijrs; = wijy1 foralliand j =1,...,t =1, wirsy = al'lw“
for all 7, and w;;rsxy = 0 for j # k and all <. Then wy f(rsy, ... ,TSt) =
w;; for each 7 = 0,1,...,t and so f(rsy,...,rs;) has rank bigger than t.
Since vf(rsy,...,rs¢) = v1 f(rsy,...,rs;) = 0 and v, vy are D-independent,
d(f(rs1,...,rs¢)) is nilpotent. On the other hand, vd(f(rsi,...,rs¢)) = v,
so d(f(rsy,...,Tss)) cannot be nilpotent, a contradiction. Hence, vr = 0
implies vd(r) = 0 for 7 € R with rankr > t(t + 2).

We claim that vr = 0 implies vd(r) = 0 for all 7 € R. If rankr > t(t+2),
we are done already. So assume rankr < t(¢t + 2). Since dimp V = oo and
dimp Vr < oo, it follows that Kerr, the kernel of r, is infinite-dimensional,
and so there exist vy,..., vys42)+1 € Kerr such that v,vi,..., vpe2)41
- are D-independent. Choose s € R such that vs = 0 and v;s = v; for all
i=1,...,t(t+2)+1. Thenranks > t(t+2), and so vs = 0 yields vd(s) = 0.
Note that v(r — s) = 0 and vi(r —s) = —v; forall ¢ = 1,...,t(t +2) + 1.
Thus, we have rank (r — s) > t(t + 2), and hence, vd(r — s) = 0. Therefore,
vd(r) = v(d(r — s) + d(s)) = 0 as well.

Next, we claim that vr and vd(r) are D-dependent for v € V and r € R.
Assume on the contrary that vr and vd(r) are D-independent for some
v € V and r € R. Then there exists s € R such that vrs = 0 and vd(r)s #
0. From v(rs) = (vr)s = 0, it follows that vd(rs) = vrd(s) = 0 and so
vd(r)s = v(d(rs) — rd(s)) = 0, a contradiction. Therefore, vr and vd(r) are
D-dependent for v € V and r € R, which results in vd(r) = ovr for some
a€D.

For a fixed v € V, we have vd(ry) = ajvr; and vd(ry) = agury for
r1,72 € R. If vr; and vry are D-independent, the identity vd(ry + r3) =
vd(ry) + vd(ry) gives Bu(ry + ra) = aivr; + agury for some 8 € D and
so a; = ay = B. If vr; and vry are non-zero but D-dependent on each
other, take r3 € R so that vrs is D-independent on vr; or vrp. Then
oy = o = agz, where a3 € D satisfies vd(r3) = agvrz. In other words, for
each v € V| there exists a, € D such that vd(r) = a,vr for all r € R. Fix
an element r € R with rankr > 1. For u,v € V, we have ud(r) = a,ur and
vd(r) = ayvr for some a,,a, € D. If ur and vr are D-independent, then
Qy = Qy = Qlyyy, Where a4, € D satisfies (u + v)d(r) = ayqo(u + v)r. If
ur and vr are non-zero but D-dependent on each other, then o, = a, = ay,
for some w € V such that wr is D-independent on ur or vr. Hence, there
exists a € D such that vd(r) = avr for all v € V and r € R. Note that
a # 0; otherwise, Vd(R) = 0 and so d = 0, a contradiction. For any v € V
and r, s € R, we have avrs = vd(rs) = vd(r)s +vrd(s) = 2avrs, and hence,
avrs = 0. Thus, aVR? = 0 and so R? = 0, contradicting the primeness of
R. Therefore, V must be finite-dimensional over D, say, dimp V = n.

Thus, R is isomorphic to the ring M,(D) of n x n matrices over D. In
other words, each = in R can be expressed uniquely as Zi' ;&ij€iss where
&i; € D and {e;; | 1,7 = 1,...,n} is a set of matrix units. It is well known
(see, for instance, [5]) that there exist a derivation § on D and an element
a =73, aje; in R such that d = 5 + ad,, where § is the derivation on R
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induced by §, E(Zi,j €ijeij) = Zi,j 8(&:j)eij, and ad, is the inner derivation
defined by a, i.e., ad,(z) = [a,z] = ax — za for z € R.

