INCREASING STABILITY OF THE INVERSE BOUNDARY
VALUE PROBLEM FOR THE SCHRODINGER EQUATION
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ABSTRACT. In this work we study the phenomenon of increasing stability in
the inverse boundary value problem for the Schrédinger equation. This prob-
lem was previously considered by Isakov in which he discussed the phenomenon
in different ranges of the wave number (or energy). The main contribution of
this work is to provide a unified and easier approach to the same problem
based on the complex geometrical optics solutions.

1. INTRODUCTION

Most of inverse problems are known to be severely ill-posed. This weakness
makes it extremely difficult to design reliable reconstruction algorithms in prac-
tice. However, in some cases, it has been observed numerically that the stability
increases with respect to some parameter such as the wave number (or energy)
(see, for example, [6] for the inverse obstacle scattering problem). Several rigorous
justifications of the increasing stability phenomena in different settings were ob-
tained by Isakov et al [9, 11, 12, 3, 4]. In particular, in [12], Isakov considered the
Helmholtz equation with a potential

(1.1) (A+k*+q(z))u(z) =0in Q CR"

with n > 3. He obtained stability estimates of determining ¢ by the Dirichlet-to-
Neumann map for different ranges of k, which demonstrate the increasing stability
phenomena in k. The purpose of this work is to provide a more straightforward way
to derive a similar estimate for the inverse boundary value for (1.1). In [12], Isakov
used real geometrical optics solutions for the large wave number k. In this work,
by more careful choice of an additional large parameter and a priori constraints we
are able to use complex geometrical optics (CGO) solutions introduced by Calderén
[5] and Sylvester-Uhlmann [17] for all £ > 1. This will simplify the proof in [12].
Recently similar results were obtained by Isaev and Novikov [10] by using less
explicit and more complicated methods of scattering theory.
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In this work, instead of considering the Dirichlet-to-Neumann map, we define
the boundary measurements to be the Cauchy data corresponding to (1.1)

ou
Cq - {(UL‘)Q, % 20

Hereafter, v is the unit outer normal vector of 9€Q2. Assume that C,, and C,, are two
Cauchy data associated with refraction indices ¢; and ¢, respectively. To measure
the distance between two Cauchy data, we define

) , where u is a solution to (1.1)} .

I(f:9) = (Fs D) mveam—re

dist(Cq,,Cq,) = max{ max _min

(f:9)€Ca1 (f.9)€C, 1D reomiz
max Nmin H('ﬁg) — (f’g)”Hl/?@H—l/z 7
(f:9)€Cas (f,9)€Cq, (£, ) e1 /2 1172
where /
1/2
ICF e 2em-1/2 = (”fH?qm(aQ) + ||g|\§1_1/2(39))

Note that dist(Cq,,C,,) is a case of distance between two subspaces in a Hilbert
space. This notion has a long tradition and still attracts attentions, for instance,
see the book [1, Ch. III] and the recent literature [14].

Our main theorem is stated as follows.

Theorem 1.1. Let n > 3. Assume Cq, and Cq, are Cauchy data corresponding to
q1(x) and qa2(x), respectively. Let s > n/2 and M > 0. Assume ||q||gs) < M
(1=1,2) and supp (@1 — q2) C Q. Denote G the zero extension of g1 — q2. Then for
k>1 and dist(Cy,,Cy,) < 1/e we have the following stability estimate:

—(2s—n)
1

1. —srn) < *di dist(C.. C.)

(12) @@ < Ck dlSt(cql’Cq2)+C<k+logdist(cq1,cqg)) ’

where C' > 0 depends only on n,s,Q, M and supp (¢1 — ¢2).

From estimate (1.2), we can see that the influence of the logarithmic part be-
comes small when k is large. Indeed, in view of the right hand side of (1.2), we can

check that
1 —(2s—n)
kte > (k + log 5)

provided k > k(e), where k(g) solves
1
k(e)*e = (k(e) + log E)_(Qs_").

