A NEW FORMULATION FOR CERTAIN INTERFACE PROBLEMS
IN POLAR COORDINATES AND APPLICATIONS*
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Abstract. In this paper, numerical methods are proposed for some interface problems in polar
or Cartesian coordinates. The new methods are based on a formulation that transforms the interface
problem with a non-smooth or discontinuous solution to a problem with a smooth solution. The
new formulation leads to a simple second order finite difference scheme for the partial differential
equation and a new interpolation scheme for the normal derivative of the solution. In conjunction
with the fast immersed interface method, a fast Poisson solver has been developed for the interface
problems with piecewise constant but discontinuous coefficient using the new formulation in polar
coordinates system.
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1. Introduction. Our original motivation of the paper is to solve certain elliptic
interface problems defined in a disk using polar coordinates. To this purpose, we
consider two types of interface problems.

1.1. Interface problem A. The Poisson equation with discontinuities and sin-
gularities:

Au(x) = f(x), xe€R-T,

u(x) = up(x), on IR, (1)

where A is the Laplacian operator, R is a circular domain in two space dimensions,
OR is the boundary of R, I' € C? is a closed interface that does not pass the origin
within the domain R. Across the interface I, the jump conditions in the solution and
in the flux

[u]\XGF = w(s)7 [un}IXEF = ’U(S), w(s) € CQ(F)7 ’U(S) € CQ(F)7 (1'2)

are prescribed, where s is the arc-length parameter of the interface I', u,, = g—g =Vun
is the normal derivative of u, and n is the unit normal direction of I" pointing outward,
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see Fig. 1.1 for a geometric illustration. The jumps are defined as the difference of
the limiting values from two different sides of the interface, for example

= 1 — i (X)) —uT(X).
[Wxer = lim  u(x) = i u(x)T=1 et (X) - uT(X)

Across the interface, the source term f(x) can also have a discontinuity. We refer the
readers to [9, 10, 11] for more explanations on the jump conditions. In this paper,

Fic. 1.1. (a). A diagram of a circular domain R = Rt UR™ with an immersed interface I'(s).
The coefficients 3(x) may have a jump across the interface.

we use bold face of lower case letters such as x = (z,y), y, -+ to express points in
the domain R, and bold face of upper case letters such as X, Y, --- for points on the
interface I' unless stated otherwise. We use a Dirichlet boundary condition on R for
simplicity. Other boundary conditions can be treated using standard techniques.

1.2. Interface problem B. The elliptic equation with discontinuities and sin-
gularities:

V- (B(x)Vu(x)) = f(x), xeR-T,

(1.3)
u(x) = up(x), on IR,
where §(x) has a constant value in each sub-domain,
Bt ifxeR*
Bx)=9q - (1.4)
8- ifxeR™.
The jump conditions
[Wxer =w(s),  [Bun]xer =v(s), (1.5)

are prescribed along the interface I'.



Note that the Problem A is a special case of Problem B with 3= = g+ = 1.
Problem B can be written as a single partial differential equation (PDE) to include
the interface I' in the domain in the sense of distribution. For example, if w = 0, then
the problem (1.3)-(1.5) is well known to be equivalent to

V- (B(x)Vu(x)) = f(x) + /F v(s) da(x — X(s)) ds, w6)

u(x) = up(x), on IR,

where the equation is defined for all x € R including T, d3(x) is the two dimensional
Dirac delta function, see [10, 11] for the equivalence. The non-homogeneous jump in
the solution can also be incorporated as a double layer source distribution along the
interface I" in the potential theory.

1.3. Some applications of the interface problems and a brief review
of numerical methods. In the computation of micro-magnetics for ferromagnetic
materials, or electrostatics for macromolecules, the potential function can be model
as the solution of Interface problem A or B, see [5]. For a potential problems defined
on an infinite domain, usually a big circle or rectangle is used to divide the infinite
domain into two parts. If a circle is used in the separation, then the discussions in
this paper can be applied.

Equation (1.6), in which the interface conditions (1.5) with w = 0! is expressed
as a distribution using the Dirac Delta function, is the core of Peskin’s immersed
boundary (IB) method, see [18] for an overview. Numerically, the IB method uses a
discrete delta function to distribute the integral in (1.6) to the nearby grid points.
The IB method have been used for many applications, particularly in fluid mechanics
and mathematical biology. However, the IB method is known to be only first order
accurate. In this paper, we will propose second order accurate algorithms for the
interface problems A and B including the IB model (1.6), in polar coordinates.

The interface problems A and B probably can be solved with some efforts using
other methods as well, for example, finite element methods with a body fitted grid;
the first order (in the infinite norm) ghost fluid method (GFM) [15], which is simple to
implement with a symmetric linear system of equations; the second order finite differ-
ence methods based on integral equations [4, 16], the explicit jump immersed interface
[21], and a few others. We refer the readers to [13] for a brief discussion of different
methods. However, there are few discussions on how to apply these techniques to
problems in polar coordinates.

The immersed interface method (IIM) [9, 11, 13] has a number of advantages in
solving interface problems. However, the IIM method has not been directly applied to
the Poisson equation in polar coordinates because the equation (1.3) has non-constant
coeflicients in polar coordinates. The jump relations of the solution and its derivatives
are not as useful and informative in polar coordinates as the ones derived in [9, 11]
for Cartesian coordinates.

'In some of the literature, T' is called as an internal boundary, and (1.5) is called as internal
boundary conditions.



1.4. The contributions and the organization of the paper. In Section 2, a
new formulation that is based on the extension of the jump conditions (1.2) along the
normal lines is proposed. The new formulation transforms the interface problem A to a
problem with a smooth solution. Theoretical analysis is given for the new formulation.

In Section 3, a new numerical method that uses the new formulation introduced
in Section 2 is proposed. The method is second order accurate in the maximum norm.
The cost of the new method is about one call to a fast Poisson solver.

We should point out that the idea of extending the solution smoothly across the
interface is not new, see, for example, the description of the IIM method in terms of
extensions [3], the ghost fluid method [15] and maybe some others. The question is
how to do it correctly and accurately to obtain efficient and accurate algorithm. Our
proposed extension is particularly simple when the interface I' is implicitly defined by
a level set function. The strategy of the extension developed in this paper is unique
and distinct from other approaches. The numerical method developed from the jump
extension is simple and accurate for both the solution and the normal derivative.

