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41, Introduction

In this article, we discuss the convergency of the fuzzy space over Fz}(l) (i4]). In

section 2, we stated the pseudo fuzzy vector spoce SFR over F;} (1) as the following:

From two points P = (21, 2 ... 20y and Q@ = (40, ¢@ ... 47)) on R™. we
have the crisp vector P_é: (yh — ) @ _ gl vy — 28y And the two
level 1 fuzzy points ﬁé be P = (2D, 2. )y, Q= (y, 42 o yI™) in

F"(l‘\w{ {1) a J .1a(n)|\j'(a(1]3a'[2):...,a‘(ﬂ))ER”‘}_

There is an one-one onto mapping P = (xM 2@ ... 2iv) P =
. —
('), 2D ... z™);. Therefore for the crisp vector PQ= (yiV — z{U 4@ _

,}"(2:} ______ y{n] _ x(‘ﬂ))l = é @}3

Let the family of the fuzzy sets on R”™ satisfying the definitions of convex and normal
be F.. Obviously, £} (1) C F.. If X.Y € F,, define the fuzzy vector XY =Y = X.
Let SFR = {ﬁ’ XY € F.}. Then we have the pseudo fuzzy vector spoce over
FH1)(= a1|¥a € R} In section 3, we shall discuss the convergency of the fuzzy

vectors in SFR.



52, Preparation.

In {4]. we discussed the pseudo fuzzy vector space SFR over F]}{l}. In order
to discuss the convergence of the fuzzy vectors in SFR, we need to know some

definitions.

Definition 2.1. (1°) The fuzzy set A on R = (—oc, oc) is convex iff every ordinary set
Alo) = {z|pz(w) 2 a}Va € [0, 1] is convex. And hence A(a) is a closed interval
of K.

(2°) The fuzzy set A on R is normal iff gR pylz) =1

Next., we extend this definition to R™ by saying the membership function of the
fugzy set D on R™ is psl(z, ot ™) e [0,1]V (D, 202 ... z2{?)) € R™,
Definition 2.2. The a - cut (0 < o < 1) of the fuzzy set D on R™ is defined by
D(Q) = {{37(1],.‘17[2), S .'L'(n:]) ‘ ﬂﬁ(f(l],x(g), ‘e _T(")) Z a}

Definition 2.3. (1°) The fuzzy set D on R"™ is convex iff every ordinary set D{a) =
({0, 22, i) |,u5(_:c{l), 22,z > a}Va € [0,1] is convex closed subset

of R™.
(2°) The fuzzy set D is normal iff Vo pﬁ(:r(l},:c[?:', gty =1
‘ (xi1?, {2 .gin))ERn

Let the family of the fuzzy sets on R” satisfying the Definition 2.3 (1°), {2°) be F..

Definition 2.4. { Pu and Liu [3] ) The fuzzy set ao(0 < o < 1) on R is called a level
o fuzzy point on R if its membership function i, (x) is
&, r=a

fa, ($) = {[]1 T 75 a (1)

Let the family of all level o fuzzy points on K be F,gl}(a) ={ax|Vee R},0<a <1

Definion 2.5 We call the fuzzy set ol?,af?, ... 2™, (0 < e < 1). A level o fuzzy
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point on R” if its membership function is

lu‘(a"l).a-(?";--.a'—”-‘}n l:_q';[l) 1‘(2}, e, _.E{ﬂ])

3 {a, if (201,22, g0) = (a(V) o) ... gln]) (2)
0. elsewhere

Let the family of all level o fuzzy points on R® be
Fé”]('a) = {(a™, a® - a™ v AN o cdots,a™)) € R} o<a<i

and F;(,n} = J F;(,ﬂ)(a)

<<l

For each aq € Fy(a), regard oo = (a,a,- -, a)q as a special level o fuzzy point on
R™ degenerated from a level o fuzzy point (e, a(®. ... al™) with a{1) = o/® =

--- = @™}, Hence we have the following expression :

{a-‘ (.’E{l).’x(zl.‘"':ﬂ:(n)):{a,a,"'1a)

(1) (2 TR)h
Buar, (2@ 20 = 0, (&, 2@ ... 2N £ (a,a,- . a)

W (@, 22 Ly

Definition 2.6. For D € R®. call D,.0 < o < 1 a level @ domain on R™, if its

membership function is

i (1) 2] ... plm)
u.Da(m[lJ,x(‘E)’..“x(ﬂ)):{Cld-, if (z, 2@ ... zmye D .