We can see that k(e) is a decreasing function of € and k(g) ~ e~ /(2s=7+4) In other
words, given

(1.3) dist(Cq,,Cy,) < ¢,

the stability behaves more like Lipschitz when k is sufficient large, precisely, k >
k(e) (see Figure 1). On the other hand, if k is confined in a finite interval, then for
small g, the stability estimate is more or less of a logarithmic type.

We also want to point out that if (1.3) is true for all k # 0, then by substituting
k = E(e) into the right hand side of (1.2), we obtain a Hoélder type estimate in
terms of the Cauchy data C, at all wave numbers. To facilitate further discussions,
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we denote C, at wave number k? as C, 4. It is clear that the information of C, x>
is contained in that of the Dirichlet-to-Neumann map A, ., defined by

ou
Aq,z.f = 5 ‘BQ

with v satisfying (—A — ¢)u = zu in Q and ulgq = f, for all C > 2z ¢ o(—A — q),
where o(—A — q) is the set of Dirichlet eigenvalues of —A — ¢ on Q. Note that A, ,
can be extended to a meromorphic function in C with poles at o(—A — ¢). Ay, is
closely to the boundary spectral data {\g, O¢r/0v]an}s,, where Ay € o(—A —¢q)
and ¢y, is the corresponding normalized eigenfunction, and the Hyperbolic Dirichlet-
to-Neumann map given by

v
H .
Ay fe @lanx[o,ﬂ,

where v satisfies

Opv—Av—qu=0 in Qx][0,7],

v=f on 092 x][0,T],

v(z,0) = 0w (z,0) =0 z€ Q.
In fact, these three data are equivalent (see, for example, [13]). Holder type stability
estimates of recovering ¢ using the boundary spectral data and the hyperbolic
Dirichlet-to-Neumann map were first derived by Alessandrini, Sylvester [2] and by
Sun [16], respectively.

Finally, we would like to point out that unlike in the acoustic case where the
constant associated with the Lipschitz estimate grows exponentially in & [15], the
constant here grows only polynomially in k. Similarly, the corresponding constant
obtained in [12] (see estimate (8) there) also grows polynomially in k.

k=k(e)

17

€
FIGURE 1. The stability estimate is Logarithmic dominated in Re-
gion I and is Lipschitz dominated in Region II.

The paper is organized as follows. In Section 2, we will collect some known
results about the CGO solutions and an estimate for the difference of potentials,
which are essential tools in the proof. In Section 3, we present a detailed proof of
Theorem 1.1.
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2. PRELIMINARIES

To begin, we state the existence of CGO solutions for (1.1). These special so-
lutions are first constructed by Sylvester and Uhlmann [17]. Another construction
based on the Fourier series is given by Hahner [8].

Lemma 2.1. Let s > n/2. Assume that { =n+ i€ (n,€ € R™) satisfies
n|* = k> + ¢ and n-£=0,

i.e., (-C = k2. Then there exist constants C, and C > 0, which are independent of
k, such that if |§| > C.||q| g=(q) then there exists a solution u to the equation (1.1)
of the form

(2.1) u(@) = 7 (14 h(a)),
where 1 has the estimate

C
1] &5 () < EHCI”HS(Q)-

Remark 2.2. Note that the correction term 1 decays in Im(. This property is
crucial in obtaining that the constant associated with the Lipschiz estimate grows
only polynomially in k.

Next inequality follows from the weak formulation of the equation (1.1). We
refer to [7] for the proof.

Proposition 2.3. Let u; and Cy, be solution and Cauchy data to the equation (1.1)
with ¢ = qp, respectively (I =1,2). Then the following estimate holds:

’/ (2 — q1)uruz dx
Q
u 8u2
2 9y

aul
Uy, ——
’ v HY/2@H-1/2

3. PROOF OF MAIN THEOREM

dist(Cq, ,Cqy ).