In Section 4, we generalize the fast immersed interface method developed in [12]
for the interface problem B in polar coordinates. The iterative method utilizes the
new algorithm described in Section 3 as a fast Poisson solver. The iterative method
for piecewise constant coefficient is second order accurate and the number of iterations
is almost independent of the mesh size and the jump in the coefficient.

Numerical experiments and analysis are reported in Section 5.

2. A new formulation and extensions for the interface problem A. Let
us repeat the interface problem A below:

Au=f, xeR-T, [ulr = w(s). [un]r = v(s), @.1)
u(x) = up(x).
We assume that w € C?(I') and v € C?*(T).
Let o(x) be a real valued function such that
<0, ifxeR™,
px)¢ =0, ifxerl, (2.2)

>0, ifxeR™t.

We assume that p(x) € C3(R)? in the neighborhood of the interface I', which is
the zero level set p(x) = 0. Usually, the level set function is chosen as the signed
distance function from the interface, see [17, 20] and the references therein. In the
neighborhood of the interface I', we define the extensions of w(X(s)) and v(X(s))
along the normal line (both directions) as

We(x) = we (X(s) + an) = w(X(s)), (2.3)

2In the algorithms implementation, ¢(x) just needs to be in C2(R), see Section 3-5. Second
order accurate results are obtained when p(x) € C2.
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and
Ve(x) = ve (X(8) + amn) = v(X(s)), (2.4)

for all « € R such that the normal lines do not intersect, where n is the unit nor-
mal direction pointing outward. We construct the following function based on the
extension

(%) = we(x) + ve(x) 2O (2.5)

Vo)l
Note that @(x) € C? in the neighborhood of the interface I' since we assume that
w(s), v(s), and T are all in C2. Define also

0, if p(x) <0,
a(x) = H(p(x))u(x) = ¢ zu(x), if ¢(x) =0, (2.6)
a(x), if p(x) >0,

in the same neighborhood in which @(x) is well defined, where H(-) is the Heaviside
function. We have the following theorem.

THEOREM 2.1. Let u(x) be the solution of (2.1), u(x) be defined in (2.6). Define
q(x) = u(x) —u(x). Then in the neighborhood of the interface where w.(x) and ve(x)
are well defined, the following are true:

Aq(x) = f(x) - H(p(x)) Ai(x),  xeR-T, (2.7)

[q]F = Oa [QT]F = 0, [qn]r = 0, (28)

where T is the unit tangent direction, and ¢, = Vq-1 = g—.‘f_. In other words, the new
function q(x) is a smooth function across the interface .

Proof: If x € R~, then we have i(x) = 0, so Au(x) = 0, and H(p(x)) = 0.
Therefore Ag(x) = Au(x)—0 = f(x) and (2.7) is true. If x € R, then H(p(x)) =1
we have
Aq(x) = Au(x) — Ad(x) = f(x) — H(p(x))Au(x).
What are left to prove are the jump conditions. Note that for any X(s) € T', we have
[dlx(s) = [ulx(s) — [U]x(s) = w(s) — @ (X(s)) = w(s) — we(X(s)) = 0.

Since w(s) is differentiable along the interface, so is we(X(s)). Differentiate the ex-
pression above with respect to s, we get

d d

£[Q]x(s) =w'(s) - %we(x(s)) = [gr]x(s) = 0.

To prove the last jump condition, we proceed with the following derivation

V(ve(x) p(x) >~n’ue(x)v plx)

Vo) Vo)
= v.(x Ve (x) x L ‘n
= vel) (|w<x>|+*”( W|w<x>|) ’
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here again we have used the fact that v.(x) is a constant along the normal line. Using
the facts that n = Vp/|Vp|, ¢ =0 on I', and Vw,(x) - n = 0, we conclude that

Ve(X(s)
V(X (s))l

Ve(X(s))  o(X(5)) _ s,
Vo(X ()| |[Ve(X(s))| (X(s)),

for any point X(s) on the interface. Therefore we get

[an)(X(s)) = [un)(X(s)) — @ (X(s)) = 0. O

05 (X(s)) = Vwe(x) - n + ve(X(5))

= v(X(s))

Remark: While ¢(x) is smooth across the interface T', its second derivatives
usually have finite jumps across the interface. This can also be observed from equation
(2.7) where the right hand side is discontinuous across the interface.

3. A numerical algorithm for the interface problems A. For a discontin-
uous quantity such as u(x), f(x), etc., if x happens to be a grid point, then we define
its value at the interface as the limiting value from a particular side of the interface,
say the R* side instead of the average of the limiting values from the two sides. This
is because our algorithms actually approximate the partial differential equation from
a particular side at the grid points near the interface.

In this section, we assume that g = 1 for simplicity. We describe our algorithm
to solve (2.1). While the discussion is for polar coordinates, it can and have been
applied to Cartesian grids with minor modifications.

We assume the domain is 0 < 7 < 700, 0 < 6 < 2. We construct the following
grid in polar coordinates:

1
ri:(i—§>Ar, i=1,2,--- , M with ry =7Tnhew, Ar= rmw;

2
0; =jA0, j=0,1,-- N—1, with 0p=0, Af= Wﬂ
The j index ends at N — 1 because u(r,0) = u(r,27). We choose Af ~ Ar and
introduce

h=max{ Ar, A6} (3.2)

for later use. We choose such a grid that the fast Poisson solver developed in [8] can be
used. The level set function is defined at the grid points according to ¢;; = ¢(r4,6;).
Because ¢(x) is smooth across the interface, we should be able to get reasonably good
accuracy with the standard central five-point finite difference scheme. Clearly, the
crucial part is how to extend w(s) and v(s) along the normal line accurately, and how
far we should extend. These issues will be discussed in the following subsections.

We will use upper case letters such as U, U;;, U,, etc., for discrete approximations,
and lower case letters such as u, g, ¢ etc., for the exact solutions or exact quantities
unless stated otherwise.



3.1. The extension of the jumps along the normal line. Let

SOZLJM = max{pi—1,j,Pij,Pitl,j> Pij—1, Pij+1} (3.3)
et = min{pio1,5, iy Pit1,gs Pig—1s Pig1)-
We define x;; as an #rregular grid point if
i i < 0. (3.4)

We define x;; = (r;,0;) as an sub-irregular grid point if it is not an irregular grid
point, but one of its four neighbors is an irregular grid point.