0, if (zM,z® - 2y £ D

Let the family of all the level o fuzzy domain be FD* = {E, |VE C R"}, and let
the family od all subsets of R™ be P (R") = {E|VE C R"}.

Then there is an one to one mapping r between P (R") and FD*
EcP+nlEY=E,e FD*
{4]
B "NE) =E., ac[0,1]
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Siuce D € F.. the « -cut D{a)(0 < @ < 1) of D can be mapped to D{a),. Thus

we have the [ollowing decomposition principle:

For DeF., D= |J Dla),

ag0.1] (5')
From Kaufiann and Gupta [2], we have for D, E C B™. ke R,
D(+)E ={(z) ~ 3 2@ 4 4@ . ) | o) N
v{x(l}’ 2o ; x(ﬂ)) £ D, (y[lll_‘ y(Z)_‘ e ?y(ﬂ)} € E} (o)
D(-)E ={(z'V — yib) @ _ g o pn) _ y | |
vt 2 L =™ e p, IRRT ™My e E)} 7
k(D = {{kx(l),k:ﬁ@)’ . km(nl) Izl 202 . .1)[(11-}) € D} (8)

From (4) - (8}, and the definition of the & - cut, we have :
The o ~ cut of D(+)E is D(a) + B(e), D&BE= U (D(@)(+)E(@))a  (9)

The o — cut of D{—)E is D{a) ~ E(«), DeB= U (D(a)(=)E(a)), (10)
The @ - cut of k; © wtD is k()D(a), k, @D =, .U (k(-)D(e))s (11)

In the crisp case on R™, we can consider the n - dimensional vector space E™ over

R

Let P = (P(lj‘p{2)‘p(n‘})~ Q o (q(1}1q(2}1..-,q(ﬂ))’ A — (a{l)-‘a{2)-‘...1a(n))1
B= (M b2 .. pmy e BN LeR

—_— — — —
Define the crisp vectors PQ, AB 4+ PQ and k- P} as follows:

PQ= (q(l) _ptl)_‘qﬂ] _p(2]1 ...,q(ﬂ) ._p[n}) = Q(—}P (12)
oL o 1 1 1) (2 2 2 2
AB + PQ= (b1 4 gl — g1 _ p(D 53) 4 o) _ @) _ 2 |
, (13)
...... N ORRPALO N (O pl™

5



ke PO= (kgD = gD kg® — k@ ... kg™ — kg™ (14)

Let O = (0.0.---,0) € R*, OP= (V) p?, ... pt™)), OO= (0,0,---,0). And let
E o= g - p) g2 —p2) . g(n) () | forallP,Q € R™}. This is the family
of all level 1 fuzzy point on R. There is an one - one onto mapping between the
point ¢, a2, ... ™) on R® and the level 1 fuzzy point (a(”,a(z},---,anjl on
Fr(1)

g (a(l), al? ... ,a(ﬂ)) c R" <—>p((a(1},a(2}, co a{nJ))

= (a®,a®, ... o)y € FP (1) =
A A p
Let P = (p1 p®) .. p)y, Q = (¢W.q®),-- ¢, € FP(1). From (12), (15)
we have the following definition:
—

PQ= (g~ pM, B = p® . g N = Q- P (16)

Let FE" = {15@ YP,Q ¢ £7(1)}. From (12) and (16}, we have the one - one onto

MAPPIng:
PO= (g1 — p ¢ _ gD . o) _ plm)y
s p(PO= (¢ — pV) ¢ — p@ ... g) _pl)y e FE7
and
4B - PQ

= (B 4 1) — g1 — !V 3 4 g2 (B 3 b gin) ) ph
—
(B2 4 gt — gt — p(1) p(2 g o —p@ L Bl g aln) — plndy
— —
=AB @ PQ
— .
ke PQ= (kq'V — kp't kgl — p2ho kg™ — p™)
—_—
— (kg't) — Eptlt kg® — p® . kgt — p'"); = k10 PQ
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Therefore FE™ = {}3@ I¥P.Q € F7(1}} is a vector space over Fi'(1) in fuzzy sense.