S ‘
H1/2@H—1/2

To prove Theorem 1.1, we first derive two lemmas.

Lemma 3.1. Under the assumptions in Theorem 1.1,
_ o 1 C, .
(3.) | Far)] < OO dist(CoCoa) + — =+

holds for k > 1, r > 0, w € R" with |w| = 1 and a > C.M with k* + a®> > 12 /4,
where C > 0 depends only on n,s, M,Q and supp (¢1 — ¢2) and C, is the constant
given in Lemma 2.1.

Proof. We will use CGO solutions (2.1) with appropriately chosen parameter (.
Let us denote ¢; = n; +14&;, I = 1,2. We can choose w*, " € R™ satisfying

wowtmw gttt =0 and |wl|:|@L|:1.

/ 2
glzava 771:_%(“}—"_ k2+a2_%wL7

& =—-¢& and 1y = —rw—n,

Now we set
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and thus
&-m=0, |mf>=k+&
and [§| = a > C.M > C.||qe|| g+ (). From Lemma 2.1, there exist CGO solutions
ul(x) = eiglm(l —+ T/Jl(.’b))
to equation (1.1) with ¢ = g;, where 1), satisfies

C
1l 25 () < EHQJHH%Q)

Note that 1; also satisfies the estimate

C C'M CM C
3.2 s < — s < —
(3.2) V1l s () < & ]| s ) < . C Moo

Now, by Proposition 2.3 and using the relation —rw = (1 + (2, we have that

’/ —irwx (14 1) (1 4 4)9) dx /Q(Q2 — q1)urus dx

> u17 . U2, 75—
HY/2@H-1/2 ov

Subsequently, we obtain

/ij(:z:)e’im'z dx‘

/Q F@)e ™ (14 1) (1 + o) da

dist(Cq, , Cqy )-
H1/2@H—1/2

(3-3) [ Fq(rw)| =

<

+ / G(2)e= T (g + by + ridn) dee
Q

ou .
) H (uz’ 2) H dlSt(qu ’ qu)
v HY/2¢H—-1/2 H/2qH-1/2

+ / G(2)e T (g + by + ribn) dee
Q

In view of (3.3), we want to estimate ||(uy, 81”/8”)”}11/2@}171/2' Recall that v
solves (1.1) with ¢ = ¢;. Using assumptions ||q| ) < M, and s > n/2, and
k > 1, we have that

’ 8ul

B < CR w20y + ClVull 20
12
8ul
H(ul, ) >H < C’szulan(Q) +OHVU5HL2(Q).
v H/2@H-1/2

H=1/2(0Q)

and thus

We now choose Ry > 0 large enough such that Q C Bg,(0). Then we have
)] < e (1+ ()] < Cel&fo = Cent
since
[ ()] < [Pl (@) < Clliillas@) < C
by s > n/2 and (3.2). It follows that

||7.Ll ||L2(Q) S CGGRO.
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On the other hand, in view of ||Vi||z2q) < [Yullms@) < C (s >n/2>3/2> 1)
and (3.2), we can estimate

IVall 2y = ([ + € *Vi]| o) < 1Gllullp2) + eV 2o
< O(k+ |&])e*fo + CellFfo = O(k + a)e™o + CeBo < CkeC.

Summing up, we obtain

ou
sy | (w )] < OR sy + CIVul 2y
H1/2€BH 1/2
< Ck?eC® + Cke®® < Ck?eCe.