Assume n > 2. We claim first that a is a diagonal matrix, namely,
agn, = 0 for h # k. Since f(Xi,...,X:) is not central-valued on R, by
the Lemma in [9] and Lemma 2 in [8], there exist a1,...,a; € R such that
flay,...,a;) = aepy # 0 for some a € D and p # q. For distinct A, £,
let o be a permutation in S; such that o(p) = h and o(q) = k. Let ¢ be
the automorphism of R given by (3, ; &ijei;)? = 32, &ij€o(i)a(j)- Then
flad,...;al) = flay,...,a:)? = aenr and d(aep) = d(f(af,...,af)) is
invertible or nilpotent. Now the rank of d(aenr) = §(a)enr + [a, aepy] =
(6(a) + aa)enr — aepra is at most 2, so it is not invertible. Hence, d(aexx)
is nilpotent. Since d(aenr) = d(a)enr + [Zi,j @;jeij, aepk] = o(a)enr +
> ainae —Zj aay;en;, we have egpd(aenr) = (arpa)erk, and for any m,
excd(aepr)™ = (agha)™egk. Thus, (arpa)™ = 0 for some m and so ag, =
0.

Now we show that a = Z?zl ay;eq; is a scalar matrix, i.e., a;; = a;; for
all j. For j # 1, set c =1+ e;; and b = ¢ tac, and consider the derivation
d' =6 +ady on R. For z;,...,z; € R, we have

f’(f(xl, R ,l‘t))
= 8(f(z1,...,21)) + [c tac, f(zy,. .., 21)]

= 0(c Y f(czrc™Y, ... cxzic ) + [ctac, ¢ f(cxyeTY, .. cxieT )]
= ¢ 15(f(czrc™Y, ... cxie))e + ¢ a, fcxie™?, ... cxieY)]e
= ¢ Yd(f(cxicY, ..., cxic™Y))e,
which is invertible or nilpotent for all z,,...,z; € R. As we have seen

in the preceding paragraph, b must be a diagonal matrix. However, b =
(1 —e1;)(2; cuew)(1 +e15) = 32, cusews + (@11 — ajj)ers, s0 aj; = oy, and
hence, a = a;; € D. Thus, d is induced by the derivation 6’ = § + ad, on
D. Without loss of generality, we may assume d = § by replacing § with §".
We will proceed to show that § is an inner derivation.

Let R = {Z” Cijeij | &in = €nj = 0V i,5}. Then R’ is a subring of R
that is isomorphic to M,,_; (D). Moreover, R' is d-invariant, i.e., d(R') C R'.
For all z; € R, d(f(z1,...,7:)) € R’ is not invertible in R, and hence, is
nilpotent. By Theorem 3 in [10], f(X1,...,X:) is central-valued on R’ and,
a fortiori, is central-valued on D. Consequently, D is finite-dimensional
over its center Z. Thus, in order to show that § is inner, it suffices to
prove 6(Z) = 0. Assume on the contrary that §(3) # O for some g € Z.
Recall that there exist a1,...,a; € R such that f(ai,...,a;) = aeyq # 0
for some @ € D and p # q. Set ¢ = 1 + fey,. Then d(c7!(aeyy)c) =
d(f(c™taye,...,c tasc)) is invertible or nilpotent. However,

d(c™ (aepg)c)

= d((1 — Begp)(aepg)(1 + Begp))
— §(Ba)epy +8(a)epy — 8(B2a)eqp — 8(Ba)eyy
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lies in a subring that is isomorphic to M(D). Hence, d(c™!(aep,)c) is nilpo-
tent and, in fact, square-zero. Inspecting the (p, ¢)-entry of d(c™!(aeyq)c)?,
we obtain §(8)[a, 6(a)] = 0 and so [, d(a)] = 0. And the (p, p)-entry gives
5(8)%a? = 0, a contradiction. Thus, § is an inner derivation on D and so
we may assume d = ad, for some a € D.

For v € D, set ¢ = 1 + ve1; and b = ¢ !ac. Consider the derivation

d' = ady on R. For zy,...,z; € R, we have
d,(f(xlr ) 71:2))
= [c7lac, f(z1,.. ., 20)]
= c7Ya, flezic™, ..., czic )]
= ¢ Md(f(cxic™t, ... exic™H))e,
which is invertible or nilpotent for all z;,...,2; € R. As we have seen

before, b = (1 — vejz)a(l + vey2) = a+ [a,y]e12 must be a scalar matrix, so
ay = va. Hence, a € Z and so d = 0, a contradiction. Thus, n < 2, i.e., R
is a division ring D or the ring M2(D) of 2x2 matrices over a division ring
D. This completes the proof of the theorem. a

We conclude this paper with a remark. In the case where R = M;(D)
with char D # 2 and f(X,,...,X}) is not central-valued on D, the deriva-
tion d must be inner. This can be proved via an argument exactly the same
as that in the proof of the Main Theorem in {8].
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ABSTRACT

Let R be a noncommutative prime ring and let d be a nonzero
derivation on R. A classical theorem of Posner asserts that the
subset {[x¢ x]|x € R} is not contained in the center of R.
Under the additional assumption that char R # 2 and 4> # 0,
we show that the additive subgroup of R generated by the
subset {[x¢,x]|x € R} contains a noncentral Lie ideal of R.