In 4], we further extend FE™:

— —

For X.Y € F.. define XY=Y & X and call X} a fuzzy vector. Let SR = {)?f

|¥X.Y € F.}. We proved the following properties hold in [4].

—_

e e

Property 2.1. For XY, WZe SFR,

—_—  —

XY=WZif¥YaoX

[
2
—

Property 2.2. For XY.WZe SFR, k€ R,
— — —
(1°) XY @ WZ=AB, where A= X & ﬁ”',é —YaoZ
— —
(2°) ky© XY=CD, where C = k10X, D=k, OY,

- — —

Property 2.3 Far XY WZ UVe SFR. k,teR

~ —

W

fl

o . T e
(1°} XY sWz=W7ge XY
pad . o - P ==
(2 (XY @ WHa UV=XY & (WZ o UV)
(3°y XY @ 00 =XV
(4°) k1 & (tch ) = (kt}ldXY
— — T

= (k1@ XY)& (k1G W2Z)

3
i
O

l azzl
=
@
=
5;

—

(6°) 1& XY =XY where OO= (0,0,---,0);

In SFR. the followings do not hold.

_:._) —P

{7°) For X}’E SFR. and XY+ OO, there exists (#OO) € SFR such that

e e A
XY ¢ WZ =00

(8°) (k+ )10 XY) = (2,0 XY)8 (O XY)

From Property 2.3, we know that SFR satisfies all the conditions that vector space



required except (7°) and {8%). Therefore in [4|, we called SFE, a pseudo fuzzy

vector space over F (1),

Examnple 2.1. A moving station carrying a missle on it, This car left from point
P = {2.3) passing through point @ = (4,6) arrived at £ = (8,9). and aiming at
the target Z = (100, 200). As we can see the missle usually falls in the vicinity of

Z. say Z instead of hitting at Z exactly.
Let the membership function of Z is

;J,E(;E“-). 3?{2))

£(25 — (21 - 100)2 — (z® - 200)%), if (2 — 100)* + (=@ —200)?) < 25

0. elsewhere
Let the level 1 fuzzy points P = (2,5)1. Q = (4.6)1, R = (8,9);. We have the fuzzy
routes
P—Q—R—Z
— - -

and hence the fuzzy vectors Igé: (2,1), QR= (4,3, RZ= Z & ﬁ, PZ=
Y

Z o P. By extension theory, the membership function function of RZ=Zo R
is o= (211, 2(¥) = sup pr(ulV u®) A pp (v, o)
RZE zlJ}zv\'J]—uf—-"’-’.jil,?

= }LEI:E(-“ + 8,22 4 9)
125 — (2 —92)% - (20 —191)%), if (V) - 92)% + (2 - 191)%) < 25

., elsewhere

Similarly.
s (210, 22)
Pz

(25 — (21 - 98)% — (2~ 195)), if (201 — 98)2 + (2(3) —195)%) < 25
Q. elsewhere
(17)

Let § = (98.202). It is clearly that (98,202) is within the circle with center
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{100.200). radius 5. The crisp vector start with the point P = (2,5). and end
at S = {98,202) is J?’SE {96,197). Its grade of membership in PZ from (17) is
P57 196.197) = 5(25% — 22 — 2%) = 0.68. Let the aim is 7 = (100.200). The crisp
vector beginning at P = (2.5) and aiming at T = (100, 200} is }_7_1}“2 (98.193). Its

—t

grade of membership in PZ again from (17) 1s pe55(98,195) = 3= (25— 02— 0%) = 1.

Example 2.2. In a shooting practice, let C = ((10,30),1+ 2) = {(=,y) | (z — 10)% ~
(y — 3012 < {1+ %)2} Always shooting at (1,2), and aiming at Z = (10, 30). The
first time. bullet was falling in C((10,30).2(= 1+ 1}). The second time was falling
in €'((10.30).1 + 3). The m-th time was falling in C((10,30).1 + L), In other
words, the bullet was more and more closed to C{(10,30), 1), that is. more and
H10T€ aCCUracy.

Let the fuzzy aim be Zim. its membership function is B
ol )% — {2 =101 — (y = 30)%), if (x ~ 10)% + (y — 30)% < (1 + %)?