Note that here C' depends on n, s, M, and the diameter of ).
Let x € C§°(2) be a cut-off function satisfying x = 1 near supp (¢1 — g2), then
we have

(3.5)

/QQN(SU)G_I'W‘QC(% + g + Y19pg) dx

/Q ) x(@)e "% (s + vy + hribe) do

< [ @+ v+ vau)| o
<Nl Ix (1 + Y2 + 1) || as ()-

Since s > n/2 and (3.2), we can estimate

(3.6) X (Y1 + Y2 + V192) || 5o (o)

< Ixlla= ) (11l e ) + 102l e @) + 101 e @) 192l 72 (0))
CM CM C CM) < C

< xllas <a+a+C a

Finally, (3.1) follows from (3.3), (3.4), (3.5), and (3.6). O

a

The following lemma is an easy corollary of Lemma 3.1.
Lemma 3.2. Suppose that the assumptions in Theorem 1.1 hold. Let R > C.M
with Cy being the constant given in Lemma 2.1. Then fork > 1,r >0 and w € R™
with |w| = 1, the following estimates hold true: if 0 <r <k + R then
~ . C -
(3.7) [F(rw)| < Ok dist(Cy, , Coy ) + Rl @ny;
ifr > k+ R then
~ 4 Cr 3 c .
(38) \]—'q(rw)\ < Ck’e dlSt(chqu) + ?HQHH*S(R"y

Proof. 1t is enough to take a = R when 0 < r < k + R, and take a = r when
r > k+ R in Lemma 3.1. O

Now we prove our main theorem.
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Proof of Theorem 1.1. Written in polar coordinates, we have that
(o)
(3.9) 1117+ my = C/ / | Fg(rw)|?(1 4 r3)~5r" ! dwdr
0 Jw]=1
k+R
= C(/ / | Fq(rw)|?(1 4+ r3) =" dwdr
0 |w|=1
T
+ / / | Fq(rw)|?(1 4+ r3) =5 dwdr
k+R J|w|=1
o[ FRa e der )
T Jw]=1
= CO(I + I, + I3),
where R > C,M and T > k + R are parameters which will be chosen later.

Our task now is to estimate each integral separately. We begin with I3. Since
|Fa(rw)| < Cllar — 2ll2(0), @1 — @2 € H5() and s > n/2, we get

oo
(310) Iz < C/T g1 = g2ll72 () (1 + )"t dr < CT™™||lg1 — g2ll72(q)
. 1
<CT (5”(11 — @l + g”éh - QZ”?LIS(Q))
—-m ~112 1
S G .
for € > 0, where m := 2s — n.

On the other hand, by estimate (3.7), we can obtain

k4R C 2
(3.11) L g/ (Ck4eCRdist(qu,CqZ)+R||§||Hs(Rn)) (1+72) 5 Lar
0
1 o0
<C (k8€CR diSt(CQ1vCQ2)2 + ‘RQHZIVH%I“(]R")) / (1 + 7‘2)757'”71 dr
0

. I
=C (kSeCR dist(Cy,,Cyy)* + R2||q||§“(Rn)> )

In the same way, using estimate (3.8), we have

T

C ~ 2
(3.12) I2 < C (Ck4ecr diSt(quvaz) + r||q||Hs(Rn)) (1 +T2)_Srn_1 dr
k+R
T
< CIF dist(Cy,Cyy )2 / (1 1 2y 5 gy
k+R

T
+C||&’||%—I*S(Rn)/ (1+7“2)_S7“"_1d70
k+R

. 1
<C (kSeCT dist(Cq, , Cg,)? + ‘RQqu%’I‘S(R”)) )
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where we have used
T T
/ ecr(l + TQ)_ST”_I dr < eCT/ (1+ 7”2)_57“”_1 dr
k+R k+R

< eCt/ (1472 "*r" L dr = Ce“T,
0

T T
/ 1+ 7"2)*87”"*1 dr < / 25t gy
k

+R k+R
1 1 c __c¢
S 2k R S (k4 R)P R

and s > n/2, k > 1. Combining (3.9)—(3.12) gives
(313) Nl @ < C(L + L+ Is)

. 1
< 0 (KT (€, ) + Ran@-s(Rn))

0 (6T dit(Co o+ 5 o

o [ i~ 1
+CT <€|q||§{s(Rn) + 5)