If x;; is neither an irregular nor a sub-irregular grid point, then we call it a
regular grid point.

Note that all the irregular and sub-irregular points are located within 2 grid size
from the interface. In our numerical scheme, we only need to extend the jumps to all
the irregular and sub-irregular grid points. Given any such a grid point x = x;;, the
normal extension of the jumps is simply the jumps at the orthogonal projection of x;;
on the interface. So the crucial part is to find the projections effectively and accurately
in the polar coordinates. Denote the projection of x = (r,0) on the interface as X*.
Assuming that x is near the interface, we can write

Pr (X)

wo(x
7"2

X*=x+ap, where p= (3.5)

~—

Using the Taylor expansion at x, we get the following quadratic equation for the
unknown scalar a:

1
(%) + (Ve(x) - p)a+ 3 (p"He(p(x))p) o =0, (3.6)
where
2 1
p He(p)p = ¢ orr + 5 Propro + ©26 Po0- (3.7)

In our algorithm, x is an irregular or sub-irregular grid point. The partial derivatives
Vo(x), @rr, prg, and @gg are computed at the grid point using the standard centered
five-point difference formula. For Cartesian coordinates, we refer the readers to [7, 14]
for the details.

Remark: If (3.6) has more than one solution, which can happen only if the
curvature is very large (O(%)) relative to the grid, we just need to take one solution.
The extension then is carried out with the chosen projection. This actually has little
effect on the global accuracy because such points are few, if exist, see [2] for the

reasoning of a similar problem.

3.2. An outline of the algorithm. Our algorithm for solving (2.1) is outlined
below:



e Set-up a grid (3.1).

e Label all the grid points as regular, irregular, and sub-irregular.

e Find the projections for irregular and sub-irregular grid points using (3.5)
and (3.6).

e Extend the jumps to irregular and sub-irregular grid points from the projec-
tions to get @;; and @;; defined in (2.5) and (2.6).

e Form the discrete Laplacian

fij — H(@Z])Ahﬂw + Ahﬁij + Cija lf Xij is irregular,

AUy = (3.8)

fij otherwise.

where Ay, is the standard central finite difference operator. In polar coordi-
nates, for example, it is

Ui—1,; —2Ui; + Ui, n 1 Uipr; — Uiy
(Ar)? i 2Ar

Uij-1—2Ui;; + Ui
Y C—

AhUij =

n 1

rf

e Apply the fast Poisson solver for polar coordinates [8] to solve the discrete
system of equations (3.8).

Now we can see why we just need to extend the jumps to the irregular and sub-
irregular points. At a regular grid point where ¢;; > 0, we have

7H(<p,;j)AhI~L7;j + Ahﬁij = Ah'&ij — Ahﬂij = Ahﬂij — Ahﬂl’j = 0
If p;; < 0, we have Ap;; = 0 and Apt;; = 0 from the definition. Therefore the term
—H(pi;)Apts; + Apti; has no effect on the right hand side at regular grid points.

Below we discuss how to determine Cj; in (3.8) at irregular grid points. Define
Fij = fij — H(pij) Aptiyy. (3.9)

We expect F;; + C;; to be a good approximation to Apg;; = Ap(u;; — ;5). Without
the correction term (i.e. Cj; = 0), then the finite difference scheme (3.8) is first order
accurate because the second order derivatives ¢(x) are discontinuous. The jumps in
Ag is reflected in the jump of Fj;.

Let x;; be an irregular grid point, the contribution to the correction term comes
from those of the four neighboring grid points that are in the other side of the interface
from the grid point x;;. The correction term can be written as

2
Cij = > H(=@itiy it sﬁij)%m,jﬂ'k( i > lw’jgjk <, (3.10)
Tk Jk |v901+1k Itk |

where (ix, ji) = { (—1,0), (1,0),(0,-1),(0,1) }, H(-) once again is the Heaviside func-
tion?, and Vitix.j+j. are the coefficients of the discrete Laplacian A corresponding

3In the discrete case, we define H(p) = 1 if ¢ > 0.
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to Uity j+j,- In polar coordinates, these coefficients are

1 1 1

VLT = (Ap)2 + A LT Rge (3.11)

To show why we have the correction term (3.10), we introduce the following
lemmas.

LEMMA 3.1. Let g(x) = u(x) — 4(x), 88 be the second order derivatives of q(x)
along the outer normal dzrectwn F(x) = f(x) — H(p)Au(x). Then we have

54] - 1ad = 1 - moaa = 7 312)

for any point on the interface T.

Proof: Since the Laplacian operator is invariant under orthogonal coordinates,

we have
9*q  9%q
Aq=—-—+-— =F.
1= o2 T e
From [g] = 0, [gn] = 0, and [¢,] = 0 proved in Theorem 2.1, we can conclude that

[g—jg] = 0, which is derived in [9, 11] for the interface relations in the local coordinates.

Therefore we conclude
0%q
Agl=I[Fl=|—]. O
ad =171 = | 54]

The following lemma is the basis for the correction terms.
LEMMA 3.2. Let o(x) € C3, x;; be an irregular point with ¢;; < 0 and p;41,; > 0,

and u(x) be well defined within two grid points from x;;. Then we have

ane (Xim1,5) — 2q(Xi5) + q(Xiv1,5) | 1 q(Xiv1,5) — q(xim1,5)

ha(xig) = Ar? + T 2Ar
82(] 1 0q Pit1,5 2 Fi+1,j - Fij
= 2 (xij) + EE(Xij) + Yit1,j (|V<Pi+1,j 9

(3.13)

Proof: Let X* be the projection of x;;1; on the interface. Expanding ¢(x) in
Taylor expansion at X*, we get

0=p(X") = 9(Xit1,5) + Vo(Xit1,;) - (X" = Xiq1,5) + O <|Xz’+1,j - X*|2) :

Since x* — x;41,; is parallel to the normal direction n according to the definition of
the projection, and ¢;41 ; > 0, we get