0, elsewhere
= ~
Thus we have the m-th fuzzy vector QZ,.m = 1,2,---, where @ = (1,2); In the
next section. we shall discuss the convergency of the fuzzy vectors in SFR and find
_}
out the himit fuzzy vector lim QZ,,.

Te— O

13, The convergency of the vectors in SF'R.

Before we try to investigate the convergency of the fuzzy vectors in SF R, we first

define the following open set in B™ and discuss some properties 3.1 - 3.10. Let

()((a(l,U. a(LE))’ . (a(ﬂ‘l}, a(ﬂ‘z}))
= {{:f:(l}__m(z}!. .. :m(n)) l ERS! < 33(j] < a{j,2]?j =1,2,. n}

9



From ( 6 ) - (8), we have
()((a{l‘l)‘ a{l‘zl)’ . (a[null_‘a(-ntz]))(_i_]()((b(l.l}, 5{1.2}) —_ (b(’“l:', b(n,z}))

= {(z, 2B ... 2lnh | 200 = g) £ () g0 o pld) o 82
o (18)
= Ot 4 p( 1) 0102 B2 L (gl opnd) g(n2) bnﬂ)])
()[( (1.1) a(l,?})r_ i ( (n,1} a(n 2} }( ] bl’_l 1) b (1, 2]) ,(b(n,ljﬂb[n,Z])}
- {(z{l)__ 22 .‘z(ﬂ}'} | 2 = g ) 1) 20 o gt 2)
(19)
B < ) < B 5 =1,2,- 0}
— ()((a.{l‘” —pihy L(n2) b(1=2}), ...... , (a[ﬂ-ll _ plmd) glm2) _ bn-zll))

Hi>0
{(30((a {11} (1\21)“ — (a_(n-,l)’ a_{m?)))
= (DB ) 2 ) U ) gD 512 ) (20)
= O({ka'tV  Eatt2y, o (ka!™ ) kal™2)
It k<0,
O o2y L (ol g(m2yy
= {(z(l],z[?)‘...fz(n)) 1208 = fgpB) qUL < ) o gl j=12--n} {21}
= O{{ke'tD kalt ), Aka'™ D gal™1y)
Let B = {O{(a' 1, o120, ... a(™) gln) |yaldl) < gli2) 1) a0 ¢
Rji=12-,n0<a<l}
Let. 8* be the family of fuzzy sets in B or any arbitrary unions of these fuzzy sets.
Remark 3.1. Any intersection of two fuzzy sets in B belongs to 8. And when twa

fuzzy sets in B have no intersection, we called their intersection §.
Let F' = F}' U F.U B. In order to consider the problem of convergency, we first
consider the topology for F.

10



Definition 3.1. Q € F is an open fuzzy set iff for each (z(1, 22 ... 20)), C Q.
there exists O € B such that (M, 2 ... 2"y, ¢ O C Q. Let TF be the family
of all open fuzzy sets satisfying Definition 3.1. Obviously, B* C T. Definition 3.2
(Chang 1]). T is a family of fuzzy sets in the space X satisfying the following :
(1*) P X e T,
(2°} ABcT. then ANBeT.
(37} »IJ € T.4 € I (any index set), then |J ;‘;J- € T. T is called fuzzy topology for
jeI

X. And (X.T) is called fuzzy topological space {abbreviate as fts ).

Property 3.1. T is a fuzzy topology for R, (R",Tr) is a fuzzy topological sets in

B™ are restricted in F.
Proof.
(1°) Tt is obvious that R™ € Tr, Definition 3.2 (1°) is fulfilled.

(2°) For D, E € Tp, and (2,22, ... zl™)), C DNE, we have (1, &) ... zln)y,
C D, and (2, 2820 2, C E. From Definition 3.1 , there exist f, JeB
such that (z'V, 2 ... 20, C Ic D and (289,23 ... o, C JcE.
Therefore (xV), 2 ... x™), c InJ. Hence INJ C DNE. Thus DNE € Tp.

Definition 3.2 (2°) is fulfilled.