Let R be a noncommutative prime ring and let d be a nonzero derivation on
R. In [6] Posner proved that the subset {[x“,x]| x € R} is not contained in the
center of R. Under the additional assumption that the characteristic of R is
not 2, BreSar and Vukman [2] showed that the subring S of R generated by
{[x?,x]| x € R} contains a nonzero right ideal of R and a nonzero left ideal of
R. Recently, the first-named author [3] extended their result by showing that
the subring § mentioned above contains a nonzero two-sided ideal of R.
In this note we prove that the additive subgroup of R generated by
{[x9,x]|x € R} contains a noncentral Lie ideal of R provided 4> # 0.
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In what follows, R always denotes a ring. For an additive subgroup
A of R, let A be the subring of R generated by 4. For additive subgroups
A and B of R, let [4, B] be the subgroup of R generated by the elements
of the form [a,b] with a,b € R. We shall frequently use the following
identities in R:

[xy,2] + [yz,x] + [zx,5] = 0

and

[xyz,u + [pzu, x] + [zux, y] + [uxy, 2] = 0
for all x,y,z,u € R.
We begin with recalling an elementary result:

Lemma 1. [l, Lemma 9.1.2] If 4 is an additive subgroup of R, then
[4,R] = [4,R)].

Next we investigate the additive subgroup [R?,R], the additive sub-
group of R generated by elements of the form [x9,y] with x,y € R. The
following result is of independent interest.

Proposition 2. Let R be a noncommutative prime ring of characteristic not 2
and let d be a nonzero derivation on R. Then the additive subgroup [R, R] of R
contains a noncentral Lie ideal of R.

Proof. Let H=[R% R]. Then [x?y] € H for all x,y € R. Replacing x by
xz¢, we have [x?z% 3] + [xz%,y] € H. Since [x?z%,y] € [R%,R] = [R*,R| = H
by Lemma 1, it follows that [xzdz, ] € H for all x,y,z¢€ R. That is,
[RR“Z,R] C H. Similarly, we have [RdzR,R] CH. For x,y,z,u € R, we
have [oy%z,u] = —[yPzu,x] — [zux,y¥] — [uxy?,z) € [RTR,R] + [R,R¥]+
[RR? R] C H. That is, [RR¥ R, R] C H. Since char R # 2 and d # 0, we have
d? # 0 by [6, Theorem 1] and so RRY R is a nonzero ideal of R. Thus H
contains the Lie ideal [RR¥ R, R] which is noncentral in R because R is not
commutative.
We are now ready to prove our main result.

Theorem 3. Let R be a noncommutative prime ring of characteristic not 2
and let d be a derivation on R such that d*> # 0. Then the additive subgroup G
of R generated by {[x?,x]|x € R} contains a noncentral Lie ideal of R.

Proof. Forx € R, we have [x?,x] € G. Linearizing this relation on x, we get

4+ e G (1)
for all x,y € R. Replacing y by yz, we have
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[ yz] + [(2)?, x| € G.
Since [(y2)%,x] = [yz,x]° — [yz,x9] = [yz,2]* + [x9, 2], it follows that
2[x% yz] + [yz,x]* € G. (2)
This together with
2[4 zx] + [zx,y] € G
and
20z, xy] + [xp,2)" € G,
yields
2{[x?, y2] + [y, 2x] + 2%, w1} € G, (3)
since [yz, x| + [zx,y] + [xy,z] = 0. On the other hand,
2{x? ye] + [02) A} € 6, (4)
so the difference of (3) and (4) yields
2y, 2x] + 2%, %] - [(p2)", ]} € G. (5)
Since
[, 22] + 2%, 5] = [(v2)", 4]
= [, 2x] + 2% 0] + [x, (72)]
= [y, 2x] + [x, 2] + [z, xy] + [x, y2]
~lz, %0 = [y, 2]
= [ 2] + [2%x, 3],

we have

{2+ 2%y} € G (6)
for all x,y,z € R. Setting x = u?,y = v and z = w in (6), we get