. P(Xist1,5) 2
[xit1,; — X' = m +0 (|Xz‘+1,j - X7 ) (3.14)
i+1,5
9



which is known to be an approximate solution of the distance between X* and x;11,;.
Now we expand ¢(x;11 ;) in Taylor expansion at X* to get

a(xiv1,) = ¢" (X7) + V" (X7) - (%41, — X)
1 T " . %3
5 (i = X He(g" (X)) (i1 = X + 0 (i = X))
where He(q™(X*)) is the Hessian matrix of ¢(x) at X*. Since

X" = Xit1,5 2
w7 = —n+O(|r7),
IX* — X411

and from the continuity condition of ¢(X*) and its derivative, we get

g~ (X¥)
on

2 02¢~ (X¥)

1
i1y = X+ 5 iy = X —53

q(Xiv1,5) =q (X¥) =
q(X*)

1 *2
T3 [%it1,; — X [W

|+ Ol - X1

Define the smooth extension of ¢~ (x) from R~ into R as

g~ (X")
on

2 02q~ (X¥)

1
i1, = X[+ 5 [xivry = X" 55

¢ (Xiy15) =q¢ (X*) = .

We have

- 1 o2 [0Pe(X* .
Q(XiJrl,j) =4q ($i+1,j) + 5 |Xi+1,j -X |2 [%] + O(|Xi+1,j -X |3)

Therefore

” q(xi—1,5) — 2q(xi5) + q(xiv1,5) | 1 q(Xig1,5) — q(Xi—15)
Aialeig) = TN B T
_a(Xio1) = 29(Xi5) + ¢ (Xig14) I 1 g~ (Xig1y) —a(xi-1,)

Ar? 7 2Ar

1 w2 [0%q(x* .
+ Yit1,j (2 |xi41,; — X*J [ aT(LQ )] +O(|xig1,; — X 3)> :

Since ¢~ (xi41,j) is the extension of ¢~ (x) from R~ into R*, the expression above
can be written as

i 9%q 1 9q
Ang(xi) = oo (xi)+ - (%)
1 L2 | 0%q(X*) .
+ Yit1,j <§ [Xit1, — X[ {W} + O(xit1,; — X |3)> :

(3.15)
10



Finally from (3.14) and Lemma 3.1, we have

Lix - xo 2 {6261(3(*)} 1 ( Pit1,j )2 {329(7(*)

5 8n2 o 5 |Vgoi+1,j\ 8n2

} +O(|xi41,; — X*[)

L i1 )2 . .3
— (L) (X)) 4+ O(xisr, — X
2 <|v<pl+17] [ ( )} (l +1,7 | )

1 s\ i}
= (ﬂ> (Fiz1; — Fi) + O(|xig1,; — X*),

2 \ Vit
where we have used (3.12), the fact that ¢;41,; = O(|xi41,;, — X*|), and
[F(X*)] = Fit1,; — Fij + O(Jxi+1,; — X*|). Plugging the expression above into (3.15),
we get the result of the lemma. |

Lemma 3.2 tells us the contribution to the correction term from x;; ; if it is in
the different side of the interface from the grid point x;;. Similarly, we can show the
contributions to the correction term from the other neighboring points if they are in
the different side of the interface from x;;.

With the correction term C;;, we have matched the second order derivatives in
the finite difference scheme. As a result, the computed solution of (3.8) has global
second order accuracy in the infinite norm, see [13] for the analysis and Section 5 for
the numerical results. If the extension is exact, the method described in this section
gives exact solution when the solution is a piecewise quadratic function.

Since the left hand side of the finite difference equations (3.8) is the standard dis-
crete Laplacian in polar coordinates, the FFT-based fast Poisson solver [8] or the one
from Fishpack [1] can be applied directly. The main cost is the Poisson solver which
typically requires M N log(M N) operations. The cost to dealing with the interface is
O(N;) where N is the total number of irregular and sub-irregular grid points. Usu-
ally we have N7 ~ max{M, N} which is one dimension lower than the total number
of grid points.

3.3. Computing the normal derivative. Quite often, we need to compute
not only the solution of the Poisson equation (2.1), but also the normal derivative of
the solution at the interface. With the new formulation, it can be done easily since
g(x) is smooth across the interface.

Because the level set function is defined everywhere, or at least in a tube |p(x)| <
0, where ¢ is a given width, that contains the interface, we can naturally define the
‘normal derivative’ at all grid points in the tube as
Ou Vp(x)
—(x) = Vu(x) - =——=. (3.16)
on [Ve(x)|
Therefore we can get second order accurate ‘normal derivative’ at regular grid point
in the tube using the central differencing. In this section, we discuss how to compute
the normal derivative of the solution (2.1) at irregular grid points. This is one of
the crucial steps in the applications of the level set method in which the velocity is
11



calculated at the grid points. The scheme discussed here will also be used in sub-
section 4.4 to compute the normal derivative of the solution at the projections of
irregular grid points on the interface.

Since we assume that the level set function be in C?(R), we can compute Ve /|V|
to second order accuracy using the centered differencing at all grid points. It remains
to evaluate (u,,ug) to second order accuracy. Again, we take advantage of the smooth
property of g(x) with the following formula

Uig1 —Uic1j  Uigr,j —Uio1,
2Ar 2Ar
8(;]’ ~ + H((pm)% + CZ;, if x;; is irregular(3.17)
r
Uiir i —Us 1.
%, otherwise,
,
Uijir = Uij—1 _ Uijs1 = Uij
2A60 2A60
oU,; I Ui j+1 — Uij—1 O i x s 1
50~ + (goij)—QAo +Cj,  if x5 is irregular, (3.18)
Uijv1—U; i .
%, otherwise,
where the correction term is
1 Pit1,j ? Fip1; — Fy
C' = — H(—iiq 0 : ,
el 2
2
1 Yi—1,5 Fi1,; — Fij
— — H(- P14 Did 5] 5J J
oar H (=15 0u) (|V%‘—Lj|) 2
1 pigi1 \° Fiji1— Fy
CO = ——H(—y;, iy o .
Y GRg T P #i) <|V<Pi,j+1| 2

1
YN H(*%‘,j—l %‘j) (

Pij—1 )2 Fij—1 — Fij
Vi il 2

(3.19)
The correction terms are needed to offset the discontinuity in the second order deriva-
tives of ¢(x). The reasoning is the same as discussed in sub-section 3.2.

