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Mean Curvature Flow and Minimal Submanifolds of Higher Codimension
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One potential approach to the construction of special Lagrangians is the mean curvature
flow- as the negative gradient flow of the volume functional. Being Lagrangian in an
Einstein manifold is preserved under mean curvature flow when the solutions are smooth.
However, singularities may occur and we do not have long time existence of the solutions.
It is thus desirable to understand these singularities or find some weak formulation of mean
curvature flow, which allows the appearance of singularities.

Brakke flow is one of such generalizations. | made a lot of efforts in constructing
general solutions for Brakke flow in the Lagrangian category. In 2005, | came up with an
important observation that it is impossible to define generalized Lagrangian mean curvature
flow without any further restriction on the initial data. The observation is based on
Wolfson’s K3 example, on which exists no special Lagrangian.

Never the less in this project, we construct special eternal solutions for Lagrangian
Brakke flow without mass loss. Recall that an eternal solution is a solution that is defined
for all time. Our solutions are Hamiltonian stationary for every time slice and are
self-shrinkers for negative t, and self-expanders for positive t. The slice at time zero is a
Hamiltonian stationary cone. In dimension two, the results resolve pairs of Schoen-Wolfson
cones and can show that only C_{2,1} is infinitesimal volume minimizing. It is conjectured
that only C_{2,1} cone is volume minimizing. The importance of the problem is that it
determines the cone singularities of Lagrangian minimizers. Our result is the first one that
can distinguish C_{2,1} cone from all other cones. Recall that Schoen-Wolfson cones occur
as the cone singularities in Schoen and Wolfson’s study on Lagrangian minimizers and can
be considered as the obstructions to the existence of special Lagrangians.

We also generalize the results to higher dimension and in particular obtain higher
dimensional Hamiltonian stationary cones with different topology, which generalize 2-d
Schoen-Wolfson cones. Other eternal solutions to Lagrangian Brakke flow without mass
loss, which are not necessarily Hamiltonian stationary, are also constructed.

At the same time, | make a lot of efforts on international cooperation and training
students. The above mentioned results are done with M.T. Wang from Columbia University.
Other important and interesting examples on self-similar and translating solutions are
constructed in a joint work with D. Joyce from Oxford University and M.P. Tsui from
University of Toledo. Currently, 1 just start a new joint project with R. Schoen in Stanford
University. Except strengthening these already exist cooperation, | also hope to develop
closer connections with other mathematicians, like A. Neves, M. Harskins, N. Lei, and J.
Wolfson.



A few regular student seminars are arranged. One is mainly on general relativity, one on
Ricci flow, and one studying the book by Schoen and Yau. We also plan to go through the
literature on mean curvature flow. It is a great pleasure to see the progress and devoting of
the students. Some activities take place without me. Because of the time constrain, they
sometimes meet in the late evening, and once even met at 6 am in the morning to seminar
geometric measure theory. | also organize a weekly geometry seminar, which is usually on
Tuesday afternoon. Last summer, we organize one international conference on geometric
analysis. We will host “the Ninth Pacific Rim Geometry Conference” this December. |
sincerely wish that with these efforts, another research team can be formed in the near
future and we have more cooperation within Asia and worldwise.
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