2{[u's”, w] + W, o]} € G (7)
for all u,v,w € R. Similarly, we have

2{[vW?, u] + [, W]} € G (8)
and

2{[wu?, v] + [v'w?, u]} € G. (9)
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Substracting (9) from the sum of (7) and (8), we get 4[u‘v?,w] € G for all
u,v,w € R. That is, 4[(R%)*,R] C G, and so 4[V,R] C G where ¥ = (R4)* is
the subring of R generated by elements of the form x%)# with x,y € R.
Assume first that there exist 4,6 € R such that ¢= (a"bd)d # 0.
Consider the subring U cU where U = R is the subring of R generated by
elements of the form x“ with x € R. Each element in U ¢U is a sum of ele-
ments of the form x§ .. .xfcyf ...y¢ with x;,y; € R. If r + 5 is 0dd, then

d d,..d d
xl...xrcy;...ys

=xf .. x N . Y e (RO =V,

and if r + 5 is even, then

d d,.d d
xi...xrcyl yS

=xf . xHa®eh? .y X x2d (B e (R =V
Hence, U cU C V. Since d* # 0, by a theorem of Herstein [5, Theorem 1}, U
contains a nonzero ideal I of R. Thus 4{/c/,R] C 4[U cU,R] C 4[V,R] C G,

and 4{/ ¢/, R} is a noncentral Lie ideal of R.
Now assume that (x43#)? = 0 for all x,y € R. That is,

x“’zyd—%xdyd2 =0 (10)
for all x,y € R. Then
(xy) @ xday + 3(xd2yd + xdydz) + xy‘p = xdly + xy“’3

for all x,y € R and so d4? is a derivation on R. Also it follows from
d? d,,d?
x4y = —x4y4" that
@ d 42 a2 d, d’
xCyt=—xtyt =x% (1)
for all x,y € R. Replacing x by x¢ and y by j# respectively in (1), we get
kM + e x Y ea. |
Since [y9",x9] = y4'xd — xdyd = —ydyd® | xd’yd - [x?*, 9], we have
2x? 3% e G (12)
for all x,y € R. On the other hand, replacing x by x4* in (1), we get
k) + 4 x?ea.
and so
2{lx" ) - x, ¥} € 6. (13)
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The sum of (12) and (13) yields

2x? ¥y e G

for all x,y € R. In other words, 2[R?,R] C G. Now 4 is a nonzero deriva-
tion on R, so by Proposition 2 there exists a noncentral Lie ideal L of R such
that L C [R?, R]. Hence 2L is a noncentral Lie ideal contained in G. This
completes the proof of the theorem.

Note that the conclusion of the Theorem need not be true in the case
of characteristic 2. For instance, let F be a field with char F =2 and let
R = M, (F) be the algebra of n by n matrices over F. Suppose that n > 2;
then any noncentral Lie ideal of R contains [R, R] by a theorem of Herstein
[4, Theorem 1.5]. Let a be any noncentral element in R and let 4 be the
inner derivation on R induced by a, namely x? = [a,x] for all x € R. Since
char R =2, we have [x% x] =x% +xx? = (x2)? and so R? contains the
additive subgroup G of R generated by {[x? x]|x € R}. Now d is a linear
transformation on R whose kernel contains the subalgebra F[a] generated
by a over F which is of dimension at least 2 over F. So R?, the image of d,
has dimension at most n*> — 2 over F. Therefore neither R? nor the sub-
group G contains any noncentral Lie ideal of R, because [R,R] has
dimension n* — 1 over F.

We conclude with an open question: Is it possible to generalize the
Theorem by dropping the assumption that 42 # 07?
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1 INTRODUCTION

A well-known Posner’s Theorem!?* Theore™ 21 agqerts that the subset
S = {[x? x] | x € R} does not lie in the center of a noncommutative prime
ring R, provided that d is a nonzero derivation of R. However, analyzing the
structure of S, say in the case when R is a matrix algebra over a field, one
might suspect if it is possible to say more about the size of S than just that S
does not lie in the center of R.

It seems that the first results from the size point of view concerning
the relationship between derivations and subsets of rings were due to
Herstein.!''? He proved (modulo some technical restrictions) that the
subring of ring R generated by R?, where d is a nonzero derivation of R,
contains a nonzero two-sided ideal of R. Later Bresar and Vukman!” and
Chebotar’®! obtained similar results for the subring of a prime ring R gen-
erated by the set S. As it was recently proved by Chebotar and P.-H. Lee!'?
and Chuang and T.-K. Lee!’?, the additive subgroup of R generated by S is
“large” itself, namely, it contains a noncentral Lie ideal of R.