4. The GMRES iteration for solving the interface problem B. In this
section, we consider the algorithm for solving the elliptic interface problem (1.3)-(1.5)
with 3 given by (1.4) (8" # 7). Divided by the coefficient in each sub-domain of
R, the original problem can be written as

f

Ay = G ifxeRT,
Au=—-— ifxeR™,
/6_
u(z,y) = uo(x,y), on R, (4.1b)
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excluding the interface I'. This is a Poisson equation which can be solved easily using
the algorithm discussed in the previous section if we know the jump in the solution
[u] = w(s) and the jump in the normal derivative [u,]. However, the usual jump
condition is in the flux [Bu,] = v instead of [u,]. We can not divide 8 from the
flux jump condition because 3 is discontinuous. In [12], we proposed a fast iterative
method for Cartesian grids. In this section, we describe a similar iterative method
in polar coordinates for (4.1a) with jump condition (1.5) using the new fast Poisson
solver and the new interpolation scheme described in Section 3.

As described in [12], the idea is to augment the unknown [u,] = g(s) to the
original problem to have the following system

L ifxeR*UR -T,
B (4.2)
[u} = w(5)7 [ﬂun} = ’U(S), [un} = g(S)

Note that g(s) is also an unknown. The system is still closed because of an additional
equation [u,] = g(s).

Au =

In the discretization, we represent the unknown jump g(s) = [u,] only at the
projections Xj (k= 1,2,---, Nr) of the irregular grid points from the ¢ > 0 side,
where Nr is the number of such projections. We call these points as the control points.
The reason to choose the projections on one particular side is to avoid clustered control
points. The intermediate unknown jump g = [u,] is defined at those control points
as G = [G1,Ga, -+ ,Gn.]T in the discretization. The dimension of G is much smaller
than that of the solution of U that is defined at all the grid points. Therefore we use
the GMRES method [19] to find the discrete intermediate unknown G = [U,]. Once
we know g¢(s), we can solve (4.1a) with [u] = w(s) and [u,] = g(s) using the new
method described in Section 3.

4.1. Setting-up the system of equations for [U,] and computing the
residual. There are two coupled equations for the unknown u(x) and g(s). The first
equation is the PDE Au = f(x)/f excluding the interface I' with [u] = w(s) and

[un] = g(s) are given. The solution depends on g(s) and can be written as uy(x).
The second equation is the flux jump condition [3 aaing] = v(s). So there are two steps
discretizations:

e The system of the finite difference equations, which is obtained from the
algorithm discussed in Section 3 with given jumps [u] = w and [u,] = g, can
be written as (in the matrix-vector form)

AU+ BG=F+F, =F, (4.3)

where U is the approximation to u(x) at all grid points, G is a discrete form of
g(s) at the control points on the interface, A is the matrix obtained from the
standard five point discrete Laplacian in polar coordinates, F' is the vector
formed from the source term; F,, is the part of —H (¢;;)Apt;; + Aty + Cij
in (3.8) corresponding to the jump [u] = w, and —BG is the part of the term
corresponding to the jump [u,] = g.
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e The discretization of the flux jump condition [Bu,] = v in terms of u, [u] = w,
and [u,] = ¢ using an interpolation scheme, can be written as

EU + DG = F, (4.4)

where E, D, are two matrices. This is discussed in Section 4.4.
If we put the two systems (4.3) and (4.4) together, we get

A B
E D

U
G

Iy

. (4.5)

F,

Since the dimension of G, which is defined at the control points on the interface,
is much smaller than the dimension of U, which is defined at all grid points, it is
advantageous to focus on the Schur complement

(D—-EA'B)G=F,— EA'F,,

4.6
or SG=0b, (4.6)

for the unknown G. The Schur complement system can be solved using the GMRES
method [19]. Each iteration involves a call to the Poisson solver described in Section 3
to get U = A7Y(F; — BG), and an interpolation scheme of (4.4) for the flux jump
condition [Su,] = v to get the residual vector

R(G)=(D - EA™'B)G — (F, — EA"'Fy) = DG + EU — F, (4.7)

of the Schur complement system. In practice, the matrices A, B, E, and D, are not
explicitly formed since the GMRES method only requires to compute the residuals.

Note that, if we take G = 0 in (4.7), then —R(0) = b is the right hand side of
the Schur complement system. Also the residual vector (4.7) is the same as R(G) =
BHUF(G) — p~U; (G) — V, where UF(G) is the vector whose components are the
approximation of the normal derivative %LH(XZ), k =1,2,---,Np, at the control
points.

4.2. An outline of the algorithm for solving the interface problem B.

Set-up the grid (3.1).

Label the grid points as regular, irregular, and sub-irregular.

Find the projections of irregular and sub-irregular grid points.

Set [u] = w, [u,] =0, and solve the Poisson equation (4.1a)-(4.1b). Evaluate

the residual (4.7) which gives the right hand side b for the equation (4.6).

e Set GY =v(X}), k=1,2,---, Nr, at the control points as an initial guess of
G.

e Use the GMRES method to solve the system of (4.6) with some pre-conditioning

techniques.

There are several important implementation details that are addressed at the
following subsections.
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4.3. Interpolating G at projections that are not control points. In the
GMRES iteration, the unknown G is the intermediate jump in the normal derivative
defined only at the control points, that is, the projections of the irregular grid points
where ¢ > 0. However, when we solve the Poisson problem (4.1a) and (4.1b) using the
algorithm described in Section 3, we need to know the jumps at all the projections
before extending them to all irregular and sub-irregular grid points. This is done
through the weighted least square interpolation [12]. At a projection X which is not
a control point, we use

Gr =Y G, (4.8)
r

to get an approximation of [u,](X}) from those [U,](X}) at the control points. The
summation include 3 ~ 6 projections from the ¢ > 0 side within a circle:

1X5 = X5z < e

In our experiment, we choose € to be 2h ~ 3h. The circle should enclose at least three
control points to ensure second order accuracy. If there are more than six control
points in the circle, then we choose the six of them that are closer to Xj than the
others in the circle. The coefficients v, are obtained from the un-determined coefficient
method by expanding g(X) along the interface, see Section 3.2 in [14] for the detailed
description of the least square interpolation scheme to determine «y,. Note that we
have omitted the dependency of p on the index k for simplification of notations.