<O (G b T Yy + O A €
cr—m
3

+ CK8eT dist(Cy, , Cyy)? +
To continue, we consider the following two cases:
1 1

i) k+R< plogz and (i) k+ R > plogz,

where R > C. M and p > 0 are constants which will be determined later. We begin
with the first case (i). Taking

(3.14) R>2VC
and € = ¢T™ (c < 1), we deduce that
(3.15) 1117 ny < CRPA+ CEBe“T A+ CT?™

for any T' > k + R by (3.13), where A = dist(Cy,,Cy,)?.
Now we choose T' = plog(1/A), which is greater than or equal to k + R by the
condition (i). Our current aim is to show that there exists C; > 0 such that

1 —2m
(3.16) kKBeCTA < Cy (k + log A)

and

—2m
(3.17) T <y (k + log ;) .
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Substituting (3.16) and (3.17) into (3.15) clearly implies (1.2). We remark that
(3.17) is equivalent to

~1/2m 1 1
1 log — | < plog —.
(3.18) o <k+ ogA>_pogA
Since we have ) ) )
— < — < —
k+logA7(k+R)+logA7(p+l)logA
by (i), condition (3.18) (i.e. (3.17)) holds whenever

3.19 cytm < P
(3.19) e
On the other hand, condition (3.16) is equivalent to
1 1
(3.20) 8logk + (Cp —1)log 1 + 2mlog (k + log A> <logC4.

Using (i), we can bound the left-hand side of (3.20) by
1 1
(LHS of (3.20)) < 8logp + 2mlog(p+ 1) + (Cp — 1) log 1 + 2(m 4+ 4) loglog T

Choosing
1
(3.21) .

we can see that
(LHS of (3.20))
1

1 1 1
— 4+ 1) —=log— +2 4)log log —
+> 20gA+(m+)0gogA

< 8log — C + 2mlog 5C

2C 2C z>2

—_

1 1
< 810g— + 2mlog ( + 1) + max (—22+2(m—|—4) logz>

1
=8log — + 2ml
8log C—i—mog 50

Therefore, condition (3.20) (i.e. (3.16)) is satisfied provided

-t 1> 2(m + 4) (log(4m + 16) — 1).

1
(3.22) 810g — + 2mlog ( + 1) + 2(m + 4) (log(4m + 16) — 1) < log C.

Next we consider case (ii). We choose T = k + R and observe that the term I
in (3.9) does not appear in this case. Hence, instead of (3.13), we have

2
a1+ (=

N cr-m
<C ( +eT™ ) 1117 ny + CEe“F dist(Cyy , Cgy ) +

g

Setting e = 7™ /R? implies that
~ 2C -
1017 @y < EHQH%{*S(R") + Ok " A+ CR*(k+ R)™®

Now we choose

(3.23) R>2VC

and obtain that
1G13- goy < CK*A+ C(k+ R)>
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which implies the desired estimate (1.2) since from condition (ii) we have

kK kE+R_k p 1 _ min{p,1} 1
k+R>=-+——>—-+=log—>—"—(k+log— ).
L R R T Ll I ey
As the last step, we choose appropriate R, p, and C7 to complete the proof. We
first pick R > C,M sufficiently large satisfying (3.14) and (3.23) and then choose
p small enough satisfying (3.21). Finally, we take C; large enough satisfying (3.19)
and (3.22). O

4. CONCLUSION

We think that increasing stability is an important feature of the inverse bound-
ary problem for the Schrodinger potential which should lead to higher resolution
of numerical algorithms. It is important to collect numerical evidence of this phe-
nomenon. Our method is based on the CGO solutions constructed in [8] where the
constants in Lemma 2.1 are explicit. So most likely one can give explicit constants
in Theorem 1.1 at least for particular domains €2 like balls. Contrary to the acoustic
case [15], the constants in the estimate (1.2) depend only polynomially on k. It is
an important and challenging question to determine whether the exponential de-
pendence on k of the estimates in [15] is indeed generic if there are no assumptions
on rays.
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