(3°) For fjj € Tr.j € 1, and each (), 212 ... xmh, cU ﬁj, there exists m & /
JES
such that (:::(1],3:[23,---,37':“)}a C D,,. By Definition 3.1, there is an J € B
such that ({0,202, ... 2, C Jc Dn ,53.- C Tg. Thus Definition
Jjel
{3°) is is fulfilled.
Hence from Definition 3.2, Tr is a fuzzy topology for R™, and (R",Tr) is a fuzzy

topological space. i.e., If we set X = R™, T = Tp in Definition 3.2, then Definition

11



3.2 holds. Therefore Definition 3.3, Definition 3.4 and Property 3.2 can all be

applied.

Definition 3.3 {Chang [1]}, Definition 3.2) A fuzzy set U in a fts (X, T) is a neigh-

borhool of a fuzzy set A iff there exists fuzzy set O €T suvhthat AC O CU.

Definition 3.4 (Chang [1], Definition 3). If a sequence of fuzzy sets {Ag,n=1,2,-}
is in a fts (X, T), then we say this sequence converges to a fuzzy set A iff it s
eventually contained in each neighborhood of A {l.e., if B is any neighborhood of

A there is a positive integer me such that whenever n > m, 4,, C E}

Property 3.2. {ﬁn} is an increasing fuzzy sets, A C Ay C e C A and
him ;‘LE (r(l} :L":Z), cee ${n]) — #K(iﬂ{l}\‘r(zj* e, x(ﬂ))? V(x(l)’m(zj.’ N ‘w(")) c R™.
Then the sequence Ap,n=1.2, - converges to A, denoted by lim A, = A

n—+20

Proof. Tt follows from Definition 3.4 easily.

Definition 3.5. U O{{e"{a),a'P{a)). - (a™D(a),at P () (€ TF) is a
ae(0.1]

neighborhood of d € F, iff for each « € [0, 1], there exixts O((a"Va), et (a)), -
('), a™2 (a))), € Bsuchthat D{a), C O((a(tV(a), a2 (a)), - {at™V(a),

a™ 2 o)),

Remark 3.1. From the Decomposition theory we can have D= U Dia)a C
ac[0.1]
0o (). aV (a)). - - (™M {a), at™P (a)))a € Tr. Hence we know Definition

3.5 holds by Definition 3.3.

Definition 3.6. In F., the sequence of fuzzy sets Dy = U Drla)e, £=1.2.-

ae[0,1]
ronverges to D= Do k = 1,2 - (e Fy) iff for each neighborhood
ag[0,1]
D= 1) O(arV(a)atD(a)). - (a™(a), a'™2)(a))),, there exists a natural

(xE[(),l} .
number m such that whenever k > m. Di{ar)a € O((@t P {a),aM#(a)), - (a1,

12



al™2 (v])) . denoted by lim Dy = D.
k—roc

Since I ¢ R, and D,(€ FD*) is one to one onto mapping , from Definition 3.6.

we can get the following:

Property 3.3. In F.. the sequence of fuzzy sets Dy = ) Dela)a. k=12

_ ac[0.1]
converges to D = |J D{a), il for each o« € [0,1] and every neighborhood
a£(0,1]
O((atb1 g2y o (gtnl) gtn20) ) of D(a)g, there exists natural number m such

that whenever & > m, Dy{a), € O{(aBV a™D), ... (almD a2)), iff for each
a € [0.1] and every neighborhood O{(al'1,a*3}, - (alV) a(m2)), there exists

sn such that whenever k > m, Dy{a) C O((a®D, o2, ... (al™b) gl ),
The convergency of fuzzy vectors need the following:

Property 3.4. For each o € [0, 1], the a -cut Di(a). Bpla). b =1,2, -, mof D, Ex

in F, satisfies the following:

[:16) (D;( ( )Ek{a)) “‘Dk(a)a@Ek(a)a

(2°) (Di{a)(=)Ei{e))a = Dela)a © Exla)o
(3%} For each a - cut of |J ™ [Dy S Erplis U™ [Di(+)Ex]
k=1 k=1
) (U™ (Dila){(+)Ep(a)))a =k!1m (D (@){+)Ex(a))a

k=1 =
:&_L_J " (Dxla)a ® Brla)a) = (U ™ Dule)a) & (U™ Del@)o)

-2 Um Dy ED=(U"Duae (U™ Ex)
k=1 k=1 k=1

(4°) The « - cut of |J i (ﬁk o Ek)(,, is U™ [ﬁk(—)ﬁk]
k=1 k=1

(47— 1) (AL_J " (Do) (=) Ep(2)))a :kL_Jlm (Dr(@)(—)Ex{a))a

U (D)o © Beloda) = (U™ Delaa) & (U " Dule)o)