4.4. Computing the residual of the Schur complement. In the GMRES
iteration, given a guess GG, the matrix-vector multiplication involves two steps. The
first step is to solve the Poisson equation (4.1a)-(4.1b) to get U(G). The second step
is to compute the residual vector R(G) in (4.7) which is the same as 31U (G) —
B~U, (G) — V. Therefore we need to compute U, (G}) and U, (Gy) at those control
points Xj.

Once again, it is easier to evaluate Q= (G) because g(x) is smooth, where Q= (G) is
the vector whose components are the approximation of the normal derivative ag—: (X5),
k=1,2,---, Nr, at the control points. Once we have QF (G), we can get UF(G) us-
ing the relation u(x) = ¢(x) + 4(x). We have already described how to evaluate
(QF)ij = qn(x4;) at grid points in sub-section 3.3. Therefore we can use an interpo-
lation scheme to get (Q)x, an approximation to ¢ (X}), from the values at nearby
grid points. Since ¢, (X}) = ¢, (X}), we can either use

(@k =275 (@D, (4.9)

and set (Q; )k = (Q;))x, or use

(Qn)k = Z%kj (@ )ijs (4.10)

and set (Q;")r = (Q;,)k- Due to the jumps in the second order derivatives ¢(x), the

n

results obtained from (4.9) and (4.10) are slightly different. We will explain in the
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next sub-section for the choice of the scheme. The summation is done through the
grid points in a neighborhood of Xj. We use the nine point stencil centered at the
irregular grid point whose projection is Xj, for the interpolation. If ¢;; < 0, then
(@;})i; is regarded as the smooth extension (up to second order derivatives) of Q;"
from the + side and can be computed using

— Pij
n)ii = (Qn)ij + [Flij : 4.11
( ) J ( ) J [ ] J |V<,02]| ( )
Similarly, we use
- Pij
(Qn )i = (Q)ij + [Fli (4.12)
J J J ‘V@zj|

to extend the (Q,,);; from the — side to an irregular grid point where ¢;; > 0 if
necessary. The discrete average jump [F;; is defined as

> H(=@iyipjtic 9i5) Fitigjrin — Fij)
[F]” _ 1+ig,J+Jk ’ (413)
Z H(—Yitiy,j+ii Pig)

ik, Jk

where (i, jx) = { (=1,0), (1,0), (0, —1),(0,1) }, as we used earlier in (3.10). Note that
at an irregular grid point, the denominator can not be zero. Once we have computed
Q:E(X3), the normal derivative of the solution at X} is then determined from

U, )k = (@) )k, (U = (Q)k + n(XF). (4.14)

We use a second order interpolation scheme. The coefficients 'yfj are determined form
the weighted least squares interpolation, see Section 4 in [12]. The linear system of
equations for ’yfj is under-determined and is solved by a singular value decomposition
(SVD) approach. One of the advantages of such interpolation is that the magnitude
of the coeflicients can not be very large regardless of the position of Xj. The total
CPU time spent in dealing with the interfaces usually is less than 5% of the total
CPU time. The main cost is the time used for the Poisson solver in polar coordinates.

4.5. The preconditioning Strategy. The iterative method described above
works for the interface problem B. But the number of iterations seems to grow linearly
with the mesh size, see Table 5.3. We believe this is because the flux jump condition
involves the normal derivative. Some pre-conditioning techniques are crucial to reduce
the number of iterations. Note that we do not form the iteration matrix for the
Schur complement system. Our strategy of the pre-conditioning is to enforce the flux
jump condition during the iteration which seems to work well. The pre-conditioning
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techniques that we have implemented are the following:

@Dk =75 @Qu)ijs (U = @)k + @ (X5),
If g <p : v
) e e
U e = (Qy)k = Z%kj (@Q)is,
It Bt>6 J
(UJr)k _ ’U(XZ) - 67Gk
" pr—p-

The second part of the pre-conditioning strategy is the same as in [12] to enforce the
flux jump condition, but the first part, which is discussed in the previous sub-section,
is new in this paper. The reasoning is simple, for example, if 3~ > 37, then it is
likely that u~ is flatter than u™ from the jump relation in the flux. Therefore v~ and
q,, are likely to be more accurate than ™ and ¢’

The computational cost of the algorithm described in this section is O (No.(M N log(M N) 4+ Ny)),
where No. is the number of iterations of the GMRES method and Nj is the total
number of irregular and sub-irregular grid points. Generally, the extra time spent in
dealing with the interface is less than 5% of the total CPU time. The main cost is
the Poisson solver at each iteration.

5. Numerical Examples. We have done intensive tests on the methods dis-
cussed in this paper. Most of experiments are done on Sun Ultra workstations. Our
computer codes* have not been optimized and parallelized. However, all the numerical
results confirm second order accuracy for the solution and the normal derivative from
both sides of the interface in the infinity norm. The extra efforts spent on the inter-
face is only a small portion of the total machine time if we compute the interpolation
coefficients outside of the GMRES iteration.

In this section, we present our results for the interface
o(r,0) =1 — (ro + Asin(wh)), 0<7r <7rma, 0<6<2m, (5.1)
with different parameters. Note that ¢ depends on both r and 6.
5.1. An example in which § is a constant. Since any constant § can be

absorbed in the source term, we simply take 5 = 1. We present our results for the
interface

o(r,0) =r—(0.5+0.1sin(40+ 7)), 0<r<1, 0<6<2m. (5.2)
To check the order of accuracy, we use two non-linear functions:
r, if p(r,0) <0,
u(r,0) = (5.3)
r?sinf, if o(r,0) >0,

4The code is available to public upon request.
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as the exact solution. Note that the solution depends on both r and 6. The source
term excluding the interface I' is

2 if 0
Fr.0) = { 167 (r,0) <0,

(5.4)
3sind if o(r,0) > 0.

The Dirichlet boundary condition at r,,4, = 1, the jump in the solution and the
normal derivative are computed from the exact solution at the projections where
»=>0.