The relationship between derivations and sizes of related Lie ideals of
prime rings was first studied by Bergen, Herstein and Kerr.!®! They proved
(modulo some technical restrictions) that the subring of a prime ring R
generated by L4, where 4 is a nonzero derivation of R and L is a noncentral
Lie ideal of R, contains a nonzero two-sided ideal of R. Posner’s theorem
was extended to the case of Lie ideals of prime rings by P.-H. Lee and
T.-K. Lee®™ and Lanski.l'”! Recently, Carini and De Filippis® described
prime rings R such that for a nonzero derivation 4 of R, a noncentral Lie
ideal L of R and a positive integer n, the subset {[x4, x]" | x € L} lies in the
center of R.

Our main aim is the following Theorem 1 which simultaneously
generalizes some results from!'%:1%13.19:20]

Theorem 1. Let R be a prime ring of characteristic not 2 or 3 and L a non-
central Lie ideal of R. If D is a nonzero derivation of R, then the additive
subgroup of R generated by the subset {[x?,x] | x € L} contains a noncentral
Lie ideal of R.

We will prove first an obvious corollary of Theorem 1 as Theorem 2
which will play a key role in the proof of Theorem 1.

Theorem 2. Let R be a prime ring of characteristic not 2 or 3 and L a non-
central Lie ideal of R. If D is a nonzero derivation of R, then the additive
subgroup [LP L] of R generated by the subset {[xP,y] | x,y € L} contains a
noncentral Lie ideal of R.
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Since the subring generated by a noncentral Lie ideal of a prime ring
contains a nonzero two-sided ideal of the ring!'® Lemma L3l our next result
generalizes the results from!”®).

Corollary 3. Let R be a prime ring of characteristic not 2 or 3 and L a
noncentral Lie ideal of R. If D is a nonzero derivation of R, then the subring of
R generated by the subset {(x?,x] | x € L} contains a nonzero two-sided ideal
of R.

Generally speaking, when dealing with Lie ideals it is more natural to
consider Lie derivations instead of ordinary ones. It seems that the main
reason for considering just ordinary derivations sometimes was the hope
that for some Lie subrings of prime rings Lie derivations could be described
by means of ordinary derivations. As a matter of fact it was a problem of
Herstein posed in his 1961 AMS Hour Talk!%.

This problem has been carried forward mainly by Martindale and
some of his students,!'822252% Recently it was solved by Bresar'® for prime
rings, by Beidar and Chebotar' for Lie ideals of prime rings, by Swain'®”
for skew-symmetric elements, and by Beidar, Bresar, Chebotar and Mar-
tindale®® for Lie ideals of skew-symmetric elements provided that the rings
involved were of sufficiently high dimension. We refer the reader to the
paper’®) where it was shown that this restriction could be removed and
thereby Herstein’s problem was solved in full generality. A result from"
enables us to work with Lie derivations and to prove the following.

Corollary 4. Let R be a prime ring of characteristic not 2 or 3 and L a
noncentral Lie ideal of R. If § is a noncentral Lie derivation of L, then the
additive subgroup generated by the subset {[x° x] | x € L} contains a non-
central Lie ideal of R.

2 PROOF OF THEOREM 2

Our first aim is to reduce the problem to the case of inner derivations.
Recall that a derivation d = ad(a) for a € R is called the inner derivation of
Rinduced by aif x? = [x,a] = xa — ax for all x € R. For additive subgroups
A and B of R let (4, B] be the additive subgroup of R generated by all
commutators [a,b], a€ A, b € B.

Lemma 5. Let R be a prime ring of characteristic not 2 and L a noncentral Lie
ideal of R. Let D be a nonzero derivation of R. Then there exists a nonzero
inner derivation d = ad(a) of R induced by a € L such that
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LYC[L? L] and [L%L)C[LP L. (1) .
Proof. For any x,y,z € L we have
[°, ¥°), 2] = {[I¥", 2, ¥°1 + %P, [P, ]I} € [LP, L. 2)
Since
%, 51,4 = [I¥°,51°, 2] = [, 57, 4,
it follows from (2) that
(=" 1,2 € (L%, 1] 3)

for all x, y,z € L. Taking x € [[L, L], [L, L]] we have that x** € L?. In light
of 19 Lemma 2 (7 1) I []] is a noncentral Lie ideal of R, so there exists
b € [[L, L], {L, L]] such that D is not a central element in R by!20: Theorem 4]

Define d = ad(a) to be the nonzero inner derivation of R induced by
a=b" € L. Clearly y* = [y,b”"] € [L?, L] for all y € L and it follows from
(3) that

(y%z] € [LP,L] forally,z€ L.

Thus we complete the proof.

Qur next result is somehow an approximation of Theorem 2.

Lemma 6. Let R be a prime ring of characteristic not 2, I a nonzero ideal of R
and L a noncentral Lie ideal of R. Let d be a nonzero derivation of R satisfying
R4 C L. Then any additive subgroup G of R containing both L? and I, L]
contains a noncentral Lie ideal of R.

Proof. Clearly

[yul = {[»u’ - [»u]} € G @)
for all y € L,u € I. It follows from (4) that for all u,»,w € I we have

[, w), 4] = {[[o", W], 1] + [[w, o], w¥] + [w", ], ]} € G.

By!?0 Theorem 1 there exists b € 1 such that b¥" is not a central element ‘
of R. Define h = ad(b?’) to be the nonzero derivation of / induced by b
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then [7#, 1] € G. By!'® Propesition 21 11k 1 contains a noncentral Lie ideal of 1.
Hence by!> Lemm2 1l there exists a nonzero ideal J of [ such that
[/,[] € [I*,]] C G. Thus G contains the noncentral Lie ideal [IJ7,]] of R.

We will consider two cases separately according to d* # 0 or d> = 0.
In the first case the proof relies heavily on Chuang’s theorem!'!),

Lemma 7. Let R be a prime ring of characteristic not 2 and L a noncentral Lie
ideal of R. If d is a derivation of R such that R®* C L and d> # 0, then [L% L]
contains a noncentral Lie ideal of R.

Proof. Note that
[, 31, 2) = {1,317, 2] + (14 2, %] + ([, x9), ) € (L9, L] ()

for all x,y,z € L. It follows from (5) that for x,y € L and u € R we have

[, x1, 5] = {[lu, x*"1%, y] — [[W?, x*"], 5]} € [L%, L. (6)

By!'!) there exists b € L such that ¢ is not a central element of R. Since
b¥ € L4 C L, the nonzero derivation 4 = ad(b?’) of R satisfies R* C L,
L* C (L% L] and [R* L] C [L? L)]. Then it follows from Lemma 6 that [L¢, L]
contains a noncentral Lie ideal of R.

The following result is due to Chuang and T.-K. Lee!'?. We include
here its proof for the sake of completeness. We refer the reader tol'! for the
definition and basic properties of Martindale symmetric quotient rings.

Lemma 8. Let R be a prime ring of characteristic not 2 with Martindale
symmetric quotient ring Q. Let I be a nonzero two-sided ideal of R and
O0#ae€ Q. Then the additive subgroup T of Q generated by the subset
{xay + yax | x,y € I} contains a nonzero two-sided ideal of R.

Proof. Choose a nonzero two-sided ideal J of R such that J + aJ C I. Then

2xayaz = [(xay)az + za(xay)] — [(zax)ay + ya(zax)]
+ [(yaz)ax + xa(yaz)l € T

for all x,y,z € J. That is, 2JaJaJ C T. Note that 2JaJaJ is a nonzero two-
sided ideal of R. Hence, the lemma is proved.
Now the case when d3 = 0 can be settled.

Lemma 9. Ler R be a prime ring of characteristic not 2 or 3 and L a non-
central Lie ideal of R. Let d = ad(a) with a € L be a nonzero derivation of R
satisfying d* = 0. Then any additive subgroup G of R containing both L? and
[L?, L} contains a noncentral Lie ideal of R.
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Proof. First note that ﬂ[x, [a,x]],a}, ul € [L9 L] for all x € R, u € L. Since
d3 =0, it follows from!®> ©°rollary 1 that there exists 4 € C, where C is the
center of the Martindale symmetric quotient ring of R, such that
(@a—4)? =0. Let b=a— 4; then [[[x, [b, x]], 5], 4] € [L? L], or equivalently
2[[xbx, b),u] € [L% L] for all x € R, u € L. Hence [[x(2b)y + y(2b)x, b],u] €
(L4, L] for all x,yc Ruc L, and it follows from Lemma 8 that
([v,a],u] = [[v,b),u] € [L? L] C G for all v € I, u € L, where I is a nonzero
two-sided ideal of R contained in the additive subgroup generated by the
subset {x(2a)y + y(2a)x | x,y € R}. Thus the additive subgroup G of R
contains both L4 and [/, L] and so by Lemma 6 contains a noncentral Lie
ideal of R.
We are now ready to prove Theorem 2.