13



€° -2y U™ (DwoEd=(U™Dye (U™ Er)
k=

k=1 k=1 1
Proof.
(1°)
1D, () & By () {z(l]‘ 22 z[ﬂ})
= Sup HD, (o). ('3:(1}1 xfﬂ], . $(n)}
2 =ty la)) §=1.2,- -0
A .U'E;..[a]o.{y{l): g2 ‘y(n))
= sup ﬂDk{a)a(m[l']~${2}e"'sm{n})
;I;I:I:“:rlz:l‘...‘x':fl_l
A LE, (o) (2(1} . m(ll,z(z} B s x(ﬂ))
—a, if (xP,x@ ... x%) e Dy(a) and
(201 — (D (2 22 2 Pl e B (o)
—a, if (V.22 ... 2" e Di(a)(+)Ex{a)
Dt B (e (2 2 2 () B My e R
Q.E.D.

(2°) Similar as {1°)

(31 Let Sy = Dy @ Ej,. from (9). we have |J

k=1

U™ U (Due) () Bl

k=1 we[0,1]
= U U™ (Drla)(+)Erla))a

as0,i]k=1
Therefore, the a - cut of |J ™ (Dy(a) @ Eo=U"™ 5 is

k=1 k=1

U™ Sila) =U"™ (Dela)(+) Ex(a)
k=1 k=1

{3° — 1) For cach o € [0,1], the subset |J™ Si(e) of R™ corresponds to the fuzzy set
k=1

U™ Skla)a = (AU " (Do) (+) Br(@))a
k=1 b=1
We first prove

(U" SeteNa=(J" Sel@a 22)
k=1 k=1

14



o m Sl {.z{-l}' z(ij]' Ty z(ﬂ)} :kvlm p"Sk(Q’}u (Z(I}ﬂ z(?j, T z(n])
k=1 =

=, if {z[]].z[gj.---,z[“)} € Sk(e) for some ke {1,2,--- m}
=a, if (21 2B, .. 4l € U ™ Sla)

=i nsh(m}n(z{l):z@}ﬂ...Tz(n-)) % (z(l)_.zlfz]‘..._.z(n)) c R™

Therefore ( L_J k())a U Sk(a) o
Hence (U ™ (Dg(a)(+ ( a)))a = U " (De(e) (+)Er(a))a
For each o € [0. 1], and each %, (1°} holds. Therefore

9" (Di(@)(+)Ex(@))a =,U ™ (Difa)a ® Bx(a)a)
Finally, we shall prove

kL;l.;n (Dk(a)a o E}c(a]u) :kglm (Dk(a)a)@' kglm {Ek(a’)a)

B U (D (@)ag By (m) ) (21, 23 200

(1 2
=Y D (@B (e, (21 21T )

1 2 [
= sup ﬂ'Dk(a]a{m( ]‘x( J.‘,_.,xlﬂ-})
= =gl pylddg=1.2,... 1

A ﬂEk(a)a (y(l}! y(z}ﬂ Y y{n])

—ym o (2 D) L@ @) ey (n)
= o (nj)[,upm)uh ¥ y ¥

A g e (L R )

= Voo ey ka[c.)a{Zm —y't
yl]l.yl_z.ll...'y'.n_l) b1
A |u_ L mEk [CI‘JO- (y{lj y{z}- - ‘y{n})
k=1
= B0 " Dylada )@ U By (e, (21 2 () B iy e
=1 k=1
{(3° —2) By Decomposition Principle and (3° — 1), we have
LT (D@ E)=U™ U Dila)(+)Ex(a))a

k=1 ael0.1]
e el (o)) (23)
:ﬂ,EL[é} 8 [( U Dy CE)O, (kL=Jl Ek(a+a)]



Let Ai =™ ﬁ;ﬂ, é =™ E‘k
k=1 k=1

—

Feom (22, A(a), :}‘-Lélm ﬁk &)a: Blo), :J‘cL—Jlm Ek(a')o:: Vo e [U' 1]

E@E:%% Al)(H)B(@)la= U [Ala)q ® Bla),]
‘ - (24)

—

] [(kgl Dk(&')urJ b1

D
C
3
s
x
=
.