Table 5.1 lists the grid refinement analysis of the computed results. The error of
the computed projections is defined as

E, = max |re(67) — ril (5.5)
where (1}, 605)’s, are computed projections of all irregular grid points, r.(6*) is the

exact interface relation given by r.(6) = 0.540.1sin(46+ 7). The error in the solution
E, is defined as

g8
5

Eu = a. |U(Ti7 QJ) - U1j| . (56)

LY
N

INIA

i
J

INIA

0
0
where U;; is the computed solution at the grid points.

The error for the normal derivatives are measured at two levels. E,, 4 is the error
measured at all irregular grid points

Eun,g = max "UJ”(T‘Z',QJ‘) — (Un)ij| s (57)

’l‘i,ej) is irregular

while F,, r is the error measured at all the projections of irregular grid points

By, r= max_ |un(rg,0;) — (Un) s 00)| (5.8)

(r5:9%)

where (Uy)ij, (Un)(rr 6x) are computed normal derivative at grid points and at the
projections respectively. At a projection, we compare both (U:)(T?Sﬂ}i) and (U;)(T;;,g;)
with the exact normal derivatives from each side of the interface. The convergence
order rg(M) is defined as

_ log(E(M)/E(2M))

re(M) log 2

(5.9)
We see that the computed projections are third order accurate, the computed so-
lution, the normal derivative at grid points, the normal derivative at the projections
are all second order accurate.

5.2. Numerical examples in which (§ is a piecewise constant. Now we
consider the case where ( is discontinuous. First we present the grid refinement
analysis for the same exact solution as in the previous example. Therefore the solution
is independent of 3. Now we use a more complicated interface

1 1
o(r,0)=r— <§+5 sin(59)>7 0<r<1, 0<6<2m, (5.10)
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TABLE 5.1
Numerical results and convergence analysis for singular sources with N = 2M, 3~
gt =1.

(M B | || Bug [rws|] PBur [rear| B | rd]
40 || 1.915107* 1.294 10~2 0.044 103 1.877 1073
80 || 2.4521075 | 2.97 || 3.053 1072 | 2.08 || 2.071 1073 | 2.13 || 3.38410* | 2.47
160 || 3.079 1076 | 2.99 || 6.147 10=* | 2.31 || 5.26210~* | 1.98 || 7.427107° | 2.19
320 || 3.866 10~7 | 2.99 || 1.59510~* | 1.95 || 1.476 10~* | 1.83 | 1.786 10~° | 2.06
640 || 4.834 1078 | 3.00 || 3.768 10~ | 2.08 || 3.759 1072 | 1.97 | 4.2451076 | 2.07
see Fig. 5.1 (a). The source term now is
168~ 12  if (r,0) <0,
f(r,0) = (5.11)
3081 sinf if p(r,0) > 0.

We normalize the PDE and the jump condition (1.3),(1.5) so that max{3~, 87} =1
by dividing the larger 8 from the PDE (1.3) and the second jump condition in (1.5).

TABLE 5.2

Numerical results and convergence analysis for discontinuous coefficient and singular
sources with N = 2M. The solution is independent of the coefficient 3.

(a) B~ = 1073, g+ = 1.

El Bug [ rug | Bur  [rer| E. | ra [ No |
40 || 3.828 1073 0.1204 0.1746 4.099 102 10
80 || 4.56510% | 3.1471072 || 1.94 | 4.857102 || 1.85 | 9.9721072 || 2.04 | 8
160 || 8.954 107> | 4.2921073 || 2.87 | 1.8151072 || 1.42 | 1.5511073 || 2.69 | 8
320 || 1.035107° | 1.448 1073 || 1.58 | 2.503 1072 || 2.86 | 2.62810~% || 2.56 | 5
640 || 1.247107% | 1.716 10~* || 3.08 | 5.608;10* || 2.16 | 7.534107° || 1.80 | 5

(b) B~ =1, T =1073.

| M [ | By [ rws| Pur [Twur| Bu | ra [No |
40 10.77 12.59 3.150 22
80 || 3.1 2.5425 2.08 2.5425 2.21 0.6301 2.21 | 16
160 || 2.4 | 1.066 1072 || 7.89 | 3.628 1072 || 6.23 | 2.701 1073 || 7.86 | 7
320 || 3.1 | 32171073 || 1.73 | 41981072 || 3.11 | 8.041107* || 1.75 | 7
640 || 3.1 | 1.0131073 || 1.67 | 1.0751072 || 1.64 | 2.04310~* || 1.98 | 6

In Table 5.2, we present the grid refinement analysis with large jump in the
coefficient 3. The projection error is listed in the second column in Table 5.2 (a),
while the convergence rate is listed in the second column in Table 5.2 (b). Again we
see third order convergence. In Table 5.2 (a), the ratio of the § from different side
of the interface is p = 37 /BT = 1073. It is p = 10% in Table 5.2 (b). In either of
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the case, we can see the average convergence rates for the rest of the quantities are
quadratic. The number of iterations, or the number of calls to fast Poisson solver is
small (less than 10). It is actually decreasing as the mesh size increases. It is almost
the same for different ratio of 3~ and 3+.

In Table 5.3, we present the grid refinement analysis with the solution dependent
of the coefficient 3

—, if p(r,0) <0
u(r,0) = (5.12)

2 .
rising if p(r,0) > 0.

ﬂ—+7
The source term is also adjusted accordingly. In Table 5.3, we show the grid refinement
analysis with two extreme ratios of 3. The problem is harder because one of the
solution that is divided by the smaller § has large magnitude. We still observe second
order convergence for all the quantities. The number of GMRES iterations remains
small compared to the size of the problems and the large jump in the coefficient.

TABLE 5.3
Numerical results and convergence analysis for discontinuous coefficient and singular
sources with N = 2M for the solution that depends on (3.