Proof of Theorem 2. By Lemma 5 there exists a nonzero inner derivation
d = ad(a) with @ € L such that L¢ C [L?, L] and [L% L] C [L?,L]. Ifd? =0,
it follows from Lemma 9 that the additive subgroup [L?, L] of R contains a
noncentral Lie ideal of R. On the other hand, if d? # 0, it follows from
Lemma 7 that [L?, L], and a fortiori [L?, L], contains a noncentral Lie ideal
of R. Therefore the proof of Theorem 2 is complete.

3 PROOF OF THEOREM 1

We begin with the following auxiliary result.

Lemma 10. Let R be a prime ring and L a noncentral Lie ideal of R. Let d be a
nonzero derivation of R and H the additive subgroup of R generated by the
subset {[x% y] + [y%,x] | x,y € L}. Then

() 2{{lx, .zl + [, x|, )]} € H forall x,y,z€ L,
(ii) 4[x, [y, 2% € H forall x,y,z € [L, L)

Proof. By our definition

kN + e H (7)
for all x,y € L. Replacing y by [y, z], we have

x4, [y 2] + [y, 9%, %] € H, (8)

for all x,),Z € L. From [[y,Z]d, x] — [[y’ Z],X]d _ [[y’ z],xd] — [[y,z],x]d+
(x4, [y, 2]), it follows that

2, (7, 2] + ([, 2, %) € H.
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This relation together with similar ones
2% [zl + [l x), ) € H
and
214 ey + [x ¥, A" € H
yield
2{l, 2l + [ A + 2 eyl € H )

for all x,y,z € L, since [[y,z], x] + [[z,x],y] + [[x,¥],z] = 0. Comparing (9)
with (8) we obtain

2{[ydv [Z,X]] + [Zdv [x,y]] - [[yv z]d1 x]} €EH (10)
for all x,y,z € L. Observing that
[, [z, ®l) + (2%, [, )] = ([, 2%, 4]
= [yd’ [27 x]] + [zd’ [xvy]] + [xa [yr z]d]

=% [z, X)) + [x 2 2]+ [, ] + [x, [, 2]
= —[z,[x,»4] = [y, [ ] = [[x, 9, 2] + [[Z, %], 5],

we arrive at

2{[lx, 5, 2] + [, %), 5]} € H (11)

for all x,y,z € L, that is (i) is proved.
For u,v,w € [L, L], setting x = u?, y = v and z = w in (11), we get

2{[[#, v4], w] + [[w¥, u”'],v]} € H. (12)
Similarly,
2{[[v%, W, u] + [[u%, v, W]} € H (13)

and

2{[[w?, %), v) + [[v*, w4} € H (14)
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for all u, v, w € [L, L]. Subtracting (14) from the sum of (12) and (13), we get .
4[[u% v, w] € H for all u,v,w € [L, L]. The proof is thereby co glete

Next we consider two cases separately according as [Ld, Lg]® is central
or not, where Lo = [L, L].

Lemma 11. Let R be a prime ring of characteristic not 2 or 3 and L a non-
central Lie ideal of R. Let d be a nonzero derivation of R and H the additive
subgroup of R generated by the subset {[x% y] + [y%, x| | x,y € L}. If there
exist a,b € [L, L] such that [a® b%? is not a central element of R, then H
contains a noncentral Lie ideal of R.

Proof. By Lemma 10(i) we have 2{[[x, [a¢, b9, y] + [[}’ x],[@ b9} e H
for all x,y € [L, L]. By Lemma 10(ii) we have 4[[y? x|, [a? b‘j] € H and so
4{[x, [a%, bd] ¥l € H for all x,y € [L,L]. Let h = ad(4[a" b"] then 4 is a
nonZero derivation of R. Since [L, L] is a noncentral Lie 1deal of R and
(L, L}",[L, L] C H, it follows from Theorem 2 that [[L,L]* [L,L]], and a
fortiori H, contains a noncentral Lie ideal of R.
To prove the following Lemma 12 we will need the concept of X-inner
derivations (see!! for details).

Lemma 12. Let R be a prime ring of characteristic not 2 or 3 and L a non-
central Lie ideal of R. Let d be a nonzero derivation of R and H the additive
subgroup of R generated by the subset {[x% y] + [¥% x] | x,y € L}. Suppose
that [x* ,y4|% is a central element of R for all x Y € [L,L). Then H contains a
noncentral Lie ideal of R.