L,
a0,

—

From (23), (24}, we have

(2" De®E) = U (U™ Dela)a) ® (U™ (Belaa)

=L Pl e (" By

(47}, (4° —1). (4° — 2) can be proved similarly as (3°), (3° — 1), (3° — 2).

Property 3.5. ﬁg: el k=12 ,mqg#0Q

(1%} The o - cut of kL_JlT” (1 & D) is kL—Jlm {g(-) D))

29) L™ (4(@)Da{@)a = 01 & (U ™ Dyfada)

Sawmne way as the proof of Property 3.4.

Property 3.6. Bm,Em,ﬁ,E cF.m=12-and lim ﬁm = }5 limn Em = E,

WL CC mM—roh

then

(‘JD‘:' lilll (ﬁTfl 9 E’U’b)

I

D@ E=(lim (Dy)& lim (Ey)

Fr— 20 L 36 o
(2°) lim (D S Ep) = DS E = ( lim (D) & lim (£,
TEL—F T— o M —+ 0

(321 lim (1o D)=k &D =k o(lim (Dy)), k#0

TEL— OC

Proot.

(19} Since lim 5m = D, lim Em = E, by Property 3.3, for each a €

T —+DC m—+20

[0,1' and every ueighborhood O({a'LY) alt2)), ... (a1, at*21)) of D(a).

16



there exists a natural number m‘Y such that when & > il Dyla)

O({atH 2y o (@l alm2))) 0 Also every neighborhood O( (b1, pil-2)y,
- (b1 BUm20Y) of E(«), there exists a natural number m{? such that when
k>t Eyla) O((pLLY B2y .. ,{b[n,l),b(nﬂ}])_

Let m = max{m'Y, m{2)}, Then for each a € [0.1] , when & > m. by (18) we

have Dyp{e)(+)Ey () C O((altt) 4 plL1 glL2) 4 12y Lo .

(@l ld 4 pind) pln2) | b{"'=2)})(e Tr) and

O{ah 4 pll) g(12) 4 6(1'2)), ...... (D) 4 pn) o2y 4 b(n‘Z))) is the

neighborhood of D(a)(+)E;x}. By Decomposition Principle,

Dy®Ep= U . [Di{e) + Exl{a)) o

xE]J0,
DaE= U [Dla)+ Ela)),
e [0.1] _ _ _
Hence by Property 3.3, we have lim D, & FE,, = D& E.
mM—00

{2°) and (3°) can be proved the same way as 1°).

Property 3.7. ﬁk,Ekj ]5., Ec Fo.k=1,2,--+and lim p 5 (;c{l), i ... ,zimh
- T— 00 k';_—_Jl [3

N S RN R 1) AV TR 2 ) = (D) @) L pimy,
pplatthoetBl o ptnhy, n‘}g)lécﬂulmE (1), 242 ,.i )= gzttt 22, sty
Pt 2 gy e gy unp, C D,y omg, CF ¥Ym=12, - then
k=1 k=1
(1°) lim U™ (Dy@E)=DeE=(lim U™Dy)e(lim U™ E)
m—oo k=1 m—+230 k=1 m—o0 k=1

(2°) lim U™ (DpeE)=DoE=(lim U™Dy)e(lim U™ E))
o0 k=1 m—oc k=1 m—oc k=1

{3°) When g #£0. lim U™ (& Dyl =g @D,

) m—oc k=1

Proof.

Llo) Since ﬁ]_ C f)] Uf)g (G Ckl:—Jlm f)k ... Q .5 and

" Hence by Property 3.2, we have lim U ™ Dk =D

m—=oc =1

17



Similarly, lim U ™ E;‘; = F

m—oc =1

By Property 3.4 (3° — 2,

UM (D& E) = ka;ll D) & {kgl Ey).

From Property 3.6 (1°).

lig U™ {fjg @'Ek) ={lim wu™ (ﬁk] EB'( lim uw™ (E‘k)

m—2c k=1 m—oc k=1 m—o0 k=1
1293, (3%) can be proved as (1°}.

Next. we shall discuss the convergency of the fuzzy vectors in SFA.

Property 3.8. For ﬁm. E’m, ﬁ Ec Fom=12 - HIm f?m = 5, lim E,, = E.
_ m—20 T— OO .,

Then the fuzzy vectors E'mf?m,m =1,2,..., converges to the fuzzy vectors ED.