(a) B~ = 1073, pt = 1. The last column is the number of iterations without the
preconditioning strategy described in Section. 4.5.

| M| Euy |Tug| Fur |rur] E, | ru | No. | No? |
40 || 5.118 102 3.118 1072 6.444; 102 12 21
80 || 1.2611072 | 2.02 | 1.126 1072 | 1.50 | 1.546 1072 | 2.06 | 12 22
160 || 1.6151073 | 2.97 | 3.3351073 | 1.75 | 2.853 1073 | 2.44 | 13 21
320 || 3.798 107% | 2.09 | 7.267107% | 2.20 | 5.72010~% | 2.32 | 14 26
640 || 8.295107° | 2.20 | 1.428 10~* | 2.35 | 1.541107* | 1.89 | 9 33

(b) B~ =1, st =103,
M| BEug [rugl Pur | Tur | E, | ru || No. |
40 || 1.934 1072 1.373 107! 1.772 1073 27
80 || 8.4451073 | 1.20 || 4.3161072 | 1.67 || 2.63510~* | 2.75 || 18
160 || 2.172 1073 | 1.96 || 1.853 1072 | 1.22 || 7.56510~° | 1.80 || 22

320 || 7.66110~* | 1.50 || 1.895 1073 | 3.29 || 2.37410°° | 1.67 || 19
640 || 1.61210~* | 2.25 || 5.740 10~* | 1.72 || 4.654107% | 2.35 || 22

In the last column of Table 5.3, we show the number of iterations of the iterative
method without the pre-conditioning strategy described in Section 4.5. We see the
number of iterations is almost doubled and is growing. The accuracy is nearly the
same and there is not need to list it.

We also tested the convergence behavior when 87 is close to 5. The number of
iterations is small. For example, when 3+ =1 and 8~ = 1.1 or vise versa, only four
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iterations are needed. This is true for all the tested mesh sizes, M = 40, 80, 160, 320,
and 640.

For interface problems, the errors may not decrease monotonically, see [12] for the
analysis. Still, we see the average convergence rates for all quantities are quadratic.
Usually, the more complex of the interface, the more oscillatory of the errors. In
Table 5.4, we show the grid refinement analysis with a simpler interface (5.2). The
other parameters are 3~ = 1, 7 = 1072, and the exact solution is defined in (5.12)
that depends on 3. This test case is close to the tougher example in Table 5.3 (b). We
see the grid refinement analysis behaviors more like a regular non-interface problem
with the order of convergence approaches to number two more uniformly. Again the
number of GMRES iterations is small and decreases a little as the size of the mesh
increases.

Fic. 5.1. (a) The domain v = 1 and the interface r = 0.5 + 0.2sin(50) used in Table 5.2 and
Table 5.3. (b) The solution used for Table 5.1 and Table 5.2.

TABLE 5.4
Numerical results and convergence analysis for discontinuous coefficient and singular
sources with N = 2M, 3~ = 1, and 1t = 1072. The interface is defined in (5.2) which has
smaller curvature than that of (5.10). The ratio in 3, p = /BT = 100 is also smaller
than that used in Table 5.2 and Table 5.3. As a result, the error behaviors more line a
non-interface problem with a more uniform convergence rate.

(M | Buy [mwr | Bur [rer| Eu [ ra [[No |
40 || 5.952 10~* 1.064 1073 3.104 1072 12
80 || 1.227107* | 2.28 || 3.23810~* | 1.72 | 8.499 1072 | 1.87 || 13
160 || 2.441107° | 2.33 || 9.488107° | 1.77 || 2.4171072 | 1.81 || 11
320 || 4.746 1076 | 2.36 || 2.434107° | 1.96 | 5.88210~* | 2.04 | 9
640 || 7.853 1077 | 2.60 || 6.083107% | 2.00 | 1.46110~* | 2.01 9

As a final test, we check the effect of the regularity of the level set function ¢(x)
on the accuracy of the computed solution. Theoretically, the second order accuracy is
guaranteed if ¢(x) € C? in the neighborhood of the zero level set varphi(x) = 0 which
is the interface. In implementation, the level set function needs to be p(x) € C? and
|Vip(x)| # 0 near the interface. In experiment, we have found out that p(x) € C? is
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enough for second order accuracy. If p(x) € C!, the algorithm still works and seem
to have super-linear convergence, see Table 5.5. Ideally, the level set function should
be chosen as the signed distance function which satisfies |[Vp(x)| = 1. If a level set
function is not the signed distance function, then a re-initialization technique can
be applied to get the signed distance function while the interface is unchanged, see
[6, 17, 20].

In the test, the level set function is chosen as

(r.6) r—0.5, if r < 0.5, (5.13)
o(r,0) = :
r—05+(r—05), ifr>05

where [ > 1 is an integer. We see that ¢(x) € C'~! but not C!. The interface is the
circle r = 0.5.

The exact solution is given in (5.12). The other parameters are 3~ = 1, 1 =
1072, This test case is close to the tougher example in Table 5.3 (b). We see that
when [ = 3, ¢(x) € C?, we have second order convergence. When [ = 2, ¢(x) € C!,
the algorithm still works with a super-liner convergence. The accuracy is affected by
the computation of second order derivatives in ¢(x). In all of cases, the number of
iterations is small because the interface is simple. Still, the number of iterations is
smaller when [ = 3 than that when [ = 2.

TABLE 5.5
Effect of the regularity of ¢(x) on the fast iterative method for the interface problem B.
The parameters are N = 2M, 3~ =1, and 8+ = 10~2. The interface is defined in (5.13). In
the first three columns, | = 3 and p(x) € C?, we see clearly second order accuracy. In the
last three columns, | =2 and ¢(x) € C' but not in C?, the accuracy is affected.

| M || Eul=3 |ryl=3|No.l=3| E,l=2 [r,l=2]|No l=2]|

40 || 4.4608 1073 10 5.4403 1073 10
80 || 1.0608 10— | 2.0721 9 1.7050 1073 | 1.6739 10
160 || 2.5915 10~* | 2.0333 8 5.5425 10~* | 1.6212 9
320 || 6.4062107° | 2.0162 6 1.9660 10~% | 1.4952 9
640 || 1.5920 10~° | 2.0087 5 7.7421107° | 1.3445 8

6. Conclusion. In this paper, we have proposed a new formulation that trans-
forms the certain interface problems with discontinuous/non-smooth solution to a
problem with a smooth solution. A second order scheme for the PDE and an in-
terpolation scheme for the normal derivative are developed and tested for interface
problems in polar coordinates. The method is easier to implement for both polar and
Cartesian coordinates. There is no need to differentiate the jumps along the interface
and use the local coordinates as the original IIM does. Coupled with the fast IIM
idea, we have also developed a second order fast iterative method for Poisson equa-
tions with piecewise constant but discontinuous coefficient. The number of iterations
is almost independent of the mesh sizes and the jumps in the coefficient.
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