Proof. First note that Ly=[L,L] is a noncentral Lie ideal of R. By
assumption we have [ ,,Vd] + [x4 yd l z] = 0forall x,y,z € Ly. If dis not
an X-inner derivatxon it follows from[ 1, Theorem 1] that [[x, y] + [u,v],2] = 0
for all x,y,z,u,v € [R, R], and so [[x,y],z] = 0 for all x,y,z € [R, R] which
would yield the commutativity of the ring R, a contradiction. Hence d is an
X-inner derivation and we have

Iy = [ 4+ 20, ] + [, ] = 0 (15)

for all x,y € Ly. Set Ly = [[Ly, Lo), [Lo, Lo]]; then L, is also a noncentral Lie
ideal of R. Note that (L;)¢' C Lo for all i =1,2,3. Since [x?,y] = [x, 9]
(mod H) for all x,y € L we have

4 = 2,y = ¥, 5] (mod H) (16)
for all x,y € L;. It follows from (15) and (16) that
4x” y = 4x? ) = 4[4, 3’} =0 (mod H) (17)




- A

' . ﬁ MARCEL DEKKER, INC. ¢ 270 MADISON AVENUE « NEW YORK, NY 10016

™
©2002 Marcel Dekker, Inc. All rights reserved. This material may not be used or reproduced in any form without the express written permission of Marcel Dekker, Inc.

NOTE ON PRIME RINGS 5019

and so by (17)
4[x* y| = 4[x*”,») =0 (mod H) (18)

for all x,y € L;. Since [x,y]* = [x', ] + 3[x*, 4] + 3[x**, 3] + x4, 5],
it follows from (17) and (18) that

4x% 3 =0 (mod H) (19)

for all x,y € L,. By Theorem 2 there is a noncentral Lie ideal L, of R which
is contained in the addltlye subgroup of R generated by {4[x,y] | x,y € L,}.
Thus L, C L; and (L,)* C H. Hence,

[x )" =0 (mod H) (20)

for all x,y € L,. Clearly x, 7% =[x,y +3[x¥ y“] +3[x“ ¥+ [x, »%).
Observing that [x¥’,y] = [x" ¥ [xd = Jx, '] (mod H) for all
x,y € L, we obtain by (20) that 8[xd ,y] = 8[x4 ,y‘] = 8[x4, 4 l 0 (mod
H) for all x,y € L,. Since [x?, y] = ¥,y + 20 A + [, 4] we get

8[x%,y]“ =0 (modH) 1)

for all x,y € L,. By Theorem 2 there is a noncentral Lie ideal L3 of R which
is contained in the addmye subgroup of R generated by {8[x4,y] | x,y € L,}.
Thus L3 C L, and (L3)? C H. Hence,

[x, y]"’2 =0 (modH) (22)

for all x,y € Ls. Clearly [x, y] = [x?,y] + 2[x%, 4] + [x,*"]. Observing
that [ Yyl =[x, y4 = [x,3"] (mod H) for all x,y € L3, we get by (22) that
4[x%*,y] = 4[x4, 1] = 0 (mod H) for all x,y € L. Since [x%,y]* = [x**, y4|+
[x4, ¥4, we get

4x%,y]Y=0 (mod H) (23)

for all x,y € L3. By Theorem 2 there is a noncentral Lie ideal L4 of R which
is contained in the additive subgroup of R generated by
{4[x%,y] | x,y € L3}. Thus Ly C L3 and (L4)? € H. Hence,

[x,)=0 (mod H) (24)
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for all x,y € Lq. Since [x%y] = [x, 9] (mod H) for all x,y € Lq it follows
from (24) that 2[x¢,y] = 0 (mod H), that is, 2[x? y| € H for all x,y € La.
Thus Theorem 2 completes the proof.

It is then obvious that Theorem 1 follows immediately from
Lemmas 11 and 12.

Proof of Corollary 4. Note that [L, L] is a noncentral Lie ideal of R. Let C be
the center of the Martindale symmetric quotient ring of R. Denote by (L)
the subring of R generated by L. By!> €°r!2% 141 there exists a derivation
d:(L) — (L)C + C such that x* = x? for all x € [L, L]. Clearly, ([L,L])* C
([L, L][). Note that ([L, L]) is both a noncentral subring and a Lie ideal of R,
so by!!> Lemma L3144 contains a nonzero ideal I of R. It follows from
Theorem 1 that the additive subgroup of R generated by subset
{[x%,x] | x € [L, L]} contains a noncentral Lie ideal of ([L, L]). Therefore it
contains a noncentral Lie ideal of R. The proof is then complete.
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