— —

Proof. Since E’?nﬁm: f)m & E‘m, ED= Do E. Then by Property 3.6 (2°) .
_}

—_

lim £, [h,= D& E ED.

Frd— X

Property 3.9. ﬁkg’kf)g’ cF.: k=124 Let @m :kL—J}_m Di. S, :kl“illm B

e (D g2 )y = (1) () L gl
ml_gl_flx;'Q..l(‘r R AR N A pLD(:( Lyt ety

i gz AR BPTALL ) I ;J.E(:r.m, 22yt 2 gy e g
Wi — D w

- - — i
(. C D. 5, C E. The sequence of fuzzy vectors S0y, m = 1,2.--- converges

—3

to the fuzzy vextor ED.

Proof. Similar as Property 3.7, we have

Ihn ™ f);c = D, and

i— 0 =1

i ™ £, = E By Property 3.6 {2°)
L — O };::l—} . N ~ _ :_L
Hi Sphe=(lm L™ Do { hm U™E)=D0FE=ED
rr— O m—oe k=1 m—oc k=1

Property 3.10. Iﬁjm‘k, Emk, B;,,Ek e Fom=12-, k=12 -7 and for each

Ec{l.2.--,r}. lim E?k‘m = ﬁk._ limn ﬁk!m = ﬁk. g®) £ 0. k=1,2,--.7. The

I — T T —OC

18



}

secuence of the furzy vectors Y7 &( ql ' Em kDm;c) = 1.2, -, converges to
k=1

the fuzzy vector Z :’B(Q(M“ E‘kf)k)

Proof. Since Z fh }ﬁEm FrDmk, :z k}ﬁ ﬁm,kgévn,k)); m=12--
k=1 k=1
For cach £, by Property 3.6 (2°), lin D, x & Epnix = Dy & Ex. By Property 3.6
m—roc ’

(17}.(3°), we have

lm Y "s (qyﬂ O D SEn)) =" ® (qik] & (Dy © Ey))

Mmoo LT Fourt
=" 2 (Mo ByDy)
k=1
el
Example 3.1. Consider the fuzzy vector lim 7, in Example 2.2.
TL—3 00
g 2 a2 : 12 _ 2
Let psfa,y) = 4 L~ @ =107 = (g =30)° if (& = 10)* + (y — 30)° < 1
z 0. elsewhwew

We shall prove lim 2, = 2.

Since C({10.30), 1+21) C C((10,30), 1+ =15} and for any (z.y) € R?, the following

holds.
! L 1 ? 2
m[(lﬁ-m) —(z— 10) —{y—30) ] a - )2[(1+mﬁ 1) —(x—10)"—{y—-30)"

Therefore pz (z,y) < pg 71(:1:,.7;) ¥(z,y) € R? and hence 2y > Zy 3 <+ Zp, O

. > Z. And obviously, lim by {;c, oy} V(z,y) € R® Let 2' 7

= ﬂ'g(m )

be the complement fuzzy scts of Zm-Z respectively, We have lim bz (z.y) =

T4 D0

ps, (e y) ¥z, y) € R? and Z{ c Zc - C Z.,’,n_ C --- C Z'. By Property

32, lim Z+m' = Z'. Thus lim Zy = Z. Therefore from Propertu=y 3.8,

TrL—r 22T T —+ OO
—_ ~ gl
lim  |wtQZ,,=@Z. The membership function of QZ is
T O
pe—loy) = pzogle.y) = sup py M, &) A sy @)
Qz o pmall) gl y=gi2) _gi2)

= (g — _[1-(z-92 - (y-28)% i (z-9)%+(y-28)°<1
=#zle-Ly+2) = {U, elsewhere

19



Iu the crisp case. starting from @ = {1, 2), aiming at Z — (10, 30), we could have the

— —
vector QP = (9,28). The grade of membership of QP belongs to the fuzzy vector

—

QZ ix p—(9.28) = 1. And the point B = (9.5.29.5} is in the circle with center

QZ
(9.28) and radius 1. The crisp vector of Q to R. QR= (8.5,27.5). The grade of
—_
membership function of @Z is p-—{8.5,27.3) = 0.5,

QZ